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Abstract—The plane wave diffraction by a finite parallel-plate
waveguide with four-layer material loading is rigorously analyzed
for the case of E polarization using the Wiener-Hopf technique.
Introducing the Fourier transform for the scattered field and applying
boundary conditions in the transform domain, the problem is
formulated in terms of the simultaneous Wiener-Hopf equations, which
are solved via the factorization and decomposition procedure together
with a rigorous asymptotics. The scattered field is evaluated explicitly
by taking the inverse Fourier transform and applying the saddle point
method. Representative numerical examples of the radar cross section
(RCS) are shown for various physical parameters and the far field
scattering characteristics are discussed in detail.

1. INTRODUCTION

The analysis of electromagnetic wave scattering by open-ended metallic
waveguide cavities is an important subject in the prediction and
reduction of the radar cross section (RCS) of a target [1-6]. This
problem serves as a simple model of duct structures such as jet
engine intakes of aircrafts and cracks occurring on surfaces of general
complicated bodies. Some of the diffraction problems involving two-
and three-dimensional (2-D and 3-D) cavities have been analyzed thus
far based on high-frequency techniques and numerical methods [7-13].
It appears, however, that the solutions due to these approaches are not
uniformly valid for arbitrary dimensions of the cavity. Therefore it is
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desirable to overcome the disadvantages of the previous works to obtain
solutions which are uniformly valid in arbitrary cavity dimensions.

The Wiener-Hopf technique [14-16] is one of the powerful
approaches for analyzing wave scattering and diffraction problems
involving canonical geometries, which is mathematically rigorous in
the sense that the edge condition, required for the uniqueness of
the solution, is explicitly incorporated into the analysis. There are
some papers treating cavity diffraction problems based on the Wiener-
Hopf technique [17,18], where efficient approximate solutions have
been obtained. In the previous papers [19-23], we have considered
several 2-D cavities formed by semi-infinite and finite parallel-plate
waveguides, and analyzed the plane wave diffraction rigorously by using
the Wiener-Hopf technique. In addition, we have considered in [24, 25]
a finite parallel-plate waveguide with three-layer material loading as
a geometry that can form cavities, and carried out the Wiener-Hopf
analysis of the plane wave diffraction. As a result, it has been verified
that our final solutions are valid for broad frequency range and can be
used as reference solutions.

In this two-part paper, we shall consider a finite parallel-
plate waveguide with four-layer material loading as an important
generalization to the geometry in [24,25], and analyze the plane wave
diffraction for both £ and H polarizations. It should be noted that,
due to the existence of an additional material layer, the Wiener-
Hopf analysis becomes considerably complicated in comparison to our
previous analysis for the three-layer case [24,25]. The case of E
polarization is considered in this first part, whereas the analysis for
the H-polarized case will be presented in the second part [26].

First in Section 2, the Fourier transform for the unknown
scattered field is introduced and the transformed wave equations
are derived by taking the Fourier transform of the 2-D Helmholtz
equation, which contain unknown inhomogeneous terms occurring
due to medium discontinuities along the transform axis. Section 3
discusses the formulation of the problem. The transformed wave
equations are solved by expanding the inhomogeneous terms into the
Fourier sine series and a scattered field representation in the transform
domain is derived. Subsequently by using boundary conditions in
the transform domain, the problem is formulated in terms of the
simultaneous Wiener-Hopf equations satisfied by the unknown spectral
functions, where the unknown Fourier expansion coefficients are also
involved. There are some important relations between the Fourier
coefficients and the unknown functions, which will be investigated
in Appendix. In Section 4, the Wiener-Hopf equations are solved
exactly via the factorization and decomposition procedure leading to
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the formal solution. The solution, however, involves infinite branch-
cut integrals with unknown integrands as well as infinite series with
unknown coefficients. In Section 5, we shall develop an efficient
method for evaluating the branch-cut integrals asymptotically and
determining the unknown coefficients approximately, and derive an
approximate solution to the Wiener-Hopf equations, which involves
numerical inversion of matrix equations. It should be noted that our
final approximate solution is valid for the waveguide length greater
than the incident wavelength. Subsequently in Section 6, the scattered
field inside and outside the waveguide is evaluated explicitly by taking
the Fourier inverse of the solution in the transform domain. The field
inside the waveguide is expressed in terms of the TFE mode series,
whereas for the field outside the waveguide, a far field asymptotic
expression is derived using the saddle point method. In Section 7,
we shall present illustrative numerical examples of the RCS for various
physical parameters, and discuss the far field scattering characteristics
of the waveguide in detail. Section 8 contains some concluding remarks.

The time factor is assumed to be e** and suppressed throughout
this paper.

T

o' (= Ej)
b ﬁ

Figure 1. Geometry of the problem.

2. TRANSFORMED WAVE EQUATIONS

We consider the diffraction of an FE-polarized plane wave by a finite
parallel-plate waveguide with four-layer material loading as shown in
Fig. 1, where —L < Dy < Dy < D3 < D4y < Ds < L and the E
polarization implies that the incident electric field is parallel to the
y-axis. The waveguide plates are perfectly conducting and of zero
thickness, and the material layers I (D; < z < Dg), II (D < z < Ds),
III (D3 < z < Dy), and IV (Dy < z < Ds) are characterized
by the relative permittivity e, and the relative permeability pu,, for
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m = 1, 2, 3, and 4, respectively. In view of the geometry and the
characteristics of the incident field, this is a 2-D problem.
Define the total electric field ¢'(z, z)[= Ej(z, 2)] by

¢'(x, 2) = ¢'(x, 2) + o(x, 2), (1)
where ¢'(x, z) is the incident field given by

¢i(x’ Z) — 6—ik(zsin00+zcosl90) (2)
for 0 < 6y < 7/2 with k|[= w(souo)l/z] being the free-space

wavenumber. The total field ¢'(z, z) satisfies the 2-D Helmholtz
equation

[82/83:2 +02/02% + p(z, 2)e(x, z)kQ] ¢ (z, z) =0, (3)
where
w1 (layer I) e1(layer I)
o (layer II) ea(layer II)
p(z, z2) =< pa(layer III) | e(x, z) = ¢ es(layer III) . (4)
g (layer IV) e4(layer IV)
1(otherwise) 1(otherwise)

Nonzero components of the total electromagnetic fields are derived
from

i Ot i 99

Et Ht Ht — —
( yr o Z) |:¢ ? wluolu(_x, Z) 0z’ WNO/JJ(xv Z) Ox

]. (5)

We assume that the vacuum is slightly lossy as in k = k; + ko with
0 < ko < k1. The solution for real k is obtained by letting ko — 40
at the end of analysis. It follows from the radiation condition that the
scattered field satisfies

gb(:ﬁ, Z) -0 <e—k2|z|cos90) (6)

as |z| — co. We now define the Fourier transform of the scattered field
¢(x, z) with respect to z as

B(w, o) = (27)"1/2 /_ " o, 2oz, (1)

where @ = Rea + ilma(= o + i7). In view of the radiation condition,
it is found that ®(z, «) is regular in the strip |7| < kacosfy of the
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complex a-plane. For convenience of analysis, we also introduce the
Fourier integrals as

