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Abstract—The diffraction of E-polarized plane waves by an
impedance loaded parallel plate waveguide formed by a two-part
impedance plane and a parallel half plane with different face
impedances is investigated rigorously by using the Fourier transform
technique in conjunction with the Mode Matching Method. This
mixed method of formulation gives rise to a scalar Modified Wiener-
Hopf equation, the solution of which contains infinitely many constants
satisfying an infinite system of linear algebraic equations. A numerical
solution of this system is obtained for various values of the surface
impedances and waveguide height.

1. INTRODUCTION

In the present work the diffraction of plane electromagnetic waves
by an impedance loaded parallel plate waveguide formed by a two-
part impedance plane and a parallel half plane with different face
impedances is analyzed. This problem is a generalization of a
previous work by the authors [1] who considered the same geometry
in the case where the half plane is perfectly conducting. In [1] the
related boundary value problem is formulated as a matrix Wiener-
Hopf equation which is uncoupled by the introduction of infinite
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sum of poles. The exact solution is then obtained in terms of the
coefficients of the poles, where these coefficients are shown to satisfy
infinite system of linear algebraic equations. When the half plane
has non vanishing surface impedances, the resulting matrix Wiener-
Hopf equation becomes intractable. To overcome this difficulty one
recourses of a hybrid formulation consisting of employing the Fourier
transform technique in conjunction with the mode matching method
(see for example [2-5]). By expanding the total field into a series of
normal modes in the waveguide region and using the Fourier transform
elsewhere, we get a scalar modified Wiener-Hopf equation of the
second kind. The solution involves a set of infinitely many expansion
coefficients satisfying infinite system of linear algebraic equations.
Numerical solution to this system is obtained for different values of the
surface impedances and height of the waveguide. In the case where the
impedance of the semi-infinite plane vanishes, the results are compared
numerically with those obtained in [1] by solving a matrix Wiener-Hopf
equation, and it is shown than both results coincide exactly

2. FORMULATION OF THE PROBLEM

Let a time harmonic plane wave
. . . . ik .
EL=0, E.=0, E.=u'=¢ "rcosdotysindo) (1a)
with time factor e™™* and wave number k, illuminates the parallel
plate waveguide formed by a two-part impedance plane defined by

{($7yaz)’7x€ (—oo,oo),y:O,z € (_00700)}7

whose left and right parts are characterized by the surface
impedances Z7 = mZy and Zs = mn9Zp, respectively, with Zj
being the characteristic impedance of the surrounding medium
and a parallel half-plane with different face impedances located at
{r <0,y="0b,z € (—o00,00)}. The surface impedances of the upper
and lower faces of the half-plane are assumed to be Z3 = 1372y and
Zy = nuZy respectively (see Figure 1). This problem is a generalization
of the one considered in [1] where the half plane is assumed to be
perfectly conducting.

The method of formulation adopted in this work involves an
appropriate definition of the total field such that in the waveguide
region the field component may be expressed in terms of normal modes
and the Fourier transform technique can be applied elsewhere. Notice
that the problem considered in [1] can also be reduced to the solution
of a scalar Modified Wiener-Hopf equation by using this hybrid method
of Modal expansion and the Fourier transform technique.
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Figure 1. Impedance loaded parallel plate waveguide.

2.1. Reduction to a Modified Wiener-Hopf Equation
The total field can be expressed as

T _ u'(z,y) +u’ (z,y) fur(z,y)  ,  y>D
u' (z,y) =9 (2)
uy (z,y) H(—x)+uy’ (x,y)H(z) , 0<y<b
. (1b)
where v’ (z,y) is given by (1a), while u" (z,y) stands for the field that
would be reflected if the whole plane y = b were an impedance plane
with relative surface impedance 73

_ 1 — m3sin ¢ ¢ 1klz cos go—(y—2b) sin ¢o] (2)
1+ 73 sin (Z)()

In (1b), H (=) is the Heaviside unit step function and ¢ is the angle of
incidence, respectively. For the sake of analytical convenience we shall
assume that k& has a small imaginary part. The lossless case can then
be obtained by making Sm(k) — 0 at the end of the analysis.

