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Abstract—A geometrical high-frequency approximation method for
solving the propagation of electromagnetic wave through the quartic
Wood lens into an uniaxial crystal is presented in this paper. Caustic
problem of electromagnetic wave is translated into non-caustic problem
by using the hybrid space. The drawback that the solution in the
caustic region cannot be obtained with geometrical optics is overcome
by this method known as Maslov’s method. The high-frequency
approximation solution that is valid around caustic region is obtained
by using this method which combines the simplicity of ray and
generality of the transform method. And the results are compared
with those obtained by Huygens-Kirchhoff’s expression.

1. INTRODUCTION

Geometrical optics (GO) approximations are often the tool of choice
for modelling the propagation of waves through inhomogeneous
media.  Their advantages are numerous: They are faster and
physically more intuitive than fully numerical techniques such as
finite difference method. In large three-dimensional inhomogeneous
problems where fully numerical techniques are computationally very
expensive, geometrical optics approximation may be the suitable
technique. Applications of geometrical optics approximation in wave
propagation include in both acoustics [1] and electrodynamics [2, 3].
Unfortunately, geometrical optics encounters the problem of
caustics, means it produces nonphysical wavefield at caustics.
A number of theoretical techniques have been developed to
circumvent this problem, including Maslov’s theory [4], coherent state
approximations [5], direct use of the caustic classification theorem [6],
and Kirchhoff’s approximation [7]. However, each of these methods has
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its own difficulties. According to Maslov’s method, the field expression
near the caustic can be constructed by using the GO information,
though we must perform the integration in the spectrum domain in
order to predict the field in the space domain.

In Maslov’s method, the ray is expressed in terms of the
six coordinates, i.e., components of wave vector (ps,py,p.) and
space coordinates (z,y,z). The conventional ray expression may
be considered its projection into space coordinates. The expression
in the hybrid coordinates may be transformed into that of space
coordinates through Fourier transform. For a review and application
of the Maslov’s method on different problems, the reader is referred
to Maslov [8], Kravtsov [9-12], Gorman [13,14], Ziolkowski and
Dechamps [15]. Hongo and Ji [16-20], Naqvi and co-workers [21-35].

In present work, field refracted by a Wood lens into uniaxial crystal
is determined analytically by using the Maslov’s method. Results
are compared with obtained using Kirchhoff’s integral. Transmission
of electromagnetic waves through a planner interface separating two
media becomes very complicated when one of the medium is uniaxially
anisotropic. The source of the complication can be mentioned as mode
coupling. Mode coupling takes place because incident plane wave
produces both ordinary and extraordinary transmitted waves. Mode
coupling can be avoided only by choosing special orientations of the
optical axis with respect to the interface normal or the direction of
propagation of the incident plane wave. Study of fields in uniaxial,
isotropic, and anisotropic material has been carried out by various
authors [36-39].

2. HAMILTON’S EQUATION AND SOLUTION

Consider the distribution of permittivity given by the following quartic
expression

€= e[l — b3z + %) + b (2 + 7)) (1a)
It may be noted that constants b and ¢ are related to focal length and
are discussed later. The Hamilton’s equation for the medium described
by equation (1la) is given by

dx dy dz

- — Pz - = ) >, — Pz 1b
at at v at ~ P (1b)
dp. _ _10e dpy _ _10e dp: _ _10e (1)
dt 20z’ at 20y’ dt 20z

It is of interest to determine the solution of Hamilton’s equation in
medium defined by (1a) and value of c is very small in expression for
permittivity.
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Figure 1. Geometry of refraction of field from Wood lens into uniaxial
crystal.

3. DERIVATION OF THE FIELD EXPRESSION FOR
QUARTIC WOOD LENS

Consider the geometry as shown in Figure 1. It contains a quartic
Wood lens placed apart from a uniaxial crystal interface. The crystal
has been assumed to be LiNbO3 with 4 = 1, ¢ = 0, and n° = 2.300
and n® = 2.208, and its optical axis has been assumed to be in the
z direction. Front face of Wood lens is placed at z = 0 while rear
face is placed at z = L. The thickness of the lens is L. Uniaxial
crystal occupies half space z > zg. It is assumed that uniaxial crystal
occupying the half space z > zp has principle permittivities (€, €®),
permeability ps. Region L < z < zp has constitutive parameters
(61,M1)-

Electromagnetic plane wave polarized in x-direction and propagat-
ing in z-direction, is incident on a Wood lens. After passing through the
Wood lens, ray is refracted through plane interface of uniaxial crystal.
We may write approximate solution for Hamiltons equations as

= {[(1+ g)costp — gcos 3y

y = n[(1 + g) cosyp — g cos 3]

z=pet (1d)
pr = —PE[(1+ g)sinty — 3gsin 31)]
py = —0On[(1 + g)siny — 3gsin 3y,

p. = \/€ — D2 —p2
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= \/ec (1 —02r2Fy + cbr§[(1 + g) cos i — g cos 3h]4)
where
Fi = [(1+g)cosy — gcos3)* + [(1 + g) sintp — 3gsin 3¢)]?