+oo
ilw, a) = 2@m) 2 [ oo, 2)e T, (8)
+L

Dy ,
(277)_1/2/ ¢t(I, z)e' “*dz, m =1,
L

D ,
D, (2, a) = (277)_1/2/ ¢ (z, 2)e"**dz, m =2, 3, 4,5,  (9)
Dmfl

L
(2m) /2 / o, 2% dz, m = 6.
Ds

It is verified from the theory of Fourier integrals that ®(z, ) and
®_(x, o) are regular in the upper half-plane 7 > —ks cosfy and the
lower half-plane 7 < kg cosfp, respectively, whereas ®,,(x, ) for

m = 1,2,3,..., 6 are entire functions. By using (8) and (9), we
can express ®(x, a) as
Oz, a) = V(z, a) + Oy (7, a), (10)
where
U(z, a) = e "U_(z, a) + T4 (2, a), (11)

6
Oy, a) = > p(a, a) (12)

m=1
with
e—ikxsinOg
_ = o_ Am—— 1
V(s ) = @ (o, ) + A (13)
e—ikzsinﬁo
= -B— 14
\Il(+)(‘r7 a) @4.((1}, O[) o — kCOSGO, ( )
ik L cos 0y —ikL cos 0y
(& e
/P 15
(2m)1/24 (27m)1/24 (15)

The parentheses in the subscript of ¥((x, a) imply that ¥ (z, a)
is regular in 7 > —ko cos 6y except for a simple pole at a = k cos .
In order to derive transformed wave equations, we note that

(07)02* + 0%/92* + k?) ¢(x, z) = 0 (16)
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and
(0%)02® + 9°)02*> + K1) ¢ (w, 2) = 0 (17)

hold for unloaded and loaded regions, respectively, where K,, =
(umsm)l/% for m =1, 2, 3, 4. For the region || > b, we can show by
taking the Fourier transform of (16) and using (6) that

(d?/dz* —4*) ®(z, 2) =0 (18)

holds for any a in the strip |7| < kgcosfy, where v = (a? — k?)!/2
with Rey > 0. Equation (18) is the transformed wave equation for the
region |z| > b.

The derivation of transformed wave equations for the region
|x| < b is involved, since there are medium discontinuities across the
surfaces at z = Dy, Do, D3, Dy, D5. We now multiply both sides of
(17) by (2m)~ /2% and integrate with respect to z over the ranges
—00 < z < Dy and D5 < z < oo. Taking into account the boundary
conditions for tangential electromagnetic fields at z = Dy, D5, we
derive by some manipulations that

(d?/da® ) [®1(z, @)+ MV _(z, a)] = —“Prur fi(z) — iag (x)
(19)

for 7 < ko cos by, and that

(@ /da? =7?) [@g(w, @) +e™" MU (@, )] = P [ f5(2) —iags ()]

(20
for 7> —ky cos 6 with a # k cos fy, where
fila) = (212200 DLtD) (21)
(@) = (2m) 26/ (@, Dy), @)
fola) = (am) 12200 Do 0) (23)
gs(z) = (2m)"?¢'(x, D). (24)

Next we multiply both sides of (17) by (27)~'/2¢** and integrate with
respect to z for D1 < z < Do, Dy < z < D3, D3 < z < Dy, and
D, < z < Ds. This gives, after utilizing the boundary conditions for
tangential electromagnetic fields at z = Dy, Ds, D3, Dy, Ds,

(d?/da? —T7) @y(z, a)
= PUfi(z) —iagi(x)] — P2 [(u1/p2) fo(a) — iaga()], (25)
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(d?/dz* — T3) @3(z, @)
= P2 [fox) —iaga(x)] — P [ f3(x) —iags(x)], (26)

(d?/dz® —T3) @4(z, @)
= P [(us/pa) f3(a) —iags(@)] — P [fa(w) —iaga(@)], (27)

(d?/dz* —T3) @5(z, @)
= "Pify(x) —iags(z)] — P [f5(2) —iags(x)], (28)
where T, = (o — K2,)'/? with Rel',, > 0 and

- - _/ 8¢t(az, Dm+0)
fa) = (2m) 72,

(@) = (2m)72¢! (2, Din) (30)

for m = 2,3,4. Equations (19), (20), and (25)—(28) are the
transformed wave equations for the region |z| < b.

(29)

3. SIMULTANEOUS WIENER-HOPF EQUATIONS

First we shall solve the transformed wave Equations (18)—(20) and
(25)—(28) to derive a scattered field representation in the Fourier
transform domain. Using the boundary conditions for tangential
electric fields across = +£b, the solution of (18) is expressed as

®(x, a) = Db, a)e 7T 2 >p,
= B(=b, )’ <, (31)

where we have used the following boundary conditions for tangential
electric fields across x = +b:

Dy (£b+0, a) = By (£b—0, a) = Dy (£b, @), (32)
By (£b+0, ) = By (£b—0,0) =0, m=1,2,3,....6. (33)

Equation (31) gives the scattered field representation for |z| > b.

The derivation of a field representation for the region |z| < b is
complicated since the transformed wave equations involve the unknown
inhomogeneous terms f,,(z) and gp(x) for m = 1,2,3,4,5. We
expand these terms using the Fourier sine series as in

fm(x) = 1 Z frn sin %(CE +b), (34)
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Gm( =3 Z Imn sin 2 (x+0b) (35)

for |z| < b, where
Jmn = / Jm(z)sin —(:c + b)dz, (36)
Imn = /_bgm( ) sin %(erb)dx. (37)

The Fourier coefficients f,, and g, for m = 1, 2, 3, 4, 5 have various
analytical properties which play a significant role in the subsequent
analysis. These properties are discussed in detail in Appendix. Taking
into account (34) and (35) and following a procedure similar to that
employed in [20], we derive the solutions of (19), (20), and (25)-(28)
with the result that

®y(x, @) + e LV _(z, a)
sinh~y(x + b)

—iaL sinhy(z — b)
= w_(b —V_(-b, a)—/—————=
¢ [ (b, @) sinh 2+vb (=5, @) sinh 2+vb
eePr L ep (a) nm
n b
+— Za”ﬁﬁ o @+ 0), (38)

n=1

(I)ﬁ(.iv, a) + eiaL\If(Jr) (JI, Oz)

il sinh~y(x 4 b) sinh~y(x —b)
- W (b, o) TO g, o) 0
¢ [ (b @) sinh 2vb (h(=bs ) sinh 2+vb
iaDs  ©° —
¢ ¢5n(®) sin n—ﬂ(:z: +b), (39)

2
b —a + 72 2b

00 giaDpn—1 o+ ia Dy —
P B _% Z_: 1cmoz12 :‘(?‘)Tn_len el sin %(:c +9)
B for m=2,3,4,5, (40)
where
Y = [(nm/2b)* — k2]1/2 for n > 1, (41)
Ty = [(n/26)2 = K2]Y% forn > 1, m=1,2,3,4, (42)
(@) = py ! fin — iagin, cf, (@) = fin — iogin, (43)
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Q

con (@) = (p1/p2) fon — iagon, c3, (@) = fon — iagon, (44)
3, (@) = fan —iagan, 3, (@) = (u3/12) fan — iQgan, (45)
C;,Li_n(a) = f4n - iOég4n, C4_n(Oé) = f4n - iag4n7 (46)

() (47)

= fSn - i()ég5n, C;n(a) = /lzzlffm - iagSn-

o)
ot
S

Substituting (38)—(40) into (10), the scattered field representation for
the region |z| < b is derived.

