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Abstract—A hybrid method is introduced for analysis of the H-plane
waveguide discontinuities. It combines multimode contour integral
and mode matching techniques. The process is based on dividing the
circuit structure into key building blocks and finding the multimode
scattering matrix of each block individually. The multimode scattering
matrix of the whole structure can be found by cascading these blocks.
Also contour integral method is developed for analysis of multi-media
circuits. Therefore, it is possible to analyze H-plane waveguide filters
with dielectric resonators using this method. The accuracy and run
time of the purposed method is compared with those reported in
literatures and/or Ansoft HFSS software.

1. INTRODUCTION

H-plane rectangular waveguide circuits consist of inductive obstacles
and discontinuities are the key elements of many microwave circuits
and devices. The correct analysis and design of these circuits is of
great importance for many applications such as satellite and wireless
communication systems [1–4].

There are three main categories of methods for the analysis of the
microwave circuits:
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• analytical or modal methods;
• numerical methods;
• hybrid methods.

The analytical methods can give good solutions with reasonable
CPU time for only waveguide problems with regular shapes. The
numerical methods are capable of analyzing any waveguide problem
with arbitrary shape, but need a lot of CPU time and memory. The aim
of hybrid methods is the combination of the main advantages of other
techniques. They combine the efficiency and accuracy of analytical
methods and the flexibility of numerical methods. Compared with
numerical methods, hybrid methods are more accurate and reduce the
CPU time and the storage requirements.

A great number of hybrid techniques have been reported over the
last years, with an increasing degree of flexibility [5–11].

This article presents a hybrid method based on multimode contour
integral and mode matching techniques. It is capable of analyzing the
H-plane discontinuities in a rectangular waveguide. The process is
based on segmentation and dividing the structure into key building
blocks. We use the multimode contour integral method to analyze the
blocks including irregular shape inductive discontinuities or dielectric
discontinuities. In opposite to traditional contour integral method,
which considers only the effect of dominant mode (TE10) on wave
ports, multimode contour integral considers the effect of higher order
modes (TEn0) excited by discontinuities on these ports. The mode
matching technique will be used to analyze the blocks which can be
easily treated by modal expansion. Finally, the multimode scattering
matrix of the whole structure can be found by cascading the blocks.
Therefore, the new method is suitable for analysis of a wide range of
waveguide problems.

In the following sections, in Section 2 we describe the basis of
contour integral method and develop it to include the effect of higher
order modes and analysis of multi-media problems. In Section 3, we
describe the purposed hybrid method. Section 4 provides the simulated
results and finally, Section 5 concludes the paper.

2. BASIS OF CONTOUR INTEGRAL METHOD

The contour integral (CI) method is one of the planar circuit analysis
methods [12–15]. Consider an arbitrary shaped planar circuit having
coupling (or wave) ports, such as shown in Fig. 1. From the Maxwell’s
equation, it is found that the RF voltage in region D satisfies the two-
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dimensional wave equation [14]:(
∇2 + k2

)
V = 0 (1)

where k = ω
√
µε denotes the wave-number in medium.

However, when we are concerned only with the voltage along
the periphery, the wave equation can be converted into a contour
integral form, which relates the voltage and current along the circuit
periphery [13]. Using Weber’s solution for cylindrical waves, the RF
voltage at a point upon the periphery is given as [13]:

V (s) =
1
j4

∮
C

{
k cos θH(2)

1 (kr)V (s0) − jωµbH
(2)
0 (kr)J(kr)

}
ds0 (2)

In this equation, H(2)
0 and H

(2)
1 are the zeroth-order and first-order

Hankel functions of the second kind, respectively. The variable r
denotes distance between points (s) and (s0), θ is the angle between the
line passes through s and s0 and the normal to the periphery at (s0), J
denotes the current density flowing outwards along the periphery, and
b the height of the circuit.