In above equation p, has been assumed in the form

D, = \/ec (1 =023 + Vrg) (2a)

where 72,2
B = ecb, QZC 4T0, b =M, ¢ =kc

and ¢ is perturbation parameter, the parameters A and k are
determined so that (1b) and (1c) give better solution. The Cartesian
coordinates of refraction point at the rear face (&1,m1,(1) and
components of associated wave vector are given by

&1 = &[(1+ g)cosyp — gcos 3]
m = n[(1+g) cosp — gcos 3y
G =1L, P = Bty

t1 is the arc length of the ray for region occupying the Wood lens and
ro = v/&%2 + n?. In equation (1d), (£, n,{) are the Cartesian coordinates
of refraction point of the front face of the Wood lens. Wave refracted
by the Wood lens hits uniaxial crystal interface. The electromagnetic
field that is incident on the plane interface is TM field. Due to this
incidence, TE as ordinary wave and TM as extraordinary wave are
excited inside uniaxial crystal half space. There is no coupling between
TE and TM waves [36]. Ray vector of the refracted wave into uniaxial
crystal may be obtained as [36-39]

P = %1y + nopy1iy + plis (2b)
where n° is ordinary refractive index of crystal and z component may
be written as

p; = A1+ VB
4 - X sin 6 cos 0(cos ¢pn'py1 + sin qbnopyl)
v 1+ xcos?6
2
PP+ ) — (0202 + %) A2
1+ xcos?0 X cos? 6

B =
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where x is measure of the anisotropy in the uniaxial crystal and is
given by

)
X=p0)2 !
ﬁz%(ﬁm)

The coordinates of the ray at the front face of the uniaxial crystal are
given by

& = &1 + paite, N = N1 + pyite
G2 = 1+ pato, Dol = Pz0s (2c)
Pyl = Pyo, pe1 = \/1 =3 — iy
_ @G

where ty o signifies the arc length of the ray after passing through

the uniaxial crystal. The coordinates of the cartesian and Ray vector
may be given as

r = §1 + pz1te + nopxlt
y = m + pyita + n'pyut
z = Cl + p21t2 +pzet

where ty = % > 0 is the distance between the point P(&1,m1,(1)

on the rear face of the Wood lens and the point Q(&2,72,(2) on the
front face of the uniaxial crystal and t signifies the arc length of the
ray after refraction into the uniaxial crystal. The GO solution is given

by [9-11] 1
u(x,y, z) = [J(£)]"2 exp[—jk(¥p +1)] (3)

In the above equation,yy, is the phase difference between front and rear
faces of the Wood lens and can be calculated see Appendix A and

U v
Jt)= —t*+ —t+1
)=t +
For detailed jacobian calculations see Appendix B. Geometrical optics
field contains singularity at the focal point. Our interest is to find the
uniform field expression valid in focal region using Maslov’s method.
The uniform expression which is valid in the focal region is given by
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[9,16-18]

S Lo e

X exp [—Jk\llz(pxl,pyl, 2)} dpz1dpy: (4)

T'(rp) is the initial value at the rear face of the Wood lens. Phase
Uy (pa1, Py1, 2) has been determined in appendix C and the results are

Wo(par, py1,2) = W + Brg[(1 + g) cos by — g cos 3¢1]
X[(1+ g) sinyy — 3gsin 3¢]
+/{1- 273 [(1+29) sin® 1 — G sin v sin 31 ]} — 1)
—0rro[(1+g) siny1 —3gsin 3¢1] cos(§— o)+ (2 — C2)ps
(5)

Quantities in square bracket of equation (4) are

8<px1,py17 Z)
(& m,t)

L
+ cos 1y sin 1)y %r% [19’26C — QECc'b"lr(ﬂ
Pzo

= /52102{ {(1 + 2g) sin® 9); — 6gsin 31, sin wl}

56121’
49 [2 cos 1y sinthy — 3sin 3¢y cos b — 9 cos 31y sin )] ——e—1d
zO

D(0) = pi{[(l + 29) cos? ) — 2g cos 1) cos 31)1]