u” (a:,y) =

urand ugj ) (j = 1,2), which satisfy the Helmholtz equation

92 02 L\ [ w(zy)
<8a:2 + By +k > [ ugj) (2.1) o , J , (3)

are to be determined with the aid of the following boundary and
continuity relations:

n3 0 B

(1 + ok 8y) up (z,0) =0, x<0 (4a)
_mIN _

(1 Lc 8y> i (@,b) = 0, <0 (4b)
m o\ _

( +ik8y) i (@,0) =0, <0 (4¢)
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oY (2 _
<1+ i 8y> uy’ (x,0) =0, x>0 (4d)

uy (x,0) +u' (z,b) +u" (z,b) — ugz) (x,b) =0, >0 (4e)
o 9 @

0 J , B
a—yul (x,b)—l—a—yu (x,b)—i—a—yu (x,b) ayu2 (x,b) =0, >0 (4f)
uy” (0,y) —uf? (0,y) = 0, 0<y<b (4g)
90 00— 2D (0. =
5 L2 0,9) 52 (0,y) =0, 0<y<hb. (4h)

To ensure the uniqueness of the mixed boundary-value problem defined
by the Helmholtz equation and the conditions (4a)—(4n), one has to
take into account the radiation and edge conditions as well which are

\/,B{Z—Z—iku}ﬁo,p: 2?24y — o0 (ha)
and
ur (2,y) = O (|a['?)
B B 1y (5b)
respectively.

Since uj (z,y) satisfies the Helmholtz equation in the range = €
(—00,00) , y > b, its Fourier transform with respect to = gives

2
j—;g? + (k2 — 042)1 F(a,y)=0 (6a)
with
Fa,y)=F-(a,y) + Fi (o, y) (6b)
where
+oo
Pe(ay) == [ wi(ay) ¢ (6c)
0

By taking into account the following asymptotic behaviors of
up (x,y) for x — +o00

uy (z,y) = O (e*ik‘r/\/—ix) , & — —00
ui (z,y) = O (e_ikxcosd)o) , T —00 (7)
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one can show that F, («,y) and F_ («,y) are regular functions of
a in the half-planes Sm (o) > Sm (kcos ¢p) and Im (o) < Sm (k),
respectively.

The general solution of (6a) satisfying the radiation condition for
y — oo reads

F_(a,y) + Fy (a,y) = A(a) K@U (8a)
with A («) being the unknown spectral coefficient and
K (o) = VK2 — a2 (8b)

The square-root function is defined in the complex a-plane, cut
along o = k to a = k4 100 and a« = —k to a = —k — 100, such that
K (0) = k.

In the Fourier transform domain (4a) yields

R@@+%R@@:Q 9)

where the dot represents first degree derivative with respect to y. By
using (8a) and its derivative with respect to y, one can write

Fgmm+%ﬁgmwzb+%KmﬂAm) (10a)
and
zam@—ua®ﬁf%%tq—p4mm (10b)
2
respectively where
Pg@zmm@+%mm@. (10c)

On the other hand, qu) (x,y) satisfies the Helmholtz equation in
the range = € (0,00) , 0 < y < b whose half range Fourier transform
with respect to = gives

d2
e

K (Oé)] Gy () = f(y) —iag(y) (11a)

where G4 (a,y) is the Fourier transform of the field u§2) (x,y) in the
specified region defined by
o0

G (ay) = [ uf? (@) (11b)
0



298 Cinar and Biiyiikaksoy

and f (y) and g (y) stand for

Fo) = 5ol (0.9 (11¢)
g(y) = u$ (0,9). (11d)

The general solution of the equation (11a) is

Gy (a,y) = B(a )SinKy+C( )cos Ky
K/ ) —iag (t)]sin[K (y —t)]dt.  (12a)

Here B () and C («) are the unknown spectral coefficients. When the
boundary condition (4d) is taken into account

C(a) = 2K (@) B(a) (12b)
relation is determined for these coefficients. If this relation is
substituted in (12a), G4 (o, y) becomes

Gy (ayy) = {sinKy—ﬁ—chosKy B (a)
i

Y
. / [f (1) —dag ()] sin[K (y = D) dt. (12¢)

B («) can be expressed in terms of F4 («,b) by using the continuity
relation (4e) which yields

B(0) = 1t (P (@
b .
—/[f(t)—z’ag(t)] [Mfg)_t)+z7zcosf((b—t)]dt} (12d)
0
with
M (a) = <n3i_k:n2> cos Kb+ ( 77]2{;]3 Kz) SH}{Kb (12e)

By using (12d) in (12a)

sin Ky — ??—]chosKy}
i

G+<a,y>={ K@ 1P @
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b .
—/[f(t)—iag(t)] {%%—?—zcosl{(b )} dt}

