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Abstract—High frequency field expressions are derived around feed
point of a three dimensional Cassegrain system using the Maslov’s
method. Maslov’s method is a systematic procedure for predicting the
field in the caustic region. It combines the simplicity of ray theory
and generality of the transform method. Numerical computations are
made for the analysis of field pattern around the caustic of a Cassegrain
System.

1. INTRODUCTION

Asymptotic ray theory (ART) or the geometrical optics approximation
is a powerful tool for analyzing general wave motion [1-4]. However,
it predicts an erroneous infinite field in the vicinity of caustic, and
we must seek an alternative representation for the field in such region.
Maslov proposed a method to predict the field in the caustic region [5].
Maslov method combines the simplicity of asymptotic ray theory and
the generality of the Fourier transform method. This is achieved by
representing the geometrical optics fields in terms of mixed coordinates
consisting of space coordinates and wave vector coordinates. That is by
representing the field in terms of six coordinates. It may be noted that
information of ray trajectories is included in both space coordinates
R = (z,y,%) and wave vector coordinates P = (pg,py,p-). In this
way, conventional ray expression may be considered as projection into
space coordinates. Similarly one can replace a part of the components
of (z,y, z) by corresponding components of (pz, py, p-), €.8., (¢, Dy, D2),
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(,y,p2), (x,py,2) to describe a ray. The reason for considering the
solution in mixed or hybrid domain is that, in general, the singularities
in different domains do not coincide. This means that there exists
always a domain which can give bounded solution.

The applications to Maslov’s method to the problems in radio
engineering are relatively few. Applications of Maslov’s method
in an inhomogeneous medium and continuation problems have
been discussed by Kravtsov [6] and Gorman [7,8]. The physical
interpretation of the mathematics of Maslov’s method and its relation
to other ART methods have been discussed by Ziolkowski and
Dechamps [9]. Hongo and co-workers applied Maslov’s method to
derive the high frequency solutions for field generated by a phase
transformer and a cylindrical reflector [10,11]. Aziz et al. recently
utilized the Maslov’s method to study the two dimensional Cassegrain
system [12]. In present work, our interest is to apply the Maslov’s
method to three dimensional Cassegrain system.

Three dimensional Cassegrain system consists of two reflectors,
that is, parabolic and hyperbolic reflectors. The aim of this paper is to
derive the field distribution around the feed point using the Maslov’s
method when it is used as the receiving antenna. Before we discuss he
analysis of the field in the caustic of a Cassegrain system we consider
the field reflected by a single arbitrary reflector.

2. DERIVATION OF THE FIELD IN A SINGLE
REFLECTOR

Consider the field reflected by an arbitrarily shaped single reflector,
whose contour is described by

¢=f(mn) (1)

where (£, 7, () are the Cartesian coordinates on the surface of reflector.
An incident plane wave is given by

E' =i, exp(—jkoz) (2)
The wave vector of the reflected wave may be obtained using the
relation p” = p* — 2(p’ - n)n, which is derived from Snell’s law, where

n is the unit normal to the surface and is given by

n = sin « cos Bi, + sin asin Biy — cosad, (3)
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: p
SINo = —F———
/p2+4f2
2f
COSOY —= —F——
/p2+4f2
n
tanf = =
3

where p = /€2 +n2. By using these relations we can derive wave
vector p” and is given below

p" = —sin2acos (i, — sin2asin fiy, + cos 20d;
= ppiz + p;iy + piis (4)

Coordinates of point on the reflected ray are given by
r=E¢+pit,  y=n+p, z=f(n) +pit (5)

Initial value of the reflected wave may be obtained by Snell’s law of
refraction, that is

E' = -E'+2(E' -n)n (6)
and its rectangular components are given by
E,o = —cos® a + sin® a cos 213, Ey = sin? asin 23
E.o = —sin2acosf3 (7)

The geometrical optics expression of the reflected ray is given
by [13]

1

D(t)] 2 ,
U(r) = E,q {D((Oﬂ exp {—jk[So +1] } (8)
where E_¢(&,7,() is the incident wave at the surface of the reflector.
Parameter ¢ represents the distance along the ray from reference
point. Sp represents the initial value of the phase function. D(t)
is the Jacobian of the transformation from the Cartesian to the ray
coordinates, and it is given by [see Appendix A]