L
— sin 1)1 cos ﬂT (eeb’2 — 2ecc'b’4r8)r(2)
20
ﬁﬂ'QL
—g[2sin ey cos ¢y — sinehy cos 3Py — 3cos Py sin 3¢ | —5— p o (6)
20

Conversion of(pz1, py1) into (1o, d) yields as
dpz1dpy1 = ﬁ2{ [(1 + 29) sin? 11 — 6¢sin 31y sin wl}

L

+ cos 1y sin Y %r% {6'266 — 2ecc'b'4r(2)]
P>

+g[2 costpy sine); — 3sin 311 coshy — 9 cos 31y sin |

/2
ﬂﬂ —f }rodrodé (7)
sz
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T(ro) and other related parameters are given by

2
T(ro) = YTy, T =
1+ \/ec — B2r¢ + 202

2\/€c — 32r cos? by + ¢32b2rg cos? by cos b;o

T =
cos B9 + \/éc — B2r¢ cos? 1 + c2b2r§ cos? by cos b
1 \/pszco + pgzjo _1 Bro[(1 + g) sintyy — 3gsin 31|
f;o = tan™ ——— = tan ,
D=0 \/ec(l —V2rd + V)
by — tan— Brol(1 + g)sin — 3gsin 3]
\/1 — 32r3[(1 + g) sin)y — 3gsin 31p]?
L
t =

\/ec(l —V2rE + V)

and 0;2 and ;9 are angles of the incidence and the refraction of the ray
at the rear face of the Wood lens. The direction of the optical axis in
the uniaxial crystal along the unit vector § is given by

5 = sin 0 cos @iy + sin 0 sin ¢i, + cos 0,

The transmission coefficients may be obtained [36, 37] by

Tee = 2ﬂp2pxlpz1
111 (p0)?p1 A — pp? B!
where
A" = cosOp,y1 — sin(0 + ¢)p
And

B =sin(0 + ¢)(p°)? — sin(0 + ¢)pz1 — pEp>, cos b

Substituting equations (5)—(8) into equation (4) we get

u(r) = % /Oa T(ro) [FE]% exp [—jk;lllg(pxl,pyl, z)}rodro (8)

where a is radius of lens and
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r = [(1 +2¢) sin? ¢y — 6gsin 3¢ sinwl}

L
+ cos 1 sin i %r% {6’260 — 2606/1)/4?”%}
p

20
. : . BA”L
+g[2 costh sin ey — 3sin 311 coshp — 9 cos 31q sin ¢y pTTO
20

[1]
|

= ﬂz{ [(1 + 2g) sin? 1 — 6¢sin 3¢y sinz/;l]

L
+ cos 1)1 sin %r% {baeC — 2ecc/b'4r(2)}
Pzo

. . . BB°L ,
+9g[2 cos 9 sintpy — 3sin 3ehy cos 1 — 9 cos 3¢y sintpy | —5—1p
Pzo

4. COMPARISON TO THE HUYGENS-KIRCHHOFF’S
EXPRESSION

To verify the validity of the uniform expression which is valid near the
caustic, we compare the numerical results with those computed from
the Huygens-Kirchhoff’s radiation integral given by
—kp3 exp|—jkR
utr) = 22 [ [ 035060 m, ) I s 505 (9

where ¢ is the field distribution at the front face of the uniaxial crystal
and cos+y is the angle behind the lens.

R=\(z-&2+@y—m?+(—G)
= pa1(® — &) +py1(y — m2) +pi(z — ()
= —pz1&a — pyim + Prro[(1 + g) sinyy — 3gsin 3y ]
x cos(d — @) + pi(z — C2)

o — \}Eexp[—jk‘(%JFt?)]

fumy

Substituting these values into equation (9) integrating with respect to
angular coordinates we get result
—k (e TWT>TEC
u(r) = — / 172 =
2r Jo RVE
exp[—7k(Po+(C2—C1)pa1+(2 — Q)ps — pe1&a — pyime]rodro
(10)

Jo(kBrro[(1 + g) sintyy — 3gsin 31)1])
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Figure 2. Comparison field Intensity at focal point of Wood lens Into
uniaxial crystal by Maslov’s method and Kirchhof’s approximation.

