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Abstract—A rigorous semi-analytical solution is presented for
electromagnetic scattering from an array of parallel-coated circular
cylinders of arbitrary radii and positions due to an obliquely incident
TM, plane wave excitation. In order to check the validity of this
technique, the radar cross-section of a single coated cylinder, a
linear array of cylinders, and an arbitrary position array of cylinders
are calculated and compared with available data in the literature.
Furthermore, the near field is calculated to prove the validity of the
boundary conditions on the surface of any cylinder with obliquely
incidence wave. As an application, circular metamaterial cylinders are
used to show the effect of metamaterial characteristics in altering the
forward and backward scattering and in focusing the near field around
the objects.
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1. INTRODUCTION

The scattering of electromagnetic plane wave from single and array of
cylinders for both normal [1-9] and oblique [10, 11] incidence had been
studied for many years. In a previous work [12], the principle of equal
volume model was used to model any two-dimensional dielectric object
of arbitrary cross section by an array of dielectric circular cylinders.
A detailed derivation for the problem of scattering of a plane wave
from an array of parallel dielectric circular cylinders in case of oblique
incidence was presented in [12]. The electromagnetic scattering by
metamaterial cylinders was presented in [13, 14], where the scattering
of normally incident TM, plane wave by circular-cylindrical conductor
objects coated by metamaterial is only considered. In this paper, the
scattering of an obliquely incident plane wave on an array of parallel-
coated circular cylinders is considered. The core cylinders and the
coating layers can be any of three materials; metamaterial, dielectric,
perfect electric conductor or a combination of two of them. The
analysis begins by representing each field component by an infinite
series of cylindrical harmonic functions with unknown coefficients.
Then equations based on the boundary conditions applied on the
surface of both the core cylinders and the outer surface of the cylinders
are used to deduce the values of the unknown coefficients. To prove
the validity of the results, numerical examples are given to compare
the scattered RCS based on the deduced coefficients and that based on
results reported in [13,14] for the special case of normal incidence.
The emphasis of this paper is to investigate the effect of oblique
incidence condition and the metamaterial coating. The developed
semi-analytical solution for an array either metamaterial or conductor
coated with metamaterial cylinders will be used to show the effect of
metamaterial in focusing the field in either the forward or the backward
direction.

2. FORMULATION

The scattering from an obliquely incident E-polarized TM, plane wave
from an array of M parallel-coated circular cylinders parallel to each
other and to the z-axis is considered in a global coordinate system (p,
¢, z). The incident electric field of a plane wave on cylinder “i” is
expressed in the (p;, ¢, z) cylindrical coordinate system for e/ time
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dependence as
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where E(; = Ejsin g, 0 is the oblique incident angle as shown in Fig. 1,
and Fjy is the amplitude of the incident electric field component. The
parameter kg is the free space wave number, ¢q is the angle of incidence
of the plane wave in the x-y plane with respect to the negative x-axis,
and J,,(€) is the Bessel function of order n and argument . The second
expression of the incident field component is in terms of the cylindrical
coordinate of the i** cylinder, whose center is located at (pl, 9L, 2) of
the global coordinate (p, ¢, 2).

The resulting z component of the scattered electric field from the
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Figure 1. The parameters describing the obliquely incident TM,

plane wave on a coated cylinder, (a) 3D Geometry, (b) z-y, 2D cross-
sectional geometry.
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b cylinder can be expressed as
oo
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where H? (&) is the Hankel function of the second type of order n and
argument €. The transmitted z component of the field inside the core
cylinders and the coating layers can be expressed, respectively, as

. P k2
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where N,,(§) is the Neumann function of order n and argument &, kg is
the wave number inside the core cylinders, and kg9 is the wave number
inside the coating layer material. The corresponding magnetic field
components are given as

H2 (i 61, 2)= g0 S A, HED (Fopsiny) o7~ (5)
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In this work, we consider only double negative (DNG)
metamaterial with negative permittivity and permeability [15,16]. To
show the effect of metamaterial, the wave number and the intrinsic
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impedance for the i*? layer can be expressed as

ki = koni,
Nri = A/ Uri€ri for dielectric,
Ny = —/pri€ri  for metematerial, (8)

Ni = N0/ tri/Eri-

The coefficients Ajp, Bin, Cin, Din, A,,, Bl,, Cl, and D} —are un-
knowns to be determined. Using Maxwell’s equations, the ¢ com-

ponents of the magnetic field can be obtained as follow
-1 E E,
H(z) = - a L - 8 9
jwp \ 0z dp