P Oy,  OC . Op:

7{9(3:342) 0 5§t 8% g§+§€t

D(t) = AR D D ¢ D,

" & m.1) an Ha_it an " on
Pz Dy Y2

=UL+Vi+W (9)
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where
cos*
U= T
cos® o
V=-2
!
W =1 (10)
The expression for Jacobian is given by
O(z,y,2) costa cos? a
D) = = t°—2 t+1 11
W= Benn - P 7 )
D(t) costa, _cos’a
J(t) = —= = -2 t+1 12
Y= Do)~ P 7 12

The caustic along the ray may be obtained by satisfying the relation
D(t) = 0. The relation yields following algebraic equation for ¢

UL +Vt+W =0
4 2

cos*a o cos® a
t°—2 t+1=20
f? f
2 2
(cos a, _ 1) _ 0
f
The solution of algebraic equation is
f
t=———
cos? a

More explicitly
Te =& —2ftanacos =0
Yo = n—2ftanasing =0
Zc:<+fC082a:0 (13)
At the point satisfying (13), the field becomes infinite.

According to the Maslov’s method, the ray expression covering
the caustics can be derived from the formula

NN I

X exp {_]k[SO +1— x(pzvpya z)p:p

cos? o

= Y(Pws Py; 2)Py + Pa + pyy} } dpzdps (14)
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where Sy = —( is the initial phase. In (14), 2(pz, Dy, 2)Pe, Y(Dzs Dy, 2)Py
means that the coordinate x,y has been expressed in terms of mixed
coordinates (ps,py,2). The same is true for ¢ and it is given by

z—¢

t= . The phase function S(p.,p,) is given by
bz
z—=¢
SPz,py) = —C+ - (5 + px)px - (77 +py)py + P+ pyy
z
= —C—&ps — NPy — (P2 + P2 + pyy + P22 (15)
We have
2
& =2ftanacos 3, n = 2ftanasin g, C:c—fCOSQQ
cos?
Introducing the polar coordinates
x = rsinf cos ¢, y = rsinfsin ¢, z=rcosf

yields the phase function
z—¢
P

- (§ +pxt)px - (n +pyt)py + e + pyy
= 2f —rsinfsin2a cos(¢ — ) + r cos 6 cos 2« (16)

S(p:vapy) =

Amplitude of the integrand in (14) may be evaluated as

(t)a(pxapy) 1 O(ps,py, 2)

= 17
d(z,y) — D) 0En.1) (1"
and are derived as follows
Opz Opy
o8 0§
(t)a(Pmpy) 1 Opz  Opy 0 | = cos? a cos? 2 (18)
o(z,y) D) | on on f?
0z
0 0 ot

Substituting these results in (14), we have the field expression which
is valid in the caustic region

_1
/ / cost acos? 2o | 2
“or 2

X exXp {—jk‘ {Qf—r sin 0 sin 2« cos(¢p— ) +1 cos 6 cos 2a}}dpxdpy
(19)
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Conversion from cartesian coordinates (p;, py) to ray coordinates (£, 7),
that is by the relation

O(pzrpy) cos? av cos 2

aEm) 12

reduces above equation into the following form

1
k cos* avcos?2a| 2 rcos* acos2a
U(I‘):—/ Sr0 ) [ ) }
21 Js f f
xexp{—jk{2]‘—7“sin9sin2acos(q§—ﬁ)+r0089008204}}dﬁdn

(20)
Changing (£, 7n) to angular coordinates («, 3) by
dem)  Afsina

O(a, ) cosda

and using the polar coordinates (r,0,¢) instead of the Cartesian
coordinates (z,y, z) gives

i2 H /2w
U(r)= ‘7kf/ / E,otana
T Jo Jo

X exp {—jk: [Qf—r sin 0 sin 2« cos(¢p—3) +1 cos 6 cos 2a] } dad
(21)

where H = arctan(D/2f). It may be noted that D is height of the edge
of the parabolic reflector from horizontal axis. The integration with
respect to 3 can be performed by using the integral representation of
Bessel function. The results are expressed as