Summarizing the above results, an explicit expression of ®(z, «)
is found to be

®(x, a) = U(+b, a)eT @) for x> +b,

sinhy(z + b) sinhy(z — b)
sinh 2+b sinh 2vb
L= ePsct (a) — e *Pic) (o) . n

. nw
2 a2 sin Q—b(x +b)

=V(b, a) —U(=b, a)

1 4 oo ez‘aDmc+ a) - 6iaDm+lc’:TL+1,n(a)

mm( .. nm
_Ezz T 1 T2 sm2—b(:v—|—b)
for |x| <b. (48)

Equation (48) is the scattered field representation in the Fourier
transform domain and holds in the strip |7| < k2 cos 6.

Differentiating the field representation in (48) for x = +b with
respect to x and setting x = £b + 0, we obtain that

' (b+0,a) =V (-b, a), (49)
O (=b—0,a) = =V (-b, a), (50)

where the prime denotes differentiation with respect to x. We also
differentiate the field representation for |r| < b in (48) and set
2 = +b F 0 in the results. Then it follows that

&' (b—0,a)=yV (b, ) coth 2yb — yW (—b, ) csch2vyb
¢ (_Dmew%;n(a) —ePiey, (o)
b~ 20 a? +~2

LSS L P o), 0)
20 a2 +T12,, '
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&' (—b+0,a)=yV (b, ) csch2yb — 4V (—b, «) coth 2vb
_1 00 @eiaD5C5+n(a) _ e_iachIn(a)
b= 2b a? + 72

iaDmC;m(Oé) _eiosz+1 c

4 o0 -
1 nme m+1 (@)
—= — : . (52
oy @

m=1n=1

Subtracting (51) and (52) from (49) and (50), respectively and taking
the sum and difference of the resultant equations, we obtain, after some
manipulations, that

e L U_(a) 4+ €U ()

Jii(o[) = - M(a)
- o {eial’fvc;m) — *Picp, (o)
o 2 2 2
et odd am M
Ll (0) =P ()]
’ m=1 a? + F%nn 7 ( )
. e—zaLv_(a) +€iaL‘/(+)(a)
Jl (Oé) = - N(O{)
N i nmw [ei"‘DS’cJr (a) — e Picy ()
12 2 2
n=2, even b %+ 7
¢oDn et (@) = d*Pricy (@)
+ mzzjl TITI (54)
for || < ko cosp, where
U_(a) = V_ (b, a)+V_ (=D, a), (55)
V_(a) = W_(b,a) = ¥_(=b,a), (57)
V(Jr)(oz) = \I’(+) (b, a) - \P(+) (—b, a) N (58)
T (a) = Ji (b, @) F i (=b, @), (59)
Ji(£b, a) = <I>'(1) +0+0, a) — CIJ/( ) (EbF O, @), (60)
—~b —~b

M(a) = e coshfyb7 N(a) = e smhyb. (61)

Y Y
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Equations (53) and (54) are the simultaneous Wiener-Hopf equations
satisfied by the unknown spectral functions, where the unknown
Fourier coefficients are also involved.

4. FORMAL SOLUTION

The kernel functions M («) and N(«) defined by (61) are factorized
as [20]

M(a) = My(a)M_(a), N(a)=Ny(a)N_(a), (62)
where My (a) and Ny () are the split functions given by

M, (a)[= M_(—a)]
= (cos kb)Y 2™ 4 (k + )"V exp {(iyb/7) In[(a — 7)/K]}
-exp {(iab/m)[1 — C + In(m/2kb) + im/2]}

o0

H (1 + a/i,yn)e%ab/mr’ (63)
n=1,odd
N, (a)[= N_(~a)]

= (sinkb/k)"/? exp {(inb/m) In[(a — ) /K]}
-exp {(iab/m)[1 — C + In(27/kb) + im/2]}

o0

H (1 + a/i,yn)e%ab/rm (64)

n=2,even

with C' (= 0.57721566 . .. ) being Euler’s constant. It is seem from (63)
and (64) that My (a) and Ni(«) are regular and nonzero in 7 2 Fka.
We can also verify that

My (a) ~ (F2ia) Y2, Ni(a) ~ (F2ia)" /2 (65)

as a — oo with 7 2 Fky. Taking into account the edge condition,
we can show that the unknown functions in (53) and (54) behave
asymptotically as

U —
S} o) et o

eFolria) = 0 (a7?) 7 20 (67)
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for @ — oo. We multiply both sides of (53) by e My (a) and
decompose the results using (65)—(67). This leads to

U(a) 1 [ PUy,) (8 dﬂ . Z nr My (i)
M_(a) 2mi Jo, M_(B) (B — add 20 iy (o — i7p)
eI, (i) — e AP m)}

5 g
2 Hil (@t — T
m=1n=1,odd

) [e—an(L+D1)C;-m (iTyn) _e—an(L—i-Dm-s-l)cr_n_’_Ln(irmn)]:O, (68)

Ui | 1 [ ey ()
— d
M) T 2ni Jo, M (B B-a)
2B cos (kbsin 6p) = nm My (i)
+M+ (kcosby) (o — kcosf) Z 20 biry, (o + iy

=1,0dd
[ern Dot (—ing) — =PI (—in,)]

o Z i nw My (iT'mn)
2b bil' o, (a0 + i)

m=1n=1,od

.|:6—an( _Dl)C;n(—irmn)—e_an(L_Dm-‘—l)C;L—‘rl,n(_irmn)] :0’ (69)

where C7 and (5 are the infinite integration paths running parallel to
real axis in the [-plane, as shown in Fig. 2. Evaluating the integrals
in (68) and (69) and arranging the results with the aid of (A4)-(A9)
in Appendix, we derive that

A I()
b(a — kcosb) bl/2

X o—2%2n- 3(L+D1)X

—Z

U_(a) = b/?M_(a)

2n— 3a”pn

(o —iv2n-3)

e Y2n— 3(2L+D1— D5)Y 3anpnu

b(a— Z’YQn_g)

n=2
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Im 3

]1/2 cos 6)0

\\\\\\\\\\\\\\\\\\\

—]12 [¢o) 90

Figure 2. Integration paths C7 and Cy (0 < |7] < ¢ < kg cosfp).