5. RESULTS AND DISCUSSION

Field patterns around the caustic of an Wood lens are determined using
equation (8) and (10). These integrals have been solved using Gauss
Quadrature method numerically. Present discussion is extension of our
previous work accepted for publication in Central European Journal
of Physics [27]. Figure 2 deals with the field patterns, computed
by Maslov’s method and Huygens-Kirchhoff’s integral along z-axis,
around the caustic region. It is assumed that kL = 1.8, ¢, = 2.25,
B =0.2,c=0.1and # = 0° The diameter of wood lens is kD = 3.6.
The results are in good agreement. It is difficult to determine which
method provides more precise solution, but each method give a similar
order of accuracy. Figure 3 shows comparison of two situations, one
deals with isotropic medium and other deals with uniaxial crystal with
optical axis making angles at § = 0°. The results in this Figure 3 show
that the maximum intensities are indeed the same, as expected, but
the focus in the crystal is shifted towards the interface compared to
the focus in the isotropic medium. The crystal can be replaced by an
isotropic medium by putting n® = n°® = 1. Figure 4 show comparison
of field distribution by optical axis along x-axis and z-axis

Figure 5 and Figure 6 show comparison of field distribution at
different orientation of optical axis, that is, at 8 = 0°, 8 = 15°, 8 = 30°,
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Figure 3. Comparison of Field distribution at focal point of Wood
lens with isotropic medium and into uniaxial crystal.
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axis along z-axis and z-axis.
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Figure 5. Comparison of field distribution of wood lens into uniaxial
crystal at different orientations of optical axis.
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Figure 6. Comparison of field distribution of wood lens into uniaxial
crystal at different orientations of optical axis.
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Figure 7. Variation of field intensity of Wood lens into uniaxial crystal
with orientation of different angle.

f = 45° and 0 = 45°, 0 = 60°, 0 = 75°, # = 90°. Figure 7 shows
variation of field intensity at different orientation of optical axis that
isat # =0° 6 =15° 6 =45° 6 = 60°, and 8 = 90°. It is shown that
the focal area for a negative uniaxial crystal is displaced in the z and
z directions as the angle 6 is increased from 6 = 0°. If we continue to
increase the angle 0, we will obtain a maximum displacement of the
focal area when 6 = 45° If the angle fis monotonically increased above
0 = 45°, then the displacement of the focal area will be monotonically
reduced until the displacement in the z direction vanishes when 6
approaches # = 90°.

Throughout the discussion, for uniaxial crystal case, we have
used LiNbOs, which has ordinary refractive index of n® = 2.208 and
extraordinary refractive index of n® = 2.300. The distance between the
rear face of the Wood lens and front face of uniaxial crystal kd; = 7
from the plane uniaxial interface.

APPENDIX A.

t1
Ul = / €c [1 — 02 (2® 4+ y?) + b (2 + yz)ﬂ dt
0

= /tl €c [1 —b*r3[(1 4 g) cos 1) — g cos 3¢]?
0
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4,2 4
+ b rg[(1 + g) cos ) — g cos 3Y] } dt

= /t1 €c {1 — b%r3[(1 4 2g) cos® ¥ — 2g cos 31) cos ]
0

+ ebrE[(1 + 2g) cos? 1 — 2g cos 31 cos 1)) }
t1
= / €c [1 — b1 cos? w} dt — 2e.gb°rd / [cos® ) — cos 31 cos ) dt
0 0
t1
+e.cbird / [(1 4 2g) cos® 1) — 2g cos 31 cos 1] 2dt
0
t1 t1
= / €c [1 — b*r cos? 14 dt — ecgb2r(2]/ [1 — cos4] dt
0 0

t1
+e.cbird / [(1 4 2g) cos? ) — 2g cos 3¢ cos 1] 2dt
0

sin 4@[)1
= \Ilo + ecgb2r8t1 (1 - 4,3 )
2 1
+eccb4r§t1 (3 + @ sin 2 + @ sin 4¢1>

where Wy is the phase difference between front and rear faces of the

Wood lens.
t1 t1
Uy = / e(t)dt = / €c [1 — b*rg cos? Bt} dt
0 0

2
:ec< szO)t —&smw}l

APPENDIX B. EXPRESSION FOR JACOBIAN

= &1+ parte + npat, y=771+py1t2+n0py175
C +p21t2 +pz
d(z,y, z)
D(t) = ——~
"=, n.1
or 0y 02
0§ 05 0§
Jor 0Oy 0z 9
— |99 gl iview
on 0dn On
or 0y 02
ot ot Ot
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where

- z

0& on o0& on
<3(nopy1) op;  9(n°py1) 3202) .