U, = jkfexp{-j2kf} [P(r,0) + Q(r,0) cos 26|
Uy = jkfexp{—j2kf}Q(r,0)sin2¢
U, = jkfexp{—j2kf} R(r,0)cos ¢

where
2H
P(r,0) = / Jo(krsin@sinT) exp {—j(kr cos cos )} sin rdr
0

2H 1 _
Q(r,0) = / o8 T Jo(krsin@sin7) exp {—j(kr cos @ cos )} sin rdr
o l4cost

R(r,0) = /2H sin7 Jo(krsin@sinT) exp {—j(krcosfcosT)}sintd
T Jo T+cost P TP T T
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In a region far from the caustics, (21) can be evaluated
approximately by applying the stationary phase method of integration
and the result should agree with the GO expression derived. This
serves as an important check of the validity of the expression (21).
The stationary point is determined from

S(pz,py) = 2f — rsinfsin2a cos(¢p — B) + r cos 0 cos 2

The first derivative of the phase function is

08
95 — 90— A=0 (22)
¢ =p
0S8 : .
30 = —2r(cos 0 sin 2a + cos O sin 2a) = 0 (23)
sin(2a +6) = 0

a=—= (24)

From geometry of paraboloid we have value of r as

f

cos? o

r =

—t (25)

The second derivative of the phase function is

2
% = —4dr{cos(2a +0)} = —4r
928 f
da2 4 <t  cos? a) (26)
2
272 = rsinfsin2a = —rsin® 6
= (t — >sin29 (27)
cos? o

The result from (26) and (27) are found to agree with the GO solution.

3. RECEIVING CHARACTERISTIC OF THREE
DIMENSIONAL CASSEGRAIN REFLECTOR

Cassegrain reflector consists of two reflectors, one is parabolic main
reflector and another is hyperbolic sub reflector. This system has
many advantages over a single parabolic reflector. We consider here
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PAR

Figure 1. Cassegrain system.

a receiving characteristic of this system by applying Maslov’s method.
The equation of each surface is given by [see Fig. 1]

_ &t s
af Af
and that of the sub-reflector (hyperbola) is

G ~f+ec —f+e,  p=E&+n  (28)

1
_ &+ P oar s 93

CZ— b2 +1 —g{pg‘i‘b]

p% = §%+77§, A =a>+b% aRy :cC27a2 (29)

where (£1,m1,¢1) and (€2,72,(2) are the Cartesian coordinates of the
point on the parabolic and hyperbolic reflectors, respectively.
The unit normals of these surfaces are given by

n; = sinacos B, + sin asin Biy — cosad, (30)
P1

\PT+Af?

sinaw =
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2f
cosq = ———
VoLt A4S
m
tan b = —
T
and
ny = —sin~ycos fi, — sin+ysin Bi, + cos7i, (31)
siny = _aprz
bv/ R1 R
cosy — 52
K (I\/RlRQ
2
tanfg = —
&2

The wave reflected by the parabolic reflector will act as incident wave

to the hyperbolic reflector and is given by

E} = {iz(— cos® a + sin® acos 23) + i, sin? asin 23 — i, sin® o cos B}
x exp {jk{z sin2a.cos f + ysin 2asin f — z cos 2} } (32)

The wave vector of the wave reflected by the parabola is given by

p| = —i;+2(i;-n;)n; = —sin 2a cos fi; —sin 2a sin fi,+cos 2ai, (33)

and the wave vector of the wave reflected by the hyperbola is
p5 = —sin(2a—2y) cos B, —sin(2a —2v) sin Bi, —cos(2ac—27)i, (34)
Then the solution of the ray equation is given by
x = & + pat, Y =2 + p2yt, z = (2 + p2.t (35)

where (pay, pay, p2-) are the Cartesian components of pj.