B I (@)
_ 1/2M o u U
U(+) (Oé) b +(Oé) [ b (O[ — kcos 00) + b1/2

> o—272n-3(L—Ds) X+

X Z on—30nPnl;y
~ b+ iv2n-3)

. i e Vn=3CLADI=Ds)y b g pun (71)
~ b (Oé + Z’)’2n 3) ,
where
. I
X,’; _ { |: 72F17L(D27D1) + w1n:| <N1 + Mf—\ 5n£1n>
2n

T3, k
p1 + M; 3 5’1n> <— + 54%77’1”) } , (72)
2n M1

_ 1 [ ST Ry 7Sy
Y = — — + — =
"oH (2u2 Ty, ) U T

X e*Fm(Dz*Dl) _~_€F1n(D2*D1)T{n], (73)

_ 32 pops

G
,67F2n(D3*D2)67F4n(D5*D4)€*F3n(D4*D3)7 (74)

—T'1n(D2—D1)

Ynlane
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Y.\ = (1/H)papasn(ynpan — 2)

+4npan — M4(F4n + ’Yn)e_2r4n(D5_D4)L (75)
an = [(2n — 3)7 /2% /bivan—s, pn=b""*Mi(i72n-3), (76)
Uy = b (i), uf =6 U (inns), (70)
hioo (B2 — K)YV2EML(B)U,
ngl)(a) _ i/ eQZgL (/8 ) +(ﬁ) (-‘r)(ﬁ) g, (78)
T Jp p—a
LR (= R AU ()
@) () — + 2iBL + d
TP = /k e e 5, (19)
4 = 2b1/2 A cos(kbsin 6y) _ 2bY/2B cos(kbsin b)) (80)
Y M_(kcostp) " My(kcosby)

A similar decomposition procedure can also be applied to (54).
Omitting the details, we arrive at

4, 1)
b(a — kcosbp) bl/2

©  o—272n-2(L+D1)

V. (a) = bY2N_(a) [—

Xon—obnanvy,

n—o b(a — Z"YQn,Q)
e —’Y2n—2(2L+D1—D5)Y— bnn +
o b(aw — iyan—2)
(2)
B Jy (a)
= b'/2N. >
Vg (@) “wlua—kmwm+ .
0o 6—272n,2(L—D5)X+ bn nv;Ll-
+ Z 2n-2 q
~ b(a + ivan—2)
et e*VQn—2(2L+D1*D5)Y+ by v
.S Tonabnlnln | ()
o b(a + iy2n—2)
where
by, = [(n — D)7)?/bivan—a, qn = b2 N (iv2n-2), (83)

v, =b Vo (—ivan—2), v = b_l‘/v(+)(i’72n72)v (84)
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W L hrico 2B (82 — E)YVENL(B) V1 (B)
T () = = /k ¢ — ag,  (85)
@ L F s (82— EDYANL(B)V-(=B)
TP (a) = = /k ¢ = as,  (86)
s = 2ib"/% A sin(kbsin ) _ 2ib*/2Bsin(kbsin 6p) 87
v N_(k cos byp) Y N, (kcosbp) (87)

Several coefficients appearing in (72)—(75) are defined in Appendix.
Equations (70), (71) and (81), (82) are the exact solutions of the
Wiener-Hopf equations (53) and (54), respectively, but they are formal
since the infinite series with the unknown coefficients u;> and v;* for n =

2, 3, 4, ... as well as the branch-cut integrals g (2)(04) and J{M @ ()
with unknown integrands U_(a), Uyy(a), V_(a), and V(i )(a) are
involved. Therefore, it is required to develop approximation procedures
for an explicit solution.

5. APPROXIMATE SOLUTION

In this section, we shall evaluate the infinite series and branch-cut
integrals occurring in the formal solutions to derive approximate
solutions of the Wiener-Hopf equations. To this end, we can apply
the method established in [19] for the analysis of the diffraction by a
parallel-plate waveguide cavity.

First we shall derive an approximate expression of U_(«) defined
by (70). Assuming that the waveguide length 2L is large compared
with the wavelength and applying the method in [19], the branch-cut

integral Ji(Ll)(oe) defined by (78) can be expanded asymptotically as
T (@) ~ I (@) + I8 (@) (88)
for kL — oo, where

2B cos(kbsin 0y)
(11) —pl/2 + 0
u (@) apy Ui+ kb(1 — cos by)

(=) — E(=kcosbh)

§(—a), (89)

(12) — 9], —1/2 B :
Jy (@) b~/ “a1p1 B cos(kbsin b) ot hooso)L (90)
with
ap = kb, p1=b"" M (k), uf =b"'Ug(k), (91)
(i(2kL—m/4)
€(a) = ———=-T1[3/2, —2i(a+ k)L]. (92)

m(kL)'/2
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In (92) I'1(-, -) is the generalized gamma function [27] defined by

00 2eu—le—t
Ty (u, v) = /0 70 dt (93)

for Reu >0, |v| >0, |argv| < 7, and positive integer m.
Using (66), it is found that the coefficients u;> defined by (77)
show the asymptotic behavior

uy ~ 22K (byon-3) "2, wf ~ 22K (byong) TP (94)

as n — 00, where K&l) and K}SQ) are unknown constants. Taking
a large positive integer N and replacing ul for n > N by their
asymptotic behavior (94), each infinite series occurring in (70) can
be approximated in reasonable accuracy by the sum of the finite series
containing N — 2 unknowns and the infinite series with one unknown
constant. This procedure yields an accurate approximate expression of
the original infinite series since the edge condition is taken into account
explicitly. Thus we arrive at the approximate expression of (70) with
the result that

Ay
b (o — kcosfy)

v { [uf + 2R (o)
+2LB £(—a) —f(—kcos&o)}
b (—a+ kcosby)L

N- - _2’72n73(L+D1)u;

B z:l anPnXo,_se€
- b(a —iyan—3)

U_(a) ~ b'2M_(a) (

cos (kbsin 6)

N-1 — _ _
)/2“736 Yon—3(2L+D1 Ds)ux

B Z GnPn
b (Oz — i’72n_3>

n=2

e}

nX_ — (b’YZn—i%)_
KM nAop_3 .
w Z b (Oé — Z’}/ang)

20—2v2n-3(L+D1)

n=N
)

_K® Z anY2;_3(bnyn_3)—2e—wn3(2L+D1_D5)> )

u

e b (a — i’}/anS)

for large N and |k| L.
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A similar procedure can also be applied to derive approximate
expressions of (71), (81), and (82). This leads to

B
~ pL/2 _ u
Uinyle) = b7M (o) < b(a — kcosby)
_ 2Acos (kbsin b))
+a1p1 { |:U1 + kb (1 + cos 90) :| g(O&)

§(a) — §(kcos 90)}
(o — kcosbp)L

n 2LA
b

cos (kbsin 6)

—2v2pn—3(L—D
Z anpnX 2n ge 21 sEm Do)yt
a + i’yzn_3)

+ Nz:l a”p”Y27z—36772"_3(2L+D17D5)“E
= b(a —iv2n-3)

e~ 2v2n—3(L—Ds)

2) Z anX 2n 3 b72n 3) -2
(o +i7v2n-3)

—I—K(l) i anY: 2n 3(b72n 3)” 26_’72n—3(2L+D1_D5)>’ (96)
n=N

b (04 + Z"YQn—ZS)

A
1y A
V(@) = b/"N_(a) < b(a — kcosfp)
2iB sin (kbsin
+b1q1 { [UT - Zkbilln—( cosslgo)())] é(=a)

2LB G (kbsin gg) £ — (=R cosbo)
- sin (kbsin 6o) (—a+ kcosby)L }

—2y2n—2(L+D1),—
n

_Z bngn X
_Z bnqnY-

Oé — 1Y2n— 2)

— 26 —v2n—2(2L+D1—Ds) T—l—

— iY2n—2)
K(l) b?’LXQn_Q(b72n_2)72672727L72(L+D1)
o Z b(a — ivan—2)

n=N

> b, Y, (b72 _2)7267727L72(2L+D17D5)
K2 n-2n—2 n
K, Z b(a — iy2n—2) , (97)

n=N
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B,
Vi (a) = 02Ny (a) (m

_  2iAsin (kbsinfp)
T { [Ul + kb (1 + cos f) } §(a)