_ 1 (19H, _ OHy
WhereEp—m(; 96 ~ 52

~ The only dependence on the parameter z is in the exponential term
edkozcosbo thus the differentiation with respect to z can be expressed
in the form of % = jko cos tp, and therefore Hy can be written as

9)
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According to Equation (9) and based on the fact that the z component
of the incident magnetic field is equal to zero for the TM, case, then
the ¢ component of the incident magnetic field on cylinder “i” can be
written as

1 dEme
jwposin? 6y dp;
Elko

= 02 Gp " T (Nopi) em@ime0) (10
0% Z J (Aopi) (10)

H”,w(ph Giy Z) =
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where the prime represents the derivative of the Bessel function with
respect to its full argument, G = e/k0zcs0 p — kicoshy, Ao =
kosinbo, 10 = \/pto/20, and P; = e/horisintocos(éi=do),

Based on Equation (9), the ¢ components of the scattered
magnetic field and the magnetic field transmitted in the core and
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coating materials of cylinder “/” can be expressed, respectively, as
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where kg = ko\/Itd,€d,, \d = 1/k621 — kg cos? 0y, and ng = o/ ta, /€d, -
In the same manner, the ¢ components of the electric field can be
derived using Maxwell’s equations as follow

E_L %_81"{2
7 jue \ 0z op )’

where
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Thus the ¢ component of the incident electric field on cylinder “
takes the form

Elnc(pﬂ(biuz): )\% Z PG Z n] J ()\Op)e]n(d)z ¢O) (14)

n=—oo

while the ¢ components of the scattered electric field and the electric

(19 %2

field transmitted inside the core and coating material of cylinder “
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can be expressed, respectively, as
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The expressions of the scattered electric and magnetic field are
based on the local coordinates (p;, ¢;, z) of cylinder “i”. However, the

interaction between the M cylinders in terms of multlple scattered
fields will require a representation of the scattered field from one
cylinder in terms of the local coordinates of another as shown in
Fig. 2. Therefore, the addition theorem of Bessel and Hankel functions
are used to transfer the scattered field components from one set of
coordinates to another. As an example the scattered fields from the
“g” ”¢” cylinder are presented by [6]

g” cylinder in terms of the
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Figure 2. The cross-sectional geometry of the M cylinders in the z-y
plane.

/

where (p;, #;, z) and (pj, ¢y, z) are the coordinates of the origins

of both, the i** and ¢'" coordinate system of cylinder “i” and “g”,
respectively, in terms of the global coordinate system (z, y). The
variable d;4 represents the distance between the centers of the cylinders,
while ¢;, is the angle between the line joining the centers of the
cylinders and the positive x-axis.

The coefficients A;y,, Bin, Cin, Din, AL, Bl,, C! , and D) are un-
knowns to be determined. These unknowns can be obtained by ap-
plying the appropriate boundary conditions on the surface of all core
cylinders and the coating layered cylinders.

The boundary conditions on the surface of the i*" core cylinders

with p; = a;, 0 < 6 < 27 are given by

Bl = B®2, (20)
HI' = H#, (21)
Bl = B 22)
HY = HE. (23)

Using Equations (20)—(24) and substituting the appropriate field
component, the constants D;, and D) can be expressed in terms of
By, and Bj, as follow

Bin = DinTy + D}, Ty, (24)
B!, = Dy Ts + D, T, (25)

m
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where
T, = _(0416212 + 044045)’ T, = (a1aq — aorg)
(a2 +a4a6)
T — (012215 - 041046)7 Ty —
(aQ + a4a6)
hn | 1 1
= — |5 — | Jn (Ag2a5),
a1 a; [)\32 )‘?lj n (Aa20:)
hn | 1 1
= 2 — | N (Ao
a2 a; [)\32 )\ZJ n (Aa20ti),

o = <kd277d2 T (Apnas) — k'dlndl

JA

oy = <kd277d2N/ Ozts) — kqi\ﬁdl J
JAd1

JAd

kaz ka1
as = g, (Ag2a;
i < (Aazts) = Jnaar "

JNda2Aaz "

ka2 / ka1
ag = N, (Ag2a; _
0 < (Aazs) = Jnaidar "