In the above equation (31) R; and Ry are the distances from the
point gﬁg,ng,@) to the focal points z = —c¢ and z = ¢, respectively
with ¢ = a? 4+ b?. The Cartesian coordinates of the ray reflected by
the hyperbolic reflector is given by

= &2 + peot = &1 + parits + paot

z = Q2+ paot = (1 + 21ty + paot (36)

where 61 = (& —&)2+(m —m)?+ (G — )% (P21, Py1,P21)
and (pz2,py2,P-2) are the rectangular components of pj and pj,
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respectively. The initial value of the reflected wave is obtained by
snell’s law of refraction

EY = —FE% 4+ 2(FS - ng)ny
and its rectangular components are given by
Uppo = — cos® a + sin? o cos 23 + 27 sin~y cos 3,
U2 = sin® asin 26 + 2Z sin vy sin j,
Urzo = —(sin2acos B+ 2Z cos7y)

where

Z = —(cos® a+ sin® a cos 23) siny cos 3

— sin? asiny sin 2@ sin 8 — cos 3 cos 7 sin 2a

We have also

b2 sin vy cos 3 b? sin~y sin 3
& = , M=
\/ a?cos?y — b2 sin? y \/ a?cos?y — b2sin?y
2
a® cos
&= -

\/ a?cos?y — b2 sin? y

Now consider the field after the reflection from the hyperbolic
reflector. The transformation from the Cartesian coordinates (z,y, z)
to the ray fixed coordinates (£1,(1,t) is given by [see Appendix B|

Dt)y=Ut* +Vt+ W (37)

Thus the geometrical ray expression of the reflected wave is

=

E" = E {%# + %t n ]_2 exp[—jk(So+ti+t)]  (38)

where Ej is the amplitude of the incident wave at the reflection point
on the parabolic reflector and

cos 2a
S = — :2 D — I
0 G f1+cos2a ¢

o= (& — &)+ (p—m)?+ (G — )2
t= @&+ —m)?+(z— () (39)
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We introduce the polar coordinates
T = rsinf cos ¢, y = rsinfsin ¢, z=rcosf (40)

It is readily seen that the GO expression of the reflected wave becomes
infinity at the point F5 as is expected. We can derive the refined
expression which is valid at the focal point according to (13a). The

0 (p2a: ) P2y)

1

-2
is given by [see Appendix B2
O(z,y) } | |

value of [J(t)

[ SIS

[J(t)a(mx,my)]_

_ | 1 SC2(:08204{1_ 2ac
8(1’,3/) Rl

D) f 2f (R2+a)
X [FE cos? 3+ T, sin? ﬁ} H -3 (41)

The phase function is given by

zZ—G62
S =S+t + 2 _ (52 —|—p2zt)p2x - (772 + pzyt>p2y + P22 T + p2yy
P22
_ z— (2 2 2
= So+t1+ (1 — pag — Pay) — &aP2e — M2p2y + P22 + P2yy

D2z
= So +t1 — §ap2z — M2p2y — (2D22 + P22 + Poyy + P22z

where Sy + t1 is given by (39). The extra term is given by

Sex = —&2p2z — M2p2y — C2P2> + P22 T + P2yy + P2:2
= Sez1 — rsinfsin(2a — 2) cos(8 — @) (42)

where

a? cos y cos(2a — 27) n b? sin ysin(2a — 27)
\/ a2 cos?y — b2 sin? v \/ a?cos?y — b?sin?

—rcos(2a — 27y) cos 0

Se:vl =

Substituting (39) to (42) into (14), yields the following result

k H2 —H1 27 1 502 0082 a
Ur) = 2 [/Hl +/—H2 ]/0 Er [_D(O) f2f

=

2ac

X {1 — m{FgCOSZﬂ—i—FnsinQﬂ} H

X exp {— ik [50 Tt o+ 564 } APy, dPy,
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Changing (p2s,p2y) to (€1,m) coordinates by

O(Pag,p2y) SCCOSQQ{ B 2ac
9(&1,m) I2f Ri(Ry +a)

changes above equation into the following

k H2 —Hl| r2m 1 SC?cos?a
utr) = prs [/Hl +/—H2 1/0 Ero l_D(O) f2f

[Fg cos® B + Iy, sin? ﬂ} }

D=

X {1 — Rl(;zc—{—a)[rf 008254—1“,7 sin? BH]

o 5C cos? a { B 2ac
fo2f Ri(R2 + a)
x exp {~jk[So + t1 + Sea| | dérdm

[I‘g cos? 3+ Iy, sin? ﬂ} }

where
2 acos(2a — y)Tely,

f2cosy

D(0) = —R2 cos

Changing (£1,m1) to angular coordinates («, 3) by % = RZsinda
and using the polar coordinates (r,0,¢) instead of the Cartesian
coordinates (z,v, z), we have

Ulr) = jk /H2+/_H1 /Q”E R3 cos® asin 2«
) or S Jeme | oo T f?