To solve (2) numerically, the circuit’s periphery is divided into N
sub-ports numbered as 1, 2, . . . , N having width W1, W2, . . . , WN ,
respectively, as illustrated in Fig. 1. By finding the midpoint of each
sub-port, we create N sampling points. When we assume that the
magnetic and electric field intensities are constant over each sub-ports,
(2) results in a system of matrix equations [14]:

N∑
n=1

umnVn =
N∑

n=1

hmnIn or [U ]N×N (VS)N = [H]N×N (IS)N (3)

Figure 1. Typical planar circuit and symbols used in (2).
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where

umn =δmn − k

j2

∫
Wn

cos θH(2)
1 (kr)ds, δmn

{
1; (m = n)
0; (m �= n)

hmn =




ωµb

4
1
Wn

∫
Wn

H
(2)
0 (kr)ds; (m �= n)

ωµb

4

[
1 − j2

π

(
ln
kWm

4
− 1 + γ

)]
; (m = n)

(4)

γ = 0.5772 . . . is Euler’s constant, and In = −2JWn represents the
total current flowing into the n-th port on both the upper and lower
surfaces of the circuit plate.

Solving (3), the RF voltage on each sampling point is obtained as:

(VS) = [U ]−1 [H] (IS) (5)

The CI method is also applicable for analyzing the rectangular
waveguide circuits that have not any changes in one dimension in which
the TEn0 modes are excited [14–16]. Consider an H-plane waveguide
coupled circuit as shown in Fig. 2. The periphery of the circuit is again
divided and numbered as follows:

Input port: i = 1 ∼ m
Output port: i = (m+ 1) ∼ (m+ n)
Circuit periphery: i = (m+ n+ 1) ∼ (m+ n+ L)
Thus m+n+L(= N) sub-ports (or sampling points) are provided.

The derivation of the matrix equation, such as (3), follows entirely the
same process as described in above.

In the following subsections, at first we describe conventional
application of CI method in waveguide circuit analysis. Next, two
new versions of CI methods are discussed.

Figure 2. Typical H-plane waveguide circuit.
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2.1. Single-mode CI Method

In conventional applications of the CI method to solve waveguide
problems, we interest to deal with the characteristics of only dominant
propagating mode (TE10) on reference planes. Thus, the straight
waveguide sections with appropriate length (almost λ/2) are added
in both sides of reference planes [14–16]. It is caused the effect
of non-propagating higher order modes (TEn0), which excited by
discontinuities, can be neglected on these reference planes. Thus, it
can be named single mode CI method.

Applying the short circuit condition of peripheral sub-ports for
the admittance matrix of N sub-ports, [YT ] = [H]−1[U ], results in the
admittance matrix of wave ports named [Y ]. Finally, the scattering
matrix of wave ports can be found as:

[S] = (Y0 [E] + [Y ])−1 (Y0 [E] − [Y ]) (6)

where [E] represents the identity matrix and Y0 is the waveguide
admittance in TE10 mode and calculated as [14–18]:

1
Y0

= Z0 = 120π
b

a

1√
1 − (λ/2a)2

=
b

a
ZTE10 (7)

In this equation, “a” and “b” are the width and height of waveguide
cross section, respectively. λ is the wavelength in free space and ZTE10

is the wave impedance of TE10 mode.

2.2. Multimode CI Method

In single mode CI method, the presence of straight waveguide sections
on both sides of the reference planes increase the size of the circuit
and, therefore, the number of sub-ports on the boundary which all
lead to higher computational costs. Also, it is not reasonable to ignore
the effect of higher order modes since distances between the existing
discontinuities and wave ports are small. In this case, for having more
accurate results, it is necessary to evaluate the generalized scattering
matrix (GSM) of the circuit because the complex power flow into the
evanescent modes on either side of the discontinuity is considerable.