2iLA . &(a) — &(kcosby)
— kbsin 6
sin (kbsin bo) (v — kcosbp)L
N-1 bnan;;l_2e_2'72n72(L_D5)v2_

+ -
Z b(a+ivan—2)

n=2

b (Oé + i72n72)

n=2

= anQ_n_z(b’}/Qn_Q)_26—2“{2n72(L—D5)

(2)
THy 7;\/ b(a+ivan—2)

+ED i b”YZZ—?(bW”—Q)_Qe_m2(2L+D1_D5)> (98)

=N b (Oé + Z.’YanZ)

for large N and |k| L, where
by =kb, q=b"Y2N_(k), (99)
uy =b"'U_(=k); vy =b"'Wo(=k), v =b""V)(k). (100)
In the derivation of (97) and (98), we have used the edge condition
vy ~ 22K (byan2) ™7, wl ~ 22K (byan0) T (101)

for n — oo, where qul) and Kq(,Q) are unknown constants.

Equations (95), (96) and (97), (98) are approximate solutions to
the Wiener-Hopf Equations (53) and (54), respectively, and they are
valid for large positive integer N and large |k| L. The unknown u;
and vt forn=1,2, ..., N—1and K@, K@ in (95)-(98) are
determined with high accuracy by solving appropriate 2N x 2N matrix
equations numerically.

6. SCATTERED FIELD

The scattered field can be derived by taking the inverse Fourier
transform of (48) according to the formula

oco+ic

o(z, 2) = (2m) /2 / ®(z, a)e " da, (102)

—oo-+ic
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where |c| < kocosfy. First let us consider the field inside the
waveguide. Substituting the field representation for |z| < b in (48)
into (102) and evaluating the resultant integral, we find from (1) that
the total field for the region inside the waveguide is expressed in terms
of the TF modes and takes the form

' = NS [ D) e (D) ] iy T
¢'(x, 2) Z [TLne T, } sin 5 (x +b)

n=1

for — L < z < Dx,
oo
= Z [T+ P (2=Dm) _ T,;ne_rm(z_Dm)} sin ;L—z(x +b)

for Dy, < 2 < Dipy1, m=1, 2, 3, 4,

— 3 [T 6P~ T e D s P
n=1
forDs <z <L, (103)
where
T, = —xne "EPIU_(—iv,)  for oddn,
= xne PEFPVY (in)  for evenn, (104)
for odd n,
for evenn, (105)
T]gn = Xn |:Yn+€_yn(L+Dl)U—(_i7n) + Xn_e_W"(L_Ds)U(_;'_)(Z"yn)}
for odd n,
for evenn, (106)
T}-{n = Xne*'Yn(LfD5)U(+) (VYn) for odd n,
= —Xne_V"(L_D“”)V'(JF)(i*yn) for evenn, (107)

foroddn (m =1, 2, 3, 4),
= [Rmnv—( Z"Yn) + S7:an(+)(17n)]
forevenn (m =1, 2, 3, 4), (108)
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T = Ko [R,U- (i) + 85U (7))
foroddn (m =1, 2, 3, 4),
— Ko (R V- (20 + SfVie (120)

forevenn (m =1, 2, 3, 4), (109)

Ry, = Py —T1nRip, Ry, = (u1/p2) Pon + T1nRan,
St = Qin = T1nSin, 87, = (11/12) Q20 + T'1nS2n, (110)
R, = Pa, —To,Roy, Ry, = Ps, + Doy Rap, (111)
Son = Qan — T2nS2n, 53, = Q3n + 20 S3n, (112)
Rs, = (u3/p2)Psn — I'snRap, R;rn = Py + I'sp Ran, (113)
San = (u3/112)Qsn — T'3nS3n, S3y, = Qun + I'3nSan, (114)
Ry, = (11a/13) Pan — Tan Ran, Ry, = (t1a/13) Pan + Cap Rap, (115)
Sim = (1a/13)Qan — TanSun, Si, = (ta/13)Qan + TanRan,  (116)
o = (5) g Ko = (3) g form =1,2.3,4.(u17)

In (110)—(114), the definition of Py,, Qmn, Rmn, and Sy, for
m =1, 2,3, 41is given in Appendix.

Next we shall consider the field outside the waveguide and derive
the scattered far field. Substituting the field representation for |z| > b
in (48) into (102) and evaluating the resultant integral asymptotically
with the aid of the saddle point method, we obtain a far field expression

o pilkp—m/4)
o(p, 0) ~ ¥ (+b, —kcos )k sin getikbsind €

R

for x = +b as kp — oo, where (p, #) is the cylindrical coordinate
defined by = = psinf, z = pcosf for 0 < |#] < 7. In (119), ¥(+d, a)
is expressed as

—iarU-(a) :2t Vo(@) | iar Uy (@) ;t Vi (a)

by making use of (11) and (55)—(58). Although (119) has been derived
only for the region |z| > b (i.e., 0 < |#] < m), it can be shown that
(119) is continuous across |6| = 0, m. Therefore, (119) is valid for
arbitrary 6. The analysis has thus far been carried out by assuming
that 0 < 6y < 7/2, but the result is in fact true for arbitrary 6.

U(+b, a) = (119)
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7. NUMERICAL RESULTS AND DISCUSSION

In this section, we shall show representative numerical examples of
the RCS for various physical parameters to discuss the far field
scattering characteristics of the waveguide in detail. Numerical results
presented below are based on the use of the scattered far field
expression as given by (119) together with (120). We have used
the approximate expressions as derived in (95)-(98) for computing
the functions U_(a), Uy (a), V-(a), and Vi(a) involved in (120).
As has been mentioned at the end of Section 5, we need to solve
the two sets of 2N x 2NN matrix equations numerically for obtaining
all the physical quantities. According to the theory of the Wiener-
Hopf technique, convergence of the approximate solutions obtained
in Section 5 is very fast for a small waveguide aperture 2b, since
we then do not require large N in numerical computation. In order
for the approximate solutions to be reasonably accurate, however,
some large N is needed with an increase of 2b. By careful numerical
experimentation, we have verified that sufficiently accurate results can
be obtained by choosing N > 2kb/m in (95)—(98).

We shall now investigate the scattering mechanism via numerical
results of the monostatic and bistatic RCS for various physical
parameters.  Since the problem considered here is of the two-
dimensional scattering, the RCS per unit length is defined by

. P12
o= lim (27Tp|¢>]2/ ‘d) } ) . (120)
p—0o0
For real k, (121) is simplified by using (2) and (118) as

0 = \|U(£b, —kcosO)ksinb*>, 6 =0, (121)

where A is the free-space wavelength.