1

200 — 2

kaﬂannQ]
2 cosry

X exp{—jk: [5’0 +t1+Sez1 —7sin 6 sin(2c0—27) cos(ﬁ—qﬁ)}}dadﬁ

(43)
where

r, — 1 4 tan 2o tan o cos? 3

¢ 7 1+ tan2atanycos? 3

ro— 1 4 tan 2« tan asin® 3

T 14 tan 2o tanysin? 8

2ac
riM=1—-————|T 2 I, sin®
¢ Rl(R2+a)|: ¢cos” B+ Iy sin B}

S = sin(2a — 2)
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The rectangular components of field are given by

jk [ pH2 —H1] 2r
Uppy = =— / +/ / (— cos® a+sin® a cos 28+27Z siny cos [3)
2r |Jm —-H2 |Jo

R cos® asin 2ar [ cos(2a — 7y
S
72

xexp{—jk {So +t14Sep1 —7sinfsin(2a — 27) cos(ﬂ—qﬁ)}}dadﬂ

(44)
ik [ rH2 —H1] 2r

Upyo = —2— / +/ / (sin? asin 28 4 27 sin 7 sin 3)
2m | JH1 —H?2 0

1
2

)I‘ Ir,r :
2cosy & C}

R cos? asin 2ax [ cos(2a — 7y
S
12

xexp{—jk [SO +t14Ser1 —7 sin 6 sin(2a—27) cos(ﬁ—qﬁ)} }dadﬁ

e
rer,r
2cosy &t

(45)
ik
Upyo = = / / / (sin2acos 3 + 2Z cos7y)
2 | Jm
1
R cos® asin 2ar [ cos(2a — ) 2
12 {S 2 cos FanFC}
xexp{—jk’ [So +t14Ser1 —7 sin  sin(2a—27v) cos(B — qﬁ)” dad
(46)

4. RESULT AND DISCUSSION

Field pattern around the caustic of a Cassegrain system are determined
using equation (44) by performing the integration numerically.
Figures 3 to 5 contain the plots of the field around focal region located
between the reflectors, that point F5 in Figure 1 and Figure 2. In
Figure 3, it is assumed that kf =20, a=5,b=6,d =4 and D = 16.
In Figure 4, it is assumed that kf = 25, a = 8, b =9, d = 6 and
D = 18 while Figure 5 deals with kf = 50, a = 17, b = 18, d = 12
and D = 40. The location of the caustic may be observed and verified
easily. It may be noted that limits of the integrals in equation (44) are
selected using the following relations [see Appendix D]

D
Hi = ¢, = 2arct —
1 10} arcan<2f)
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Figure 3. Field distribution around the focus.
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Field distribution along x-axis at kf=25,a=8,b=9,d=6,D=18

1.75
1.5
1.&5
1
.75
0.5

O_E&5

Field distribution along z-axis at ki=23,a=8,b=9,d=6,0=18

Figure 4.
d
Hy = arctan (—)
2c

The results are compared with the results of an equivalent parabola,
whose focal length is determined using the following relation [see

Appendix D]
c+a
fe: ( >f
c—a
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—Zn -10 10 Zn

Field distribution along x-axis at ki=00,a=17 b=18,d=12,0=40

Field distribution along z-axis at kf=30,a=17 b=18,d=12,0=40
Figure 5.
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APPENDIX A. EVALUATION OF THE D(T)

Pz Oy,  OC . Op:,

" | 1+ agt o a_§+ %
w?y?'z
D(t) = < =| Op dpy, OC | Op.
A, n,t t 14+ 2t =
Yz Dy Pz