JNd2Ad2

The boundary conditions on the surface of the it"
cylinders with p; = b;, 0 < 8 < 27 are given by

M
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coating layers

(26)

(27)

(28)

(29)

After some mathematical manipulations and the application of the

orthogonality condition on equations (26)—(29

), the following equations
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are obtained
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The solution for the unknown coefficients A;, and A/, can be obtained
from equations (30)—(33) and put in the form

M 0o
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while
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The integers n, I = 0, +1, +2, ... ..., £N; and ¢,9g =
0,1,2,...... ,M. Theoretically, N; is an integer which is equal to

infinity; however, it is related to the radius “a;” of cylinder “i”, type
of the i*" cylinder, and also the distance between the i*! cylinder and
the surrounding cylinders. Equations (36) and (37) are then cast into

a matrix form such as
Vil ST Ri| |A
R )
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The solution of the above truncated matrix equation yields the
unknown scattering coefficients A;, and A} . Hence, the other
remaining unknown coefficients can be otained from euqations (30)—

(33).

3. NUMERICAL RESULTS

In this section, sample numerical results are presented to proof the
validity of the developed formulation for computing the radar cross-
section (RCS) of an array of coated cylinders excited by an obliquely
incident TM, plane wave. For all configurations presented in this
paper, the frequency of the incident wave was set to 300 MHz, and
RCS (alternatively called echo width for 2D scatterers) is defined as

. B2
oop = 10log | Lim |2mp——= | . (43)

T

Figure 3 represents the echo width calculated from a single
dielectric cylinder with air core. The inner radius of the cylinder
is a = 0.25)\ and the outer radius is b = 0.3\, having relative
permittivity e, = 4, with incident angel §; = 90 and ¢; = 180. The
result generated using the presented boundary value solution (BVS)

i = This paper
! o Reference[3]

Figure 3. The echo width of a single cylindrical shell of inner radius
a = 0.25\, outer radius b = 0.3\, e, = 4, 6; =90, and ¢; = 180.
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Figure 4. The echo width of a single conducting cylinder of radius

a = 0.05) coated with either dielectric or metamaterial of outer radius
b=0.1)\.

technique is compared to the RCS data based on the method of moment
solution presented in [3]. It is clear from the figure that the two
solutions are in complete agreement.

The metamaterial parameters used in this paper are selectively
used to provide confirmation of the validity of the new formulation
by comparison of special cases with published results. Figure 4
represents the RCS calculated from a single coated conducting cylinder,
the coating layer was made of a dielectric material having relative
permittivity of €, = 9.8 or a metamaterial having relative permittivity
er = —9.8 and relative permeability u, = —1. For comparison, The
incident wave frequency is set to 1 GHz, the radius of the conducting
cylinder is @ = 0.05A, the outer radius of the coating cylinder is
b = 0.1\, and excited by a TM, plane wave with incident angel
0; = 90 and ¢; = 0. The results show a complete agreement with
the independently reported results in [13].

In order to prove the validity of the presented formulation for
multiple cylinders, the scattering echo width of one and two and three
metamaterial cylinders in a linear array configuration located along
the z-axis is calculated. The metamaterial cylinders have relative
permittivity e, = —4 and relative permeability u, = —1. The radius of
the cylinders is @ = 1\ and the center-to-center separation is d = 3\,
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Figure 5. The echo width of an array of one, two, or three
metamaterial cylinders of radius a = 1A, (a) the arrangements of the
cylinders, (b) The corresponding echo width.

and excited by a TM, plane wave with incident angel 6; = 90 and
¢; = 90. The results generated using the developed formulation as
shown in Figure 5, show a complete agreement with those given in
Figure 10 of [14].

Numerical solution shows that N; = 1 + 2k;a; is sufficient to
achieve a converged solution for the scattered field in the case of
dielectric cylinders. For DNG metamaterial cylinders, this expression
for the number of terms is not enough to achieve convergence and
more terms are needed. The distance between the cylinders also
greatly affect the needed number of terms for convergence in the case
of metamaterial cylinders. Results show that decreasing the distance
between the two metamaterial cylinders increases the needed number
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of terms for convergence. For metamaterial cylinders, the relation
N; = 1+ 2k;a; is found to be valid for each cylinder in the case of
center-to-center separation three times the radius of each cylinder.