K / —iag (t)]sin [K (y — t)] dt (13)

is found. Although the left-hand side of the above equation is regular
in the upper half-plane Sm () > Sm (k cos ¢p), the regularity of the
right-hand side is violated by the presence of the simple poles occurring
at the zeros of M (a), namely at a@ = £, satisfying

M (o) =0 , Sm(am) >SQm((k) , m=1,2, .. (14)

These poles can be eliminated by imposing that their residues are zero.
This gives

Py (am) = Q2 [ K, sin Kb — cos K, b} (fm — imgm)  (15a)

where f,, and g,, are specified by

[fm ] :i/b{f(y) } {M_ECOSKM]@, (15b)

gm o 9(y) K ik
with
K, =/k? — a2, (15¢)
and Kb
Ko, (COSK m2 4 "—2 sinKmb) M ()
Qn " . (15d)

200y,

where the prime sign on the above equation denotes first degree
derivative with respect to .

Hence, taking into account equation (10b) and the Fourier
transform of the continuity relation given by (4f) together

ikx (13, @) Py (@) = F (a, )
12 .
- 2% sin ¢, o—ikbsin ¢, . |:COS Kb+ EK Sin Kb:|
(n3singo + 1) (o — kcos o) M («)

b .
x {P+ (a)—/[f(t)—iag(t)] [%4—?—2%5[((() )} dt}
0
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b
+/ —iag (t)] cos [K (b—t)]dt (16)
0
is obtained where K (o)
a
Q) = —— 17
Equation (16) can be arranged as
X (7737 Od) P+ (Oé) + F, (Oé, b) _ 2k sin ¢0 efikbsingbo
X (2, ) N (a) (m3sin gy + 1) (v — k cos ¢y)
b
sin Kt o
- — —cos K 1
/ iag ()] | =4 - cos t|dt (18)
0
with 4
N (o) = M () 5P, (19)

Incorporating the series expansions for the functions f(y) and

9(y) _ |
0] =S [ [Py 2 ] o

equation (18) becomes

X (3, ) Py () L E (ab) = 2]? sin é, o—ikbsin ¢,
X (7727 a) N(a) (n3sing, + 1) (0 — k cos @)
Ky, cos Kb 12
+ Z — iagm) (@@ —a2) < . + i sin K. b) (21)

This is nothing but the scalar modified Wiener-Hopf equation to be
solved. The kernel functions in (21), i.e. the functions N (a) and
X (1;, ) can be factorized by using known expressions. Thus, the
factors of N («) are [6]

sin kb11/2 Kb |, a+iK
k. :| 6[7\' n = ]

Xe[%(kCHni—gﬂg)] ﬁ <1+ ﬂ) e(%) (22a)

Qm

Ny (a) = [(ngzkn2)coskb+(1n2n3)

m=1

and
N_(a) = Nt (—a). (22b)
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In the equation (22a) C is the well-known Euler constant which is
0,577215... As to the factors of x (7;, ) they can be written in terms
of the Maliuzhinets functions [7]:

_ _ T . 2
x-(njakcow):ism?{M”(?’”/z ¢ —0) My (/2 ¢+0)}

NG 2 M2 (7/2)
-1
X { {1 +v/2cos <37T/2;¢_0)] {1 +v/2cos <7T/2_2¢+9)] } (23a)
and
X+ (nj, kcos ¢) = x— (nj, —k cos §) (23b)
with M, (z) and 6 are defined by
1
inf =— 23
sin " (23c)
and
M, (2) = exp {—8% / msinu - 2\/(?;8;“ (u/2) + 2udu} . (23d)
0

Hence, multiplying the Wiener-Hopf equation term by term with

X— (7727 a)

X- (m3, a)N_ (@)

gives

X+ (13,0) Py (@) | x= (2, 0) .
Xt (@) Ny (@) T X () (@ (@0
2k sin ¢, e-ikbsingo  \ (po )

= Gsingo +1) (a— heos o) x_ (@)~
X—(n2, @) e ) K, cos Kb m9 .
+7X_(n3,a)N_(a) 7;1(fm—lagm)(a2_a%1) < K, —I-% Sanmb) :
(24)

The terms at the right-hand side of the equation must be decomposed
with the help of Cauchy formula which leads
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2k sin ¢, e~ tkbsingo (g, )

. N_(a)
(M3 sin gp+1) (—k cos @) X— (13, @)
B 2k sin (;Soe_ikbsm o
~ (n3singo+1)(a—kcos ¢,)