=U+Vt+W (A1)
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where U, V., W are

(Qggapz__apz§@£> (8p$8pz__8pz8pz)
oc on  o¢ on )P oy o~ o oc )P
(3pzapy 8py8px>p

U =

0§ on 0§ On
V:(%%_%%_%> +(%%_%%_%>
oc oy ocon  og )" v

9, . Ops
+(py+ p)pz

aon o€
L S

We may rewrite the values of U, V and W by using the following
relations

Opa _ S 2
9 2CA¢ cos 8 of cot asin“ 3
Oy _ —2C'A¢sin 5 + i(:ot()ccosﬁsinﬂ
oE ¢ 2f
Opa = —2CA, cos B + S cot acsin 3 cos 3
T o
D .
a_r;j = —2CA;sinf3 — 27 cot acos? 3
Ip:
= —25A
73 ¢
Ipe
= —25A
om !
where
C = cos 20, S = sin 2a, Ae = ?)—(g, Ay, = g—(; (A4)

The new expressions for U, V and W are given by

U = —25%cosf3 { [—2CA§ sin 0 + % cot avcos Bsin 3| A,

_ {_QCA,] sin 3 — 25} cot o cos? ﬂ] Ag}

—252sin 3 { [—QCA,, cos 3+ % cot ausin B cos 3| A¢
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— [—QCA cos B — % cot avsin? ﬁ] An}

-C { {20/\5 cos 3 — 25} cot asin? ﬁ}
_ ' g ,

X | =2CA;sin 3 — ﬁcotacos 15}

— | —2CA¢sin 3 + jfcotacosﬂsinﬁ]

X _—2CA,] cos 3 + % cot asin 3 cos ﬁ} } (—C’)

= —?cota{Ag cos 3+ A, sinﬂ}

COS4 (07

12
V = {tan asin [—QCAg sin 3 + % cot o cos B sin 5}

—tanacos | —2CA, sin 3— ;;, cot o cos? 3 —2SA§}<—S cos ﬂ)

+ {tan o cos 3 [—QCAn cos 8 + % cot acos [ sin B}

—tanasin 3 | —2CA¢ cos B— % cot asin® —2SA77} (—S sin ﬂ)
+C {—ZC’A77 sin 8 — % cot o cos? ﬁ}

+C {—201&5 cos 3 — S cot avsin? 5}

2f
5?2 o) .
= —ﬁa— ﬁcota — 2A¢ cos B — 2A, sin 3
_ _2c052a
!

W =1 (A5)



Progress In Electromagnetics Research, PIER 72, 2007 233
APPENDIX B. EVALUATION OF THE JACOBIAN

B.1. Evaluation J(t) = %

First we evaluate the Jacobian which give the amplitude of the ray.
From (8), this is given by

062 | Opaa, Op2y , 0G| Op2:

Do |06 oa e oa
D(t) = 5= = Op2a Om | Opay, 9 Opaz,
Em. ) om om  Om Om  Om
D2z D2y D2z
= U+ Vt+W (B1)

where U, V, W are
(3p2y Op2.  Op2. 3p2y) , (8]7290 Op2.  Opa2. 0p2x> ,
x Y

06 Om 0§ O
(3p2x Ip2y  Opzy 3p2x)
o€ om0 om )
o (b Oom, omony
08 Om 0§ Om Om 96 ’
(b Sty
om 0§ Oy Oxiy 0§ Om Y
(% 8pr %ap%:)
o6 am | om 96 )

om 0§ Om 0&

U =

0Co O 062 0C2 &2 O

W = — | == =—"por + — == —= 1o, B2
(a& o> 0gr om pr) o€ o 2

We rewrite the values of U, V and W by using the relations

Op2z _ S . 9

96 —2CA¢ cos 3 — ﬁcotasm I6]

8p2y o . S .