Figures 3 and 4 show the monostatic RCS o/ as a function of
incident angle 6y where the values of o/ are plotted in decibels [dB] by
computing 10log;,0/A. The waveguide structure is symmetric along
the z-axis so that we have presented the RCS data only for the range
0° < 0g < 180°. In order to investigate the scattering mechanism over
a broad frequency range, we have carried out numerical computation
for three typical values of the normalized waveguide aperture width
kb= 3.14, 15.7, and 31.4, which correspond to low, medium, and high
frequencies, respectively. For a fixed kb, the ratio of the waveguide
length 2L to the waveguide aperture width 2b has been chosen as
L/b = 1.0, 3.0. In numerical computation, we have considered the
case where layer I (D; < z < D») is filled with perfect conductors
so that two cavity regions are formed at the left (=L < z < D)
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Figure 3a. Monostatic RCS o/\ [dB] for L/b = 1.0, kb = 3.14.
————————————— empty waveguide (layers I-IV: vacuum). cavity
with no loading (layer I: perfect conductor; layers II-IV: vacuum;
tr, = 06L, tppc = 04L, tgp = L). : cavity with two-layer
loading (layer I: perfect conductor; layer II: e9 = 3.14+1410.0, ps = 1.0;
layer I1I: e5 = 1.6+40.9, p3 = 1.0; layer IV: vacuum; t;, = 0.6L, tppc =
0.4L, tp = L, toayer = 0.4L). : cavity with three-layer loading
(layer I: perfect conductor; layers I1I-IV: Emerson & Cuming AN-73;
tr, =0.6L, tpgc =04L, tr =L, t3layer = O.GL).
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Figure 3b. Monostatic RCS o/ [dB] for L/b = 1.0, kb = 15.7. Other
particulars are the same as in Fig. 3a.
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Figure 3c. Monostatic RCS o/ [dB] for L/b = 1.0, kb = 31.4. Other
particulars are the same as in Fig. 3a.
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Figure 4a. Monostatic RCS o/ [dB] for L/b = 3.0, kb = 3.14. Other
particulars are the same as in Fig. 3a.

and right (D2 < z < L) sides of the waveguide. We have chosen
the depth of the left and right cavities as t;,(= D1 + L) = 0.6L and
tr(= L — Dy) = L, respectively so that the thickness of layer I (perfect
conductors) becomes tppc(= Dy — D7) = 0.4L. In order to investigate
the effect of the three-layer material loading, we have considered the
case where layers II-IV in the right cavity are composed of Emerson &
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Figure 4b. Monostatic RCS o/A [dB] for L/b = 3.0, kb = 15.7. Other
particulars are the same as in Fig. 3a.
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Figure 4c. Monostatic RCS /A [dB] for L/b = 3.0, kb = 31.4. Other
particulars are the same as in Fig. 3a.

Cuming AN-73 [2] with the material constants being e = 3.14+1410.0,
e = 1.0, e3 =1.64+140.9, u3 = 1.0, g4 = 1.4 +10.35, ug = 1.0 and the
layer thickness being D3 — Dy = Dy — D3 = D5 — Dy (= t3jayer/3). We
have also considered the two-layer case where layer IV of Emerson &
Cuming AN-73 is removed, namely, €0 = 3.14 + i10.0, po = 1.0, £3 =
1.6+40.9, u3 = 1.0, e4 = pug = 1.0, and D3—Dy = D4— D3 (: t21ayer/2)~
The thickness of the two- and three-layer materials has been taken as
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to1ayer = 0.4L and t3159er = 0.6L, respectively. In addition, the results
for an empty parallel-plate waveguide (g, = p, = 1.0, n = 1, 2, 3, 4)
have also been plotted for comparison.

It is seen from Figs. 3 and 4 that the monostatic RCS exhibits
sharp peaks at 6y = 90°, which correspond to the specular reflection
from the upper waveguide plate at x = b. Due to the geometrical
symmetry, the RCS curves for the parallel-plate waveguide with no
material loading are symmetrical around the main lobe direction at
6o = 90°. For fairly large square-shape cavities (L/b = 1.0) with no
material loading, the RCS takes close values at 6y = 0°, 90°, 180° as
seen from Figs. 3(b) and 3(c), since contributions to the backscattered
far field at high frequencies mainly come from the reflected waves from
the perfectly conducting surfaces at x = b and z = Dy, Ds.

We find from the four curves in Figs. 3 and 4 that the RCS
characteristics of all the waveguide geometries for fixed kb and L/b
show close features near the main lobe direction 80° < 6y < 100°. This
is because main contributions to the backscattered far field arise from
exterior features of the waveguide, not depending on features inside
the waveguide. We also notice from the results of the three cavities for
fixed kb and L/b that the RCS characteristics for 90° < 6y < 180° are
nearly identical to each other, since the cavity formed at the right side
of the waveguide is then invisible from the incident direction and the
backscattered far field is not affected by the interior geometries of the
right cavity.

We now investigate the effect of material loading inside the right
cavity. For the cavity with no material loading, the RCS shows large
values over the range 0° < 6y < 80° due to the interior irradiation,
whereas the irradiation is reduced for the case of material loading. By
comparing the RCS results for material-loaded cavities between the
two-layer case and the three-layer case (Emerson & Coming AN-73),
we see better RCS reduction in the case of the cavity with three-layer
loading for all chosen kb and L/b. Incidentally, the empty parallel-plate
waveguide for large kb (= 15.7, 31.4) shows very low RCS values except
in the neighborhood of 8y = 90° because only the edge-diffracted fields
contribute to the backscattered far field.

Figures 5 and 6 show the bistatic RCS o /X [dB] as a function of
observation angle 6, where the incidence angle is chosen as 0y = 45°,
and other parameters are the same as in Figs. 3 and 4. From Figs. 5 and
6, it is found that the bistatic RCS shows noticeable peaks at § = —135°
and 0 = 135° for all the four waveguide geometries, which correspond
to the incident and reflected shadow boundaries, respectively. It is also
seen that, for L/b = 1.0 and kb = 15.7, 31.4, the peak RCS values at
0 = 135° for the empty parallel-plate waveguide are somewhat larger
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than those for the other three geometries (cavities with and without
material loading) as seen from Figs. 5(b) and 5(c). This is because
contributions to the scattered far field along the § = 135° direction for
the empty parallel-plate waveguide arise due to the specular reflection
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Figure 5a. Bistatic RCS o/ [dB] for L/b = 1.0, kb = 3.14, 6y = 45°.
---e—e———— empty waveguide (layers I-IV: vacuum). cavity
with no loading (layer I: perfect conductor; layers II-IV: vacuum,;
tr = 06L, tpgc = 04L, tgp = L). : cavity with two-layer
loading (layer I: perfect conductor; layer II: €5 = 3.14+¢10.0, p2 = 1.0;
layer ITI: e3 = 1.6+40.9, us = 1.0; layer IV: vacuum; t;, = 0.6L, tprc =
0.4L, tp = L, toayer = 0.4L). : cavity with three-layer loading
(layer I: perfect conductor; layers II-IV: Emerson & Cuming AN-73;
tr, =0.6L, tppc = 0.4L, tgp = L, t31ayer = 0.6L).
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Figure 5b. Bistatic RCS /A [dB] for L/b = 1.0, kb = 15.7, 6y = 45°.
Other particulars are the same as in Fig. 5a.
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Figure 5c. Bistatic RCS o/ [dB] for L/b = 1.0, kb = 31.4, 6y = 45°.
Other particulars are the same as in Fig. 5a.
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Figure 6a. Bistatic RCS o/ [dB] for L/b = 3.0, kb = 3.14, 6y = 45°.
Other particulars are the same as in Fig. 5a.

from both the upper and lower plates, but the reflected waves from
the lower plate do not contribute to the bistatic scattering in the case
of cavities. By comparing Figs. 5 and 6, we find that the peaks at
6 = +135° become sharper with an increase of L/b as expected. It is
also observed that, when L/b = 3.0, the RCS of the parallel-plate
waveguide and the cavities at # = 135° shows close values as the
reflected waves from the lower plate then do not contribute much to
the scattered far field unlike the case of L/b = 1.0. The other feature
in Figs. 5 and 6 is that there are some peaks in the neighborhood of
0 = £45° for larger cavities with no material loading, which are caused
by the reradiation of the waveguide modal fields.
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Figure 6b. Bistatic RCS /A [dB] for L/b = 3.0, kb = 15.7, 6y = 45°.
Other particulars are the same as in Fig. 5a.
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Figure 6c. Bistatic RCS o/ [dB] for L/b = 3.0, kb = 31.4, 6y = 45°.
Other particulars are the same as in Fig. 5a.