" [X— (12, @) N_(a)— X—(n2, k cos ¢o) N_(k cos gbo)}
X (3, @) X— (13, k cos ¢o)
2k sin ¢ e~ kbsinbo X— (12, k cos ¢o) N_ (k cos ¢,)
(n3singo + 1) (a0 — k cos ¢y) X— (13, k cos ¢,)

(25a)

and

X-(m2,0) = K, (cosK mb M2 >
Kb
x—(n3, @) 3,a Zl ~iagm) (a?2—a2)) K, +zk‘ S

e K.,
Z <COS b 77 smK b)
a—i—am

m=1
- m ) m ) mYym y m N m
{( iagm) X— (2 Oé)N (a)+(f +imgm) X+ (M2, m) Ny (a )}
a am (773,05) 20, X+(773aam)
_ Z fm+1amgm)K (COSK mb 772 sin K b) X+(T727am)N+(am)
200, (o) " K,, ik X+ (N3, ) '
(25b)

3

Collecting the terms which are regular in the upper half-plane at the
left-hand side and those regular in the lower half-plane at the right-
hand side, the equation becomes

X+ (13, @) Py () 2k singoe~Fbsin®e  \ (g, k cosdo) N— (k cosg,)
e z,am( ) Grssimdot D(a—keosd)  x_ (s kcosd)

= (fm+icmgm) cos Kb 772 si X+ (72, am) Ny (i)
+ Z 200, (a+am) 20, (o) m ( K, zk; R b) X+ (13, )
o X- X- (m2, ) : 2k sin ¢ e~ tRosindo
o X- (773,0<)N_ (@ F-{ab) + (ngsing, + 1) (o — k cos ¢,)

X-— (72, @) X— (2, k cos ¢o) N— (k cos ¢,)
N_ _
8 |: (7735 ) a) — (7737 k cos ¢O) :|
cos K,,b

K, m e .
—= Kb
+Z (o + ) ( K, +iksm m)

m=




Progress In Electromagnetics Research, PIER 60, 2006 303

(fm_iagm) X— (7727 a) (fm‘l‘iamgm) X+(7727 am)N+(am)
(@—am) x_(ma) "t 2a, 13, )

(26)
Taking into account the analytical continuation principle followed
by Liouville’s theorem, the solution of the Wiener-Hopf equation yields
X+ (n3,0) Py (a) 2k sin ge” K05 P
X+ (n2,0) Ny (@) (m3singo + 1) (o — k cos ¢o)
- (7727 k cos ¢o) N_ (k COoS Qbo) _ i (fm + iamgm)
— (n3, Kk cos ¢,) = 200, (o + am)
Ny <COS Kb e 2 sin K b) X+ (7727 am) Ny (am) (27)
K Zk X+ (7737 am)

2.2. Determination of the Unknown Coefficients

The important difference of this kind of formulation from the one
applied in [1], was the simultaneous use of Mode-Matching technique
with the Fourier transform. The Mode-Matching technique allows us
to express the field component defined in the waveguide region in terms
of normal modes as

= _ig (SINEY M
)xy)zzlane Fn ( ;. —jcosazy) (28)

Here (,,’s and &,’s are solved through

w cos Epb — ( 771774§n) suzfnb =0, n=12,... (29a)
¢ n

and

Bn =\/k2—=¢&2, Sm(Bn) >Sm((k), n=1,2,... (29b)

If the continuity relations (4g) and (4h) are used simultaneously

. 0 .
f () —iag (y) = 5ous (0.9) —iows” (0,9) (30)
relation is determined which is
sin Ky 12 >
m - - 7 Km
mzzl —iag ( = cos Koy

. sin &,y m
_Z 2 o (a+ﬂn)< 5 —%cosgny) (31)
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Multiplying both sides by

sin Kjy 1o
Kj] ik cos Kjy
integrating over 0 < y < b and taking j — m results with
’[: oo
(fm - Z.Oégm) = Yl Z Qn (a + 5n) Anma (32)
m n=1

where A, is

2 g2 _ (m—m2) | (13tm) (Cosﬁnb m . >
(€8 = K0) L = kT g Dmbe| g gy sinab
o (cos Knpb o

K. + o Sin Kmb> . (33)

This result can be substituted in the equations (15a) and (27) giving

S Au(a)an = Bay), (34)

n=1
with
A, () = —i U—;KJ sin K ;b — cos Kjb] (0 + Bn) Dpj
. X+ 12, &5 = K, ﬂn_am Dpm
—ZN+(C¥]‘) +( ])Z ( o )
X+ (7737 O[]) m=1 QOéQO (O[] + O[m)