U — (3(nopx1)3(nopy1) 3(nopy1)3(nopx1)> e

o5 On on 0§
<3(n"px1) op;  O(n°pa1) 3p§)
on  0¢ oc  om )"
o . % api, apyl api apzl a(nopyl)
Vo= pa(-Bn o on T o o 2T oy e !
0 e e e
=1 0(°py), - Opyr O, L 2% Ort Aﬁpz)

e on 2 oan o 2T el e o€
—A0p;  BE§OY Op,  Ope1 Ops Opz1 O(n’pyy
+Dy1 ( lg —

0 e e
L0 0(npe) O OpE | Opm 8pz>

an o oy 0 an > ong  0€)

o ang on 9¢ ' an o¢
+ 2(8(n0py1)t2 8pyl + a(nopml)tQ 8pyl + Aa(nopyl)
on o o on on
Y (n’py1) d(n°py1) oY O(npy1)
Beae —an T o Bugy o )
e (3(n0py1)t2 Opy1 | O(n’per)ts Opy Aa(nopm)
an 0& 3 an on
3_¢3(nopy1) Aa(nopml) _B %a(nopml)
9 n o€ Ton o
—|—(B 8_7/}8(77/01%1) . 8pyl 8(n0px1)t . 8]7;51 8(n0py1)t
"¢ an oc am T oam oc
oY 8(n0py1)
+B§a—77 5 )
o Opy1 oY oY Opy
_ e 2 e Y o e v Y
W o= pZ(A ABnan +A ootz ABg(95 B o ootz
apacl i 8p:z:l 8_’¢ 8pxl 8pyl 2
A 5 12 Bn 5% 02" ok on t2)
e ((B1oY Opy1 Opz1 Opy1 o 0 Opy1 >
_ B2
+pz< 96 an 27 oy o 2T B, g 2
apzl aw 8pzl 8pa:1 8pzl 2
B hCCLI
o€ oy 2o oy

_Bg
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e (3778¢ 6pml apxl 8py1 Bgaiﬁ apyl t2>

o0& On on 8§ on 0¢
0 M 0 z 0 T 0 z
—Apy1 gnl ta + B{py 87? g il — Pyl ggl g L2
oY Op, Op,1 0 o Op,
—Bnpa (;g P 1t Dz1 gnl ggl %_Bnpyl :[7) ggl
Opz1 apzl 2 Op:1 0 Op1
+Dy1 87] 8‘5 t5 Apxl 85 t2+B77pz1 877 65 t
6py1 Op:1 5
— Pyl ——— t
Pz an o¢
By using the relations
Ops1 8¢> Opa1 8%
Pt~ (Brety ), T ——pedst P = €
0 0 0 0
%”1 — s P~ s (B ¥ Aand—jf) py = —ByB
le _ ﬁpfc (b/2 ,b,47“8>f 88%71 ﬁpec (b/2 20’()’47’(2))77
20 20
szZ\/e_pio_pzo pzl:\/l_pi1_p§1
where
s —x sin 6 cos O(cos ¢pn’py1 + sin ¢npy1)
! 1+ xcos?6 ’
5 O - @ 40 A
te 1+ xcos?6 X cos? 6
and

A=1[14g)costy —gcos3i], B =[(1+ g)sint — 3gsin 3]
Az = [(1 + g) costhy — 9g cos 3¢1]
ops 8A1 1 0By

oc ~ " oe Taym o
6p§ . 8A1 1 0B 1
on 2\/ 1 On

Jacobian of coordinates transformation may be derived as

J(t) = %:%t%r%wﬂ
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APPENDIX C. DERIVATION OF THE PHASE

Ua(pe1, Py1, 2)
= Uhttot+t—pa12(Pa1, Py1s t) —Py1y (P21, Py1, t) +Pr12+py1y
= Ugtta+t—pe1(E2+n°pait) —pyr (N2 +1°py1t) + Pz +py1y
= Ug + by +t — pa1(&1 + parta + n°part)
—py1 (M + pyita + n°pyit) + Pr1x + Py
= U4+ (G2 — C)pa1 + par(@ — &) + o1 (y +m) + (2 — C2)pt
= W)+ Fré[(14g) coshr —g cos 3v1][(1+g) sin 1)y — 3g sin 3¢

/(1= B23[(1 + 2g) sin® 1 — 6g sin ¢y sin 3un]HGa — 1)
—Brro[(1 4 g) sint; — 3gsin 3] cos(d — @) + (z — (2)ps

where

£ = ro[(1+ g) costpr — gcos 31| cosé
n = ro[(1+ g) cos 1 — gcos 3¢p1]sind

pz1 = —Pro[(1+ g)sinyy — 3gsin 3] cosd
py1 = —Prol(1 + g)sinyy — 3gsin 3¢ sind
T = rcoso
y = rsing
have been used.
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