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Abstract—We investigate the dispersion properties of both TE and
TM surface polariton modes formed at the surfaces of a bilayer
composed of a single-negative materials. The dispersion curves of
surface polaritons modes is found to consist of two branches, and it
is shown that TE and TM surface polaritons may have a simultaneous
mode. The characteristics of TE and TM surface polaritons modes
(the frequency, localization position, . . . ) are shown to depend on
the relative thicknesses of two single-negative layers of the bilayer.
We find that the TE and TM surface polariton modes propagate in
the same directions along the interfaces of the bilayer in the most
cases. Nevertheless, the TE and TM surface polariton modes may
have opposite directions of propagation for appropriate thicknesses of
two single-negative layers. This can be interesting especially in the
case of simultaneous TE and TM surface polariton mode, for which
the structure acts as a polarizing beam splitter.

1. INTRODUCTION

Double negative (DNG) materials with simultaneously negative
permittivity and negative permeability have attracted a great deal
of attention for their unique properties and useful applications [1–9].
This dates back to 1960s when Veselago first introduced the concept
of left-handed material (LHM) with simultaneously negative ε and µ
and anticipated their unique electromagnetic properties in theory [10].
Shelby et al. [11], inspired by the work Pendry et al. [12, 13], proposed
the first DNG medium by combining periodic arrays of split ring

Corresponding author: S. R. Entezar (s-roshan@tabrizu.ac.ir).



180 Roshan Entezar

resonators (SRRs) and wire strips and experimentally verified the
phenomenon of the negative refraction. Due to the remarkable features
of DNG materials, many potential applications have been proposed
and studied by many research groups [14–18]. Most of the work
reported recently has been focused on the DNG media. However,
material in which only one of the two parameters ε and µ has the
negative real part, not both, may also possess interesting properties
(see e.g., [19–22]). These so-called single-negative (SNG) materials
support evanescent wave in order to maintain positive definite energy
density. Because ε and µ are frequency dependent, only within a
certain frequency range we have epsilon-negative (ENG) media (ε < 0
and µ > 0) or mu-negative (MNG) materials (ε > 0 and µ < 0),
which is called the SNG frequency range. Suitably coupled SNG
media may offer exciting possibilities in the design of future devices
and components, and since only one of their parameters needs to be
negative in a given frequency range, it is conceivable that they may
conceptually be constructed more easily than DNG media, for which
both parameters should possess negative real parts in a given band of
frequencies. With the aim to further clarify the interesting properties
of SNG, in this paper, the surface polariton modes (SPM) that exist
near the boundary of a bilayer composed of MNG-ENG layers have
been investigated. These SPMs are those electromagnetic normal
modes of the bilayer, which have an evanescent behavior both inside
and outside the bilayer and propagate along the interface. Having, in
linear case, the field maximum on the interface, the SPMs are a very
sensitive and convenient tool for studying of the physical properties
of the surfaces. Thus the investigations of SPMs are important from
both scientific point of view and practical one [23–25]. In papers [26–
29], the SPMs propagating along the interface between vacuum and
metallic magnetic medium with simultaneously negative ε and µ were
shown to exist. We have analyzed in detail the SPMs in a pair of
juxtaposed ENG and MNG slabs, showing interesting properties such
as simultaneously TE and TM polarized SPMs with opposite total
energy flow directions. Section 2 introduces the model of the system
under consideration. In Section 3, the properties of SPMs are studied.
Finally, Section 4 concludes with brief comments.

2. THEORETICAL MODEL

We study SPMs dispersion relations for a bilayer of thickness d. The
bilayer is composed of a pair of slabs of thicknesses d1 and d2, one
made of a MNG material and the other of a ENG material inserted in
the region 0 < z < d1 + d2. The media at z < 0 and z < d are uniform
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media of low refractive index, n0 =
√

ε0µ0. The relative permittivity
(ε0) and permeability (µ0) of the uniform medium are assumed to
be frequency independent. Consider the relative permittivity and the
permeability in MNG materials are given by:

ε1 = 3, µ1 = 1− ω2
mp

f2 + ifΓm
(1)

and those in ENG materials are given by

ε2 = 1− ω2
ep

f2 + ifΓe
, µ2 = 1.2 (2)

Here, f is the frequency; ωmp, ωep are the magnetic and electronic
plasma frequencies, respectively. Both Γm and Γe are the dissipation
factor. Note that these kinds of dispersion may be realized in special
microstrips [12, 30, 31]. For instance, loops of conducting wires have
the magnetic plasma properties, and the permeability is described
by the first equation. On the other hand, a metallic microstructure
containing a regular arrays of thin wires is able to behave like a plasma
with the resonant frequency ωep at GHz region. As a consequence, the
dielectric response of such a plasma can be described by the second
equation. The frequency f in the above equations is measured in GHz.
Here we assume ωmp = 10 GHz, ωme = 12 GHz and Γm = Γe = 0.03f .
In this case, the frequency range in which both µ1 and ε2 are negative
extend up to ωmp = 10GHz. For the medium at x < 0 and x > d we
assume ε0 = 1 and µ0 = 1. By choosing a coordinate system in which
the layers have normal vector along OZ, the electric (magnetic) field
of TE-polarized (TM-polarized) SPMs (which is shown by F) will be
parallel to the OY axis. We consider the field in the region z < 0 has
the form

~F (0) = êyAek0zzeikxx (3)

Here, êy is unit vectors in the y direction; k0z =
√

k2
x − k2ε0µ0; kx is

the (constant) x-component of the wavevector; k = ω
c and ω = 2πf .

The field in the region 0 < z < d1 is given by

~F (1) = êy

(
C1e

k1zz + D1e
−k1zz

)
eikxx (4)

where k1z =
√

k2
x − k2ε1µ1 and for the field in the region d1 < z < d

we use
~F (2) = êy

(
C2e

k2zz + D2e
−k2zz

)
eikxx (5)

where k2z =
√

k2
x − k2ε2µ2.
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In the region z > d the field is written in the form

~F (3) = êyBe−k0z(z−d)eikxx (6)

Applying the boundary conditions

F (i) = F (j) (7)

1
αi

dF (i)

dz
=

1
αj

dF (j)

dz
(8)

at the interfaces of the structure yields a system of six homogeneous
equations. Here, i, j = 0, 1, 2 and αi is µi (εi) in the case of the TE-
polarized (TM-polarized) SPM. By solving this system of equations,
we can obtain the dispersion relation for TE-polarized (TM-polarized)
SPMs by numerically solving the following dispersion condition

κ21+tanh(k1zd1)tanh(k2zd2)+κ01tanh(k2zd2)+κ02tanh(k1zd1)
1+κ21 tanh(k1zd1)tanh(k2zd2)+κ02tanh(k2zd2)+κ01tanh(k1zd1)

=κ01

(9)
where κij = kiz

kjz

αj

αi
. For the SPMs the field amplitudes decay in an

exponential fashion as one moves away from the interfaces. Therefore,
we assume kx > kn0 in what follow.

3. RESULTS AND DISCUSSION

In order to discuss the dispersion properties of the SPMs we
numerically solved Eq. (9) and plotted the dispersion curves of the TE
and TM polarized SPMs as a function of β = kx = k in Fig. 1. Here,
three different cases are considered for the thicknesses of the MNG and
the ENG layers of the bilayer with thickness d = d1 + d2 = 1

2
c

ωmp
.

As one can see from Fig. 