Figure 6 shows the echo width of an arbitrary positioned array of
five cylinders. The radius of the cylinders is 0.1\, and the center-to-
center separation is 0.5A. The graph shows the results for two different
cases; dielectric cylinders with ¢, = 2.2, and metamaterial cylinders
with ¢, = —2.2 and pu, = —1. For the two cases the results are in
complete agreement with the results published in [14].

E inc

20 r : ! ‘ !
——Dielectric cylinders : : :
—=-Metamaterial cylinders

15

0,0/ A (dB)

360

o (degrees)

Figure 6. The echo width results of a TM, plane wave incident on an
arbitrary positioned array of five cylinders.

As another method to check the validity of this technique and
its accuracy, especially in the near field region, the value of the
coefficients of the transmitted field inside both the core cylinders and
the coating layers are calculated. Then, the numerical values of these
coefficients are used to check the validity of boundary equations from
Equation (20) to Equation (23). For simplicity, three cylinders are
used. The radius of the core cylinders is 0.1\, and the radius of the
coating layers is 0.2).
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The cylinders are placed symmetrically around the x-axis with
the center of all cylinders located on the y-axis, and the distance
between the centers is 0.7\. Figure 7 shows the numerical value of the
transmitted field inside the coating layer of the first cylinder compared
with the summation of the incident field and the scattered fields form
all cylinders on the outer surface of this cylinder. In Figure 7(b)
the continuity of the E, component is considered in the case of TM,
excitation for dielectric cylinders with €, = 4 at an oblique incident
angle of §; = 30 and ¢; = 0. In Figure 7(c) the continuity of the E,
component is considered in the case of TM, excitation for metamaterial
cylinders with ¢, = —4 and u, = —1 at an oblique incident angle of
«91' =30 and gbl =0.

Figure 8 shows the near field distribution resulting from the
incidence of a TM, polarized plane wave on the array of three cylinders
shown in Figure 7(a). The graph shows the numerical value of the
transmitted field inside the core and coating layer cylinders and the
total field outside the cylinders for three different cases; dielectric
cylinders with ¢, = 4, metamaterial cylinders with &, = —4 and
i = —1, and conductor cylinders. All the three cases are excited
by an obliquely incident plane wave at angle of 6; = 30 and ¢; = 0.
The graphs show a greet enhancement of the field on the edges of the
metamaterial cylinders and fast decay everywhere else.

Finally, to show the effect of metamaterial in forward and
backward scattering, Figure 9 shows the near field distribution
resulting from the incidence of a TM, polarized plane wave on an
array of five cylinders. The cylinders are placed symmetrically around
the x-axis with the center of all cylinders located on the y-axis. The
radius of each cylinder is 0.1\ and the distance between the centers is
0.5\ and excited by an incident plane wave at 6; = 90 and ¢; = 180.
Figure 7(a) shows the near field distribution of an array of conducting
cylinders while Figure 7(b) shows that of metamaterial cylinders having
relative permittivity e, = —10 and relative permeability p, = —1. A
higher isolation in the forward direction was noticed in the case of
metamaterial cylinders. Figure 7(c) shows the near field distribution
of an array of conducting cylinders with the same radius coated with
metamaterial layer of thickness 0.05\. The relative permittivity of the
cylinders change between e, = —2 for the center cylinder, ¢, = —10 for
the upper and lower cylinders, and e, = —6 for the other two cylinders.
The result shows a greet focusing of the field in the forward direction.
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Figure 7. The continuity of the near field components of three parallel
coated cylinders excited by an incident plane wave at 8; = 30, ¢; = 0.
(a) The arrangement of the cylinders, (b) Continuity of the E, for
TM, excitation for dielectric cylinders with &, = 4, (c) Continuity of
the E, for TM, excitation for metamaterial cylinders with ¢, = —4
and p, = —1.
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Figure 8. The near field distribution of three parallel coated cylinders
excited by an incident plane wave at 6; = 30 and ¢; = 0. (a) Dielectric
cylinders with &, = 4, (b) Metamaterial cylinders with ¢, = —4 and
iy = —1, (c) conductor cylinders.
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Figure 9. The near field distribution of an array of five cylinders
excited by an incident plane wave at 6; = 90 and ¢; = 180. (a)
conducting cylinders, (b) metamaterial cylinders, and (c) conducting
cylinders coated with metamaterial.
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4. CONCLUSION