On comparing the results for the empty cavity with those for the
material-loaded cavities, we notice that the RCS of cavities with and
without material loading show close features over |#| > 90°, since the
scattered far field is not affected by the interior geometries of the right
cavity. On the other hand, there are significant differences in the range
|6] < 90°, where a noticeable RCS reduction occurs for the material-
loaded cavities. According to the results presented in Figs. 5 and 6, we
also see that, for large kb, the bistatic RCS of the cavity with three-
layer loading shows more significant RCS reduction than the two-layer
case in |0 < 60°.
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8. CONCLUSIONS

In this paper, we have considered a finite parallel-plate waveguide
with four-layer loading as a generalization to the geometry treated in
our previous papers [24,25], and analyzed rigorously the E-polarized
plane wave diffraction by means of the Wiener-Hopf technique. We
have obtained exact and approximate solutions to the Wiener-Hopf
equations. Since the approximate solution has been derived on the
basis of a rigorous asymptotics, our final results are valid for the
waveguide length large compared with the incident wavelength. We
have presented illustrative numerical examples of the monostatic and
bistatic RCS for various physical parameters to discuss the far field
scattering characteristics in detail. In particular, it has been shown
that the four-layer material loading gives rise to a better RCS reduction
compared with the three-layer case analyzed in our previous papers.
The results can be used as a reference solution for validating more
general but approximate approaches. A similar Wiener-Hopf analysis
for the case of the H-polarized plane wave incidence is carried out in
the companion paper [26].
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APPENDIX A. ANALYTICAL PROPERTIES OF THE
FOURIER COEFFICIENTS

This appendix concerns the derivation of important formulas for the
Fourier coefficients, which play an essential role in solving the Wiener-
Hopf equations. We first note that U_ (z, «) is regular in 7 < ks cos 0y
(see (8) and (13)) and ¥4y (7, a) is regular in 7 > —kg cosfy except
for a simple pole at o = kcos 6y (see (8) and (14)), whereas ®,,(z, «)

form =1, 2,3, ..., 6 are entire functions (see (9)). Hence, we deduce
that
lim (o +iv,) [®1 (2, a) + e by _ (g, a)] =0, (A1)
a——1ivyn
lim (o —iv,) [P6(z, @) + emL\IJ(H(x, a)] =0, (A2)
a—iyn
lim (aFilpm—1,0)Pn(z, ) =0,m=2,3,4,5 (A3)

a—+il'mn
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for n =1, 2, 3,... Substituting (38), (39), and (40) into (A1), (A2),
and (A3), respectively, we derive, after some manipulations, that

1 (—ivn) = —2—26_7"(L+D1)U,(—i'yn) for odd n,
= Z—ZE_V”(LJFDI)V,(—Z'%L) forevenn, (A4)
i (in) = Z—ze_%(L_D“")U(JF)(ifyn)foroddn,

= —Z—ze_%(L_Ds)VH)(i%)forevenn, (Ab)

C;’;Ln(Zan) - e_an(Dm_‘—l_Dm)C;H_Ln(ian) =0
for n=1,2,3,..., (A6)

e_rmn(DmH_Dm)C;;n(_ian) - C;n—i—l,n(_irmn) =0
for n=1,2,3,.... (AT)

Equations (A4)—(A7) constitute a system of simultaneous
algebraic equations, which relates the Fourier coefficients f,., and g,
for m =1, 2, 3, 4, 5 with the functions U_(«a), U4)(a), V_(a), and
Vi) (@). Solving these equations for f, and gm, for m =1, 2, 3, 4, 5,
we are led to

fran = —7;—7; e D) P U (i) 7DD Qu Uy (i)
for odd n,
_nm [ —m(L+D1)p 7 (—ivm) + —%(L—Ds)Q Vi (i)
ETAN mn V= \=tn) € mn Vi) (09
forevenn, (A8)
Imn = _% [ei’yn(LJrDl)Ran— (_iVn) + 677n(L7D5)San(+) (i’)/n)]
for odd n,
nmw

[677"(L+D1)Rmnv— (—i’Yn) 4 e*’}’n(L*Ds)SmnV(Jr) (Z’)/n)}
forevenn, (A9)

T 2%

where

Py = (16/G)papgynlane iP5 =P = Ton(Da=Ds)
.6_F2"(D3_D2)e_rln(DQ_Dl)’ (A].O)

(1/H) {vnpipasn(pan — 1)
+ 14V [p43n,04n - 6_2F4H(D5_D4)} } s (All)

QSn
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R5n

S5n -
P4n =

Q4n

R4n

S4n

Q?m

R3n

S3n

(16/G) (pap3/ pua) yn L ape T 4n(Ps=D1)

‘6_F3"(D4_D3)€_F2”(D3_D2)€—T1n(D2—D1)’ A12)

—(1/H)papagn — e~ 2FanDs=Da)] (A13)

(8/G) 12T an (114yn + D) e Ton(Pa=Ds)

. Tan(D3=D2) g=T1n(D2=D1) [e*2r4n(Dst4) T P4n} . (Al14)
1

M4 —T'4n(Ds—Dy)
- _F 4 5 4
I Lﬁg an(pazn + pa)e

2
_M4p43n(p4n —|— 1) (’7712”—/;1364n + 1_‘47’L> 6F4n(D5—D4):| , (A15)

(8/G) (pap3/ ) (prarym + Lap e F3n(P1=Ds)
e Tn(Dy=D2) T Da=Du) [o=2Cun(D5=D3) _ 1 (A16)

1 )e—F4n(D5—D4) M4

T [M4(P43n -1 5 Pasn

(o 1) (s +1) P00 (A17)

1 42 r o
a MQ (M47n + 1—‘4n) <Iu3 an + F4n> €_F2n(D3 D2)
34 Ha

.e~T1n(D2=D1) {6—2F4n(D5—D4) {e—zrgn(m—Dg) +,03n}

+p3nPan [672F3’L(D47D3) + 1} } ; (A18)

1 {u_zle—F4n(D5—D4) [argne_r3"(D4_D3) _ €F3n(D4_D3)i|

H 243

J _
+M2 Panil €F4n(D5 Dy)
23

[ygne—rgn(m—m) n €F3H(D4—D3)} } 7 (A19)
(1/G)((4p2/T3n) (avn+TLan) [(u3l3n/ pa) + g