9% —2CA¢sin 3 + ﬁcotacosﬂsmﬂ

2 = —2CA, cos 3+ S cot asin B cos 8 (B3)

om ! 2f

8pr o . S 2

o —2CA,sin 3 — ﬁ cot acos” 3

8p2z

= 2SA
0&1 ¢
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asz
= 25A
om o K
where
C = cos(2a — 27), S =sin(2a — 27)
I —7) I —1) (B4)
Ay = ———~, Ap=—~— 2
¢ &1 ST

The results are given by
g -
U = —25%cosf3 { [QC’Ag sin 3 + 27 cot acos Bsin 3| A,

[ 2CA,; sin 3 — ifcotacos ﬁ} Ag}

—25?sin 8 { [—QC’JL7 cos 3+ ;f cot asin 3 cos 3| A¢

— |—2CAcos 3 — % cot o sin® ﬁ} An}

—-C { [—ZCAg cos B — % cot a sin? ﬂ]

X |—2CA;sin 3 — ﬁfcotacos ﬁ}

— —26’1\5 sin 3 + % cot o cos 3 sin ﬂ}

X _—2C'A77 cos 3+ ff cot asin 3 cos ﬁ} } (—C’)

= —§cota[A§ cosﬁ—i—Ansinﬁ}

f
V = {tan’ysinﬁ [ 2CA¢sin B+ iCotacosﬁsmﬁ} 3772
m

2f
—tanfycosﬂ[ 2CA smﬁ—%cotacos ﬁ} 2—251\5322}
1

23
X (—S cos B)

+{tanfycosﬂ[ 2CA,, cos B + %Cotacosﬂsm,@] 52

2]
— tanysin g [ 20A¢ cos B — Ef cot asin ﬂ]

— 294, g? } (~Ssinp)

om
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C?Z [ 2C A, sin 3 — Sf cot o cos 3}
CgZi {2CA5 cos 3 — 25} cot o sin? ﬂ]
= —g—;g—? tan vy cot o cos? 8 — %gm tany cot asin® 3
_|_g_§1[ ﬁ+(2j—fcotacos ﬁ]
+g—m [2A,5 cos B+ g—}g cot avsin® ﬁ}

W 08 O cos(2a — )
04 on cosy

B.2. Evaluation J(¢ )%

Next we evaluate the value of

O(p2z,p2y) _ 1 O(paz, P2y, 2)
Iz, y) D(0) 9(&1,m1)

The can be derived as follows.

Op2z Opay

W= J(t)

| o

V=00 | om om :

0 0 a—i
:_D?O)H 2C A¢ cos 3 — SfcotozSHlQﬁ}

X | =2CA,sin 3 — S}cotacos ﬂ]

— —QCAg sin 8 + % cot v cos B sin ﬂ]

X | —2CA, cos 3 + ;f cot asin 3 cos ﬁ} }

2
— _%O)S? [Agcosﬁ—I—A smﬁ]

_ 1 5026052a{ B 2ac
D) f 2f R (Ry+a)
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(B5)

(B6)

[Pe cos? 34T, sin’ ﬂ}} (B7)
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APPENDIX C. EVALUATION OF SOME DERIVATIVES

C.1. Evaluation of the Derivative g—g

The ray reflected by the parabola is expressed by

52 —fl = —tan2acosﬂ(§2 _Cl) (Cl)
Taking the derivative with respect to &; yields
0&a 2cos B Oa . 0B }
— -1 =—|———=——tan2 — —
0&1 [0052 200 01 a asmﬂ@& (=)
Ong 062 3(1)
— tan 2« cos (—— - — C2
\oe, 06~ o6 (©2)
If we use the relation g% = tan -y cos 3, we have
2 51982 _ 2
[1 + tan 2a tan 7y cos ﬁ} g =1+ tan 2o tan . cos” 8
1
2cos 3 Ja . 0p
_ 2 tan? il _
{COS; 2006, A asmﬁa&} (G2 —C1)
2 2 si 2
= 1+ tan2atanacos® § — o8 @ S 9 s Bl ((— (1)
fcos22a cos 2«
2 24i 2
= 1+ tan2atan acos? § — cos” @ 1 o acos2ﬂ
fcos22a cos 2«
2
X |:_R2 cos2a + f0052 a]
cos? «

2 )
_ Ry cos* o [1 2sin acos?ﬂ] (C3)

f 08 2a

Therefore we obtain
% Ry cos? a
06 f

Ry cos® a
- fueoter, (C1)

[1 + tan 2a tan « cos? ﬂ} {1 + tan 2 tan vy cos? ﬂ] !