(S G o) 2RI,
and
Blay) 2k sin ({ﬁoe_ikbsmqb" X— (n2, kcos ¢o) N_ (k cos ¢,)
(n3sing, + 1) X— (13, k cos ¢,)
Ny (aj) X+ (m2, aj) (36)

(aj = kcos o) X+ (13, 05)

The infinite system of algebraic equations in (34) will be solved
numerically. To this end we truncate the infinite series and the
infinite system of algebraic equations after the first N terms. Figure 2
shows the variation of the modulus of the diffracted field against the
truncation number IN. It is seen that the amplitude of the diffracted
field becomes insensitive to the increase of the truncation number after
N = 30.
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Figure 2. Modulus of the diffracted field versus the truncation number
N.

3. THE DIFFRACTED FIELD AND COMPUTATIONAL
RESULTS

The diffracted field u; (z,y) can be determined through

1 Py (Oé) iK(a)(y—b) —iax
uy (x,y) = — e e da. 37
@)= 5 | R o
Applying the change of variables @ = —kcost, © = pcos¢ and
y = psin ¢, the above integral becomes

Uy (:II, y) _ i / Py (7]6 Cos t) efikbsinteikpcos(tfzﬁ)k sin tdt. (38)
2w ) (ngsint + 1)

This integral can be solved asymptotically via the saddle point

technique. Here the saddle point occurs at t = ¢ whose contribution is

ethP e=im/4 Lsing

N TR Sin¢+1)e*ikbsin¢P+(—kcos¢). (39)

Ui (p7 ¢)
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Diffracted Field (in dBs)

T T T T T
0 30 60 90 120 150 180
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Figure 3. The variation of the diffracted field with respect to n;.

Taking into account equation (27), the diffracted field can be cast into
the following form:

et e/t ksing o—ikbsing X (112, k cos¢)

o) = = Vo (nssing+1) m]\’—(k‘ cosg)
2 sin ¢ ek sin ¢o Y (12, ki cos o)
{ (n3sin g, + 1) (cos ¢ + cos ¢,) X— (N3, kcosp,) (k cos ¢,)

o0

(frn+ictmgm) (COSK mb L ) X+ (125 Q) Ny ()
K, ink,,b .
* Z 204m am_k COS(b) K, Zk X+ (7737 am)

(40)

Now, some graphical results showing the effects of various
geometrical and physical parameters on the diffraction phenomenon
are presented.

From the graphical results displayed so far one can conclude that
the diffracted field is insensitive to the the variations of 7; and 7y, as
expected. The diffracted field amplitude is affected notably when 73
is capacitive and a decrease in the amplitude of the diffracted field is
observed when |n3| increases.
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Diffracted Field (in dBs)

-50 T T T T
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Figure 4a. The variation of the diffracted field with respect to 7.

Diffracted Field (in dBs)

— . —
0 30 60 90 120 150 180
Observation Angle (in degrees)

Figure 4b. The variation of the diffracted field with respect to 7.
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Diffracted Field (in dBs)
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Figure 5a. The variation of the diffracted field with respect to 7s.

Diffracted Field (in dBs)

T T T T T
0 30 60 90 120 150 180
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Figure 5b. The variation of the diffracted field with respect to ns.
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Diffracted Field (in dBs)

-50

T T T
0 30 60 90 120 150 180
Observation Angle (in degrees)

Figure 6. The variation of the diffracted field with respect to n4.

4. CONCLUDING REMARKS

In this work, the diffraction of E-polarized plane waves by an
impedance loaded parallel plate waveguide is investigated rigorously by
using a mixed method of formulation consisting of employing the mode
matching method in conjunction with the Fourier transform technique.

For the special case when b tends to zero, the diffracted field given
in (40) becomes

Uy~ em/4\/§ (13 — m2) sin ¢ sin ¢
! T (1 + n3singo) (1 + n3sin @) (cos o + cos @)

X~ (m2,co8 ¢o) X~ (12, cos @) e
X~ (m3,cos o) X~ (13, cos¢) Vkp’

which is the well-known solution for the two-part impedance plane
diffraction problem whose parts z < 0 and = > 0 are characterized by
the relative surface impedances 13 and 79, respectively.

Figure 7 is a comparison between matrix Wiener-Hopf solution
derived in [1] and the hybrid method used in this work, when the half
plane is perfectly conducting (Z3 = Z4 = 0). It is shown that the two
curves coincide exactly.
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Figure 7. The comparison of hybrid and direct Fourier transform
formulations.
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