The analyses of an obliquely incident plane wave scattering from
an array of parallel-coated circular cross-section cylinders is derived
for TMz polarizations. The derivation is based on the application
of the boundary conditions on the surface of each core and coated
layer cylinder. This solution is verified for metamaterial, dielectric
and conductor cylinders, and can be used to study electromagnetic
interaction with two-dimensional scattering object that can be
constructed from an array of parallel circular cylinders. The effect
of metamaterial in enhancing the forward or backward scattering
from an array of cylinders was studied, and the effect of isolating
or focusing the field in front of the cylinders is also demonstrated.
This verified frequency domain technique is thus useful in studying
the scattering from practical configurations of cylinders with depressive
type material. This verified frequency domain technique is thus useful
in studying the scattering from practical configurations of cylinders
with depressive type material.

REFERENCES

1. Elsherbeni, A. Z., “A comparative study of two-dimensional
multiple scattering techniques,” Radio Sci., Vol. 29, No. 4, 1023—
1033, July—Aug. 1994.

2. Mei, K. K. and J. Van Bladel, “Scattering by perfectly conducting
rectangular cylinder,” IEEFE Trans. Antennas Propagat., Vol. AP-
11, 185-192, 1963.

3. Richmond, J. H., “Scattering by a dielectric cylinder of arbitrary
cross-section shape,” IEEE Trans. Antennas Propagat., Vol. AP-
13, 334-341, 1965.

4. Ragheb, H. A. and M. Hamid, “Scattering by N parallel
conducting circular cylinders,” Int. J. Electron., Vol. 59, 407-421,
Jan. 1985.

5. Elsherbeni, A. Z. and M. Hamid, “Scattering by parallel
conducting circular cylinders,” IEEE Trans. Antennas Propagat.,
Vol. AP-35, 355-358, 1987.

6. Elsherbeni, A. Z. and A. Kishk, “Modeling of cylindrical objects
by circular cylinders,” IEEE Trans. Antennas Propagat., Vol. 40,
96-99, Jan. 1992.

7. Hamid, A. K., “Scattering by two infinitely long dielectric-coated

confocal conducting elliptic cylinders,” J. of Electromagnetic
Waves and Applications, Vol. 18, No. 11, 1427-1441, 2004.



Progress In Electromagnetics Research, PIER 77, 2007 307

8.

10.

11.

12.

13.

14.

15.

16.

Hamid, A. K. and M. I. Hussein, “Iterative solution to the
electromagnetic plane wave scattering by two parallel conducting
elliptic cylinders,” J. of Electromagnetic Waves and Applications,
Vol. 17, 813-828, 2003.

Hamid, A. K., “Iterative solution to the TM scattering by
two infinitely long lossy dielectric elliptic cylinders,” J. of
Electromagnetic Waves and Applications, Vol. 18, 529-546, 2004.
Wait, J. R., “Scattering of a plane wave from a circular dielectric
cylinder at oblique incidence,” Can. J. Phys., Vol. 33, 189-195,
1955.

Kim, C. S., “Scattering of an obliquely incident wave by a coated
elliptical conducting cylinder,” Journal of Electromagnetic Waves
and Applications, Vol. 5, No. 11, 1169-1186, 1991.

Henin, B. H., A. Z. Elsherbeni, and M. H. Al Sharkawy, “Oblique
incidence plane wave scattering from an array of circular dielectric
cylinders,” Progress In Electromagnetics Research, PIER 68, 261—
279, 2007.

Li, C. and Z. Shen, “Electromagnetic scattering by a conducting
cylinder coated with metamaterials,” Progress In FElectromagnet-
ics Research, PIER 42, 91-105, 2003.

Shooshtrai, A. and A. R. Sebak, “Electromagnetic scattering
by parallel metamaterial cylinders,” Progress In Electromagnetics
Research, PIER 57, 165-177, 2006.

Ziolkowski, R. W. and E. Heyman, “Wave propagation in media
having negative permittivity and permeability,” Phys. Rev. E,
Vol. 64, No. 5, 056625, Oct. 2001.

Engheta, N., “Ideas for potential applications of metamaterial
with negative permittivity and permeability,” Advances in
Electromagnetics of Complexr Media and Metamaterials, NATO
Science Series, S. Zouhdi, A, H. Sihvola, and M. Arsalane (eds.),
19-37, Kluwer Academic, Dordrecht, The Netherlands, 2002.