,e*F2n(D3*D2)efrln(D2*D1) {€*2F4n(D5*D4)

.[e_gpgn(pﬁl_m)_p%}+p4n[p3n€—2r2n(D4—D3) - 1} }) , (A20)

L[ I r,.(Ds—Dy { “Tan(Da—Ds) an(D4—D3)]
T {2F3ne T3pe +e

+ o (pan + 1)el (P

213,

) |:y3nefr3n(D4fD3) _ 67I‘37L(D47D3)] } : (A21)
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Py, = 24z (/i4’Yn +T'4p) (Msfgn + F4n> (R1+ Ra), (A22)
Qo = (LAH) (R + R (A23)
Ry, = 2 (1149 +Tan) <“Z’;L 43" +T n>e—Fm<D2 PU(S1+52), (A24)
S — (1 JAH)(S5 + S4), (A25)
Py, = é {(uﬂn +Tap) (M?;ii’m + T4n>

Ry (Ml + M;l;jn §1n> [672F1"(D2*D1) + W1n}

+ Ry (Ml + Ml%‘l;:n éin) [672FM(D27D1) + win] } ) (A26)
an:% {R <2PLI2 4 QII‘“I;;TI"> [e—Fln(Dg—Dl) +6F1n(D2—D1)71n]

+Ry <2[:L12 + 21;1; T{n> [6_F1"(D2_D1) +6F1"(D2_D1)T{”]}, (A27)
Ry, = é {25; (4% + Tan) (Misn +Ty )

' <M1 " :U’3F3n§1n> |:€—2F1n(D2—D1) _ wln}

2
+59 (Ml + HsLsn §1n) [G_QFM(DQ_Dl) - Win} } ) (A28)
Mz Lop
+S4<%+T{"—;“‘)[e‘rm(f’2—m + eFI"(DQ‘Dl)T{n} } , (A29)
G = (Do) i+ Ty (L4 222000 ) (12 Dl
] [p43np4n -~ 6—2F4n(D5—D4)} [P32n 1 e—Qan(D4—D3):|
: {Pmn + e’QF?n(DVDQ)} [1 + e’QF“’(DTDl)Pln} ; (A30)
H = (pavan + Tan) [P4znp4n - 6_2F4"(D5_D4)} ; (A31)
I = [pal3n (pazn — 1) + Tan(pa/ 1) (pan + pa)) (A32)

25 -1
J = {/14/)4371 (M +F4n> + &F3np43n T, +1>] , (A33)
n

/1/45471771
2/L3 2
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Ry = e Tan(D5=Da) [6—1“3”(D4—D3) +P3n}

/
) <ﬂ + 532F2n> |:6—2F2n(D3_D2) + 5271} ’ (A34)
H2 F3n
Ry = pan [0 P10 gy 1
/
N 030, '2n [e—QFQn(D;z,—Dg) +£;32n:| : (A35)
H2 F3n
Ry = e Tan(Ds=D1) [e—rgn(m—Dg) I ergn(m—Da)} T3
. <:U’2332n + %) _e—FQn(Dg—Dz) + €F2n(D3_D2)7—2n_7 (A36)
p3 o Lz /) L ;
Ry=J(pm+1)e F4n(D5_D4)|: ~Tan(Ds=Ds) 4 ol'an(Da— Ds)] Y3n
( PZny2n> _e—FQn(D3—D2) +€F2n(D3_D2)Tén ’ <A37)
Sy = e~2lan(D5=Da) [ —2T'3,(Da—D3) +pgn]
( 532nf2n> [ ~T2n(Ds—D2) +§2n} : (A38)
M2 3n
Sy = [ —2T'3,,(Da—D3) /33 +1]
3 sy
Sy = (I/P2n)67F4TL(D57D4) [m3n6*F3n(D4*D3) + eFSn(D4*D3)}
. <H2x2n + %) |:67F2H(D37D2) _ 6F2'VL(D37D2)T27{| , (A40)
13 sy
Sy = (J/Tan) (pan + 1) "4 (P~ D) [y3nefr3"(D4’D3) + 6F3"(D4*D3)}
) <& n F4ny2n> |:€—1"2n(D3—D2) - BFZH(DS_DQ)Tén} ’ (A41)
M3 FBn
T —1) — u4l'
2y, = H3H4 an(pazn — 1) — pal'3n (pan + /~L4)7 (A42)
p3pial an (pazn — 1) + pal'30 (pan + pa)
”s :M4P43n(7nui54n/u3+2r4n)—M4F3nﬂ43n(7nﬂ454n/P4n+1) (A43)
" papazn (Ynp30an ) 113+ 2T 40 ) + 14T 300430 (Y taban /Tan+1)
—T'3n(Ds—D3) _ ,—T3,(Ds—D3)
T = € ¢ : (A44)
xgpeL3n(D1=Ds3) 4 o=T3n(D1=Ds)
 e~Tan(Ds=Ds) _e—mn(m Ds)
ygne 3n -|— e 3n 4 3
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Pasn — 13l'3p, — 032 14l an P w3l — d21p 123, (A46)
" wsTsn + Ss2npalan” 7" psTon + G21npalsn’
1l — d21n 2’2, taYn — Lan
_ pay = I — 4 A4T
pain 1y, + d21n 202y, pin ayn + Lan (A47)
4, — sl -r
pan = Hal 49 — H3L 3n _ H17n 1in (A48)

sy Pln — )

palan + pus3l'sn pin 1 Yn + T'in
—2T'3,(Ds—D3) __ —2T2,(D3—D2) __
_ ¢ P32n Sor — e P21n’ (A49)

53211 - 6_2F3n(D4_D3) +,032n’ 21n 6_2F2n(D3_D2) +p21n
—2T1n(D2—D1) _ —2T3n(D3—D2) -1

i = & S __Psn T2 (A50)
e 2F1n(D2 Dl) +p1n e 2F3n(D4 DS)pSn + 1

o1n = (pan — 1)/ (pan + 1), (A51)

T's,, — 1s3d30,I T3, — 130k, T

Eop = M2l 3n — H3032n 2n7 én _ M2l 3n — H13 §2n 2n’ (A52)
p2l3p + p3d32,2y p2l3n + 13059, lop
72F2n(D37D2) _ 72F2n(D37D2) _ ¢!
(& 2 (&

STt i« O O )
e 2F2n(D3 D2)+§2n e 2F2n(D3 D2)+§2n

S H2T2nl'sn — M3F2n7 . p2l'sn — M3y2nr2n’ (A54)
:u2x2nr3n + M3F2n N2F3n + M3y2nr2n
e~ T2n(D3—D2) _ 6_2F2"(D3_D2)7'2n

Tin =

e T2n(D3—=D2) 4 o=2T2n(Ds=D2) 1, |
e Tan(D3—Da2) _ e*QFQn(DS*D2)7—én

/A
Tln - 67F27L(D37D2) + 672F2n(D37D2)7_én’ (A55)

pil2n — p2&inl'sn r_ alen — 1261, 30
p1lon + po&1n sy’ " gDy + 11281, Tan

(A56)

Win =

Equations (A4)—(A9) with (A10)-(A56) can be used in Section 4 to
solve the Wiener-Hopf equations (53) and (54) to obtain the formal
solution.
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