For all the above reasons, the multimode CI method is introduced.
This method, at first, was introduced by Okoshi [14], but up to our
knowledge, it has not been yet applied to waveguide circuit analysis.
In multimode CI method we consider that at each reference plane (M-
1) higher order TE modes (TE20, TE30, . . . , TEM0) exist in addition
to the fundamental TE10 mode.
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We set the x coordinate along the reference plane. We denote the
spatial peak voltage and current density of the n-th mode by Vpn and
Jpn, respectively. Then the voltage and current density of the n-th
mode at x are expressed as:

vn(x) = Vpn sin
(nπ
a
x
)

jn(x) = Jpn sin
(nπ
a
x
) (8)

The voltage and current of each sub-port, on reference plane, can
be written as a linear combination of voltages and currents of different
modes, respectively:

(VS) =



VS1

...
VSM


 =




α11V1 + · · · + α1MVM
...

αM1V1 + · · · + αMMVM


 = [α] (V )

(IS) =



IS1

...
ISM


 =




β11I1 + · · · + β1MIM
...

βM1I1 + · · · + βMMIM


 = [β] (I)

(9)

where Vn and In (n = 1, . . . , M) denote to voltage and current of
TEn0 mode, and are defined as:

Vn =
1
a/n

∫ a/n

0
Vpn sin

(nπ
a
x
)
dx

In =
∫ a/n

0
Jpn sin

(nπ
a
x
)
dx

(10)

The elements of coefficient matrices, [α] and [β], are defined as:

αmn =
M

n
sin

(
2m− 1

2M
nπ

)
sin

( nπ

2M

)

βmn = sin
(

2m− 1
2M

nπ

)
sin

( nπ

2M

) m,n = 1, · · · ,M (11)

On reference planes, the higher order modes are evanescent
and only the dominant mode (TE10) propagates. Therefore, we
assume that the higher order modes are terminated with their reactive
characteristic impedances [14]:

Zn0 =
Vn

In
= j 120π

b

a/n

1√
(nλ/2a)2 − 1

(12)
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Similar reasoning of the single-mode CI method leads to the GSM
of the circuit, including the effect of higher order modes.

2.3. Analysis of Multi-media Problems

For multi-media cases, any boundary method requires to make
up equations for each homogeneous sub-domain constructed of one
medium. To do this, consider a general geometry of a two media
circuit, as shown in Fig. 3, where regions (I) and (II) are homogeneous
sub-domains. We divide each wave port to m and post’s periphery to
M sub-ports.

Figure 3. Top view of the H-plane waveguide circuit with a dielectric
post.

Rewriting (3) for region (I) gives:

[UI ]




(V p)
(V q)(
V Post

I

)
(0)


 = [HI ]




(Ip)
(Iq)(
IPost
I

)
(Isc)


 ; on C1 + C2 (13)

In (13) the superscripts p, q, Post, and sc denote to sub-ports located
on wave ports named p and q, post’s boundary, and short circuit
sections of contour, respectively. In the same manner, we can write
(3) for region (II):

[UII ]
(
V Post

II

)
= [HII ]

(
IPost
II

)
; on C2 (14)

The boundary conditions on the interface are as follows:(
V Post

II

)
=

(
V Post

I

)
=

(
V Post

)
(
IPost
II

)
= −

(
IPost
I

)
= −

(
IPost

) (15)

The minus sign in current boundary condition originated from the
outward normal directions of the adjacent two sub-regions opposite
each other, as shown in Fig. 4.
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(a) (b) 

Figure 4. Current direction in sub-ports on boundary of regions, (a)
region I, (b) region II.

The main goal in CI method is determination of relation among
voltages and currents on wave ports, i.e., the relation between (V p)
and (V q) with (Ip) and (Iq). Thus, from (14) and (15) we obtain:

(
V Post

)
= − [UII ]

−1 [HII ]
(
IPost

)
= −

[
ZPost

] (
IPost

)
(16)

The matrix
[
ZPost

]
is the impedance matrix of post. Replacing (16)

in (13) results in:



(Ip)
(Iq)(
IPost

)
- - - - -
(Isc)


 = [YI ]




(V p)
(V q)

−
[
ZPost

] (
IPost

)
- - - - - - - - - - -

(0)


 (17)

where [YI ], the sub-ports admittance matrix of region (I), is defined
as:

[YI ] = [HI ]
−1 [UI ] (18)

We write [YI ] as below [19]:






[
Y p,p

I

] [
Y p,q

I

] [
Y p,Post

I

]
[
Y q,p

I

] [
Y q,q

I

] [
Y q,Post

I

]
[
Y Post,p

I

] [
Y Post,q

I

] [
Y Post,Post

I

]




(M+2m)×
(M+2m)




N×N

(19)



Progress In Electromagnetics Research, PIER 81, 2008 175

The sizes of sub-matrices of [YI ] depend on the number of sub-
ports on wave ports and around the post. Finally, by using these
sub-matrices we find the final relations among currents and voltages
as below:

(Ip) =
{[
Y p,p

I

]
−[Cp][A]

[
Y Post,p

I

]}
(V p)

+
{[
Y p,q

I

]
−[Cp][A]

[
Y Post,q

I

]}
(V q)

(Iq) =
{[
Y q,p

I

]
−[Cq][A]

[
Y Post,p

I

]}
(V p)

+
{[
Y q,q

I

]
−[Cq][A]

[
Y Post,q

I

]}
(V q)

(20)

In this equation, the coefficient matrices are defined as below:

[Cp] =
[
Y p,Post

I

] [
ZPost

]
; [Cq] =

[
Y q,Post

I

] [
ZPost

]
[A] =

{
[E] +

[
CPost

]}−1

[E] = unit matrix;
[
CPost

]
=

[
Y Post,Post

I

] [
ZPost

] (21)

By using (13), it is easy to find other characteristics of circuit such as
scattering matrix or impedance matrix [14–18].

3. OUR PURPOSED HYBRID METHOD

Consider a waveguide circuit containing some arbitrary shape H-plane
discontinuities. Specially, if these discontinuities are due to dielectric
posts or slabs, the use of CI method for analysis of whole structure
needs too many sub-ports. This leads to increment of the size of
matrices in CI method and finally, raise the computational costs. Also,
this matrices enlargement, increase the possibility of singularity in
them. It can cause to reduce the accuracy of results.

To solve this type of circuits, hybrid methods are suggested. In
this section, a new hybrid method is introduced. It combines contour
integral and mode matching techniques. The main goal in our purposed
hybrid method is determination of the multimode scattering matrix of
the circuit.

To introduce the purposed method, consider Fig. 5(a) that shows
an H-plane waveguide circuit including some discontinuities. We
divide the circuit into key building blocks, as shown in Fig. 5(b).
Some of these blocks contain irregular shape discontinuities. These
blocks are analyzed with contour integral method. It is obvious
that the single-mode CI method is not applicable because there
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are not straight waveguide sections in both side of discontinuity.
Therefore, the multimode CI method, which considers the effect of
higher order modes, must be used. The blocks consist of regular
shape discontinuities are analyzed with mode matching method. After
obtaining the GSM of all blocks, the GSM of whole structure can be
found by cascading these GSMs.

(a)

(b)

Figure 5. An H-plane waveguide circuit including some
discontinuities, (a) top view of the structure, (b) key building blocks
of the structure.

4. SIMULATION RESULTS

In order to compare the results of abovementioned our methods with
others, we analyze some H-plane rectangular waveguide circuits.

The first example compares the single mode and multi-mode CI
methods. We obtain the S parameters of the circuit by these methods.
The Ansoft HFSS software is used to verify the results.

Consider a waveguide circuit including a metallic circular post.
The post radius is r = 1 millimeter and locates in the center of WR-90
waveguide. Geometry of the circuit is shown in Fig. 6(a).

To compare these methods, in the first case, we consider the
straight waveguide sections with suitable length in both side of the
post. Because the post is far from the wave ports, the effect of non-
propagating higher order TEn0 modes, excited by discontinuity, can
be neglected on these ports. Thus, in this case, both methods have
high accuracy as shown in Fig. 6(b) and multimode CI has not any
advantages over single-mode CI method.
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Figure 6. Analysis of circular post discontinuity in rectangular
waveguide for comparison of single-mode and multimode contour
integral methods, (a) geometry of circuit, (b) S parameters in the
case of L = 10 mm, (c) S parameters in the case of L = 2 mm.

In the second case, we place the wave ports near the post. In
this case, the magnitudes of non-propagating higher order modes are
considerable and neglecting them in single-mode CI method leads to
error. This problem is shown in Fig. 6(c).

In the second example, an H-plane direct-coupled-cavities filter
with dielectric resonators (DR) has been analyzed. Fig. 5, in previous
section, shows the circuit structure and its key building blocks.

Waveguide used in this filter is WR-75 with cross section 19.05 ×
9.525. The irises have the thickness equal to t = 2. The width of
diaphragms are W1 = W5 = 13.37, W2 = W4 = 6.286, and W5 = 6.1.
The length of resonators are L1 = L4 = 6.98, and L2 = L3 = 8.28.
The radius of DRs are r1 = r4 = 2.111, and r2 = r3 = 2.172 (All sizes
are in millimeter.) and have dielectric constant equal to εr = 24.

For analyzing the whole structure using the single mode CI
method, we divide the boundary of each post to 180 sub-ports and
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the total sub-port number is 940. For analyzing this filter using our
proposed hybrid method, the blocks including DR are analyzed with
multimode CI method, whereas the blocks including irises are analyzed
with mode matching technique. Using this method, we achieve higher
accuracy as depicted in Fig. 7. Also, in this figure, we compare our
results with those reported in [20].

10.7 10.8 10.9 11 11.1 11.2 11.3
-60

-50

-40

-30

-20

-10

0

Frequency  (GHz)

|S
11

|  
d

B

Ref. [20]

Our Method

CI Method

Figure 7. The S11 parameter of the filter shown in Fig. 5.

Other advantages of the hybrid method over CI method are due
to reduce the size of matrices in hybrid method. The number of sub-
ports in DR blocks that was analyzed with multimode CI method is
220. This size reduction results in less memory usage. Also it makes
more well-conditioned matrices as the reciprocal condition number is
of order 10−3 instead of 10−4. This reduces the possibility of having
singular matrices [21].

However, the simulation time in a Pentium IV with CPU 2.4
Celeron for each sample frequency is 36 s for CI method and 6 s for
our hybrid method. The simulation time for some commercial software
has been reported in [20]. This time is 2 h for CST and 6 h for HFSS
software. This enhances the high efficiency of our method.

In the last example, an H-plane evanescent mode waveguide filter
loaded with circular dielectric resonators has been analyzed. Fig. 8(a)
shows the circuit structure. The height of all the structure is 9.525 mm.
The widths of the input and output waveguides are fixed to 19.05 mm
(standard WR-75).

The housing of the filter is fixed to 8 mm. Again, we divide the
circuit into building blocks. The blocks including DRs are analyzed
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(b)
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Figure 8. Evanescent mode waveguide bandpass filter with DRs
(εr = 24). (a) Circuit geometry: (All sizes in mm), a = 19.05, W = 8,
L1 = L5 = 2.4179, L2 = L4 = 10.182, L3 = 10.9919, DRs radii:
r1 = r4 = 0.777, r2 = r3 = 2.169, (b) S11 parameter of filter.

with multimode CI method, whereas the blocks including steps are
analyzed with mode matching technique. Our results compared with
those reported in [22] are shown in Fig. 8(b).

5. CONCLUSION

A new hybrid method was introduced for analyzing the H-plane
waveguide circuits. In this method a suitable combination of two
analysis techniques, multimode contour integral and mode matching,
has been used. Also, the contour integral method was developed to
analyze the multi-media circuits, specially, full height dielectric posts
into the rectangular waveguide circuits. In comparison with other
methods and some commercial software, our method is very fast. It
provides an efficient tool for the analysis of H-plane waveguide filters
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with dielectric resonators in reasonable CPU time. Also, the sizes
of matrices produced in the hybrid method are smaller than them
in CI method. It makes more well-conditioned matrices and reduces
the possibility of singularity in matrices. The accuracy of the hybrid
method was validated by comparison of results with those reported in
literatures.
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