Ona

C.2. Evaluation of the Derivative ot

The ray reflected by the parabola is expressed by
ne —m = — tan 2asin B(¢2 — (1) (Ch)
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Taking the derivative with respect to n; yields

Ony o 2sin 8 O« _ﬁ _
B 1 = [cosz % 1 + tan 2o cosﬁ } (G2 —¢C1)
, 0o On 5C1)
_ tan? ==
tan 2 sin 3 (8772 om om (CG)

0
If we use the relation ﬁ = tan ysin 3, we have

on2

0
[1 + tan 2ac tan v sin? ﬂ} 8—772 =1+ tan 2« tan asin® 3
m

B {2sinﬂ Oa

cos? 2a Oy

— tan 2 sin 3 8ﬁ] (& —¢G1)

2
cos” « 25sin® o
= 1+ tan2atanacos® 3 — [

cos® ﬁ] (G2 —¢)

fcos2a cos 2x
2 2 si 2
= 1+ tan2atanacos? § — cos @ [ o O[sin2ﬂ
fcos2a cos 2«
2
{ Ry cos2a + fCOS2 a]
cos? o
Ry cos? a 2sina |, ,
= - Cc7
f [ cos 2« sin” 3 (C7)
Therefore we obtain
0 R, cos? -1
2 _ 208 G {1 + tan 2o tan o sin? B] [1 + tan 2o tan 4 sin? ﬁ}
om f
2
_ Ry cos arn ()
f
C.3. Evaluation of the Derivative a(gg Y and 8(;7”7)
Since
da  cos’a oy 07y 0% 9 at
— = cos (3, — = ——> =cos“ycos B——= C9
06~ 27 P o Tageg % pg (@)
we have
Oa—v) |cos®a 2 43

— cos cos 3

o6 | 2f bQC 961
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B cos® o ac 0% cos 3
2f  RiRy(Ry+a)0&,
cos? o 2ac
= 1-— 7F C10
o7 [ mmaat osf @O
Similarly we have
Oa—7v) cosa { 2ac } )

= 1-— r C11
om 2f Ry(Ry+a) " sl (C11)

C.4. Verification of the Relation £ = 5222=7) _ ¢

sin 7y a

By using the relations

(20 —
FE = M = sin 2acot v — cos 2«
sin ~y , (C12)
cos2a = C_CQ, sin2a:&; cot'y:&
Ry Ry a?pa
we obtain
oo P2V’ -G Ve -G _cdcp-d) c (C13)
RQ a2p2 RQ RQCLQ RQ a2R2 a

APPENDIX D. PARAMETERS OF CASSEGRAIN
ANTENNA

D.1. tan¢” _ﬂ and tan‘ﬁ{ —%

The equation of the parabolic reflector is given by (16). Hence we have

OA=—-f+c, AH:f—;, —f—f—; (D1)
and 5
2.2 2tan —
D
tan ¢, = 7= Qg 5 = 2¢ (D2)
f-= 1_<_) 1 —tan? =2
af 2f 2

From (D2) we have tan ¢“ = f‘ It may be noted that D is height of
the edge of the parabohc reﬂector from horizontal axis.
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Similarly we have

- D
tan % =3 (D3)

where f. is the focal length of the equivalent parabola.

_ sin 3 (¢utor)
D.2. e= 7Sin§(¢v_¢r)

From the similarities of the triangles we have

1
E_&_c—l—a_e%—l_tan?bv (D4)
o T c—a e—1 1
f L, c¢c—a e—1 tan§q§r

The last term is obtained from the results in (D1). From the above
equation e is obtained as

1 1 1
tan §¢v + tan — ¢, _sm §(¢v +ér) _ Lt Ly

2
1 1 .1 L, — L,
tan §¢v — tan §¢7‘ S i(ﬁbv - ¢r)
and 1
1 2L, sin = (¢y + ¢r)
Lot oy I (D5)
PR i (60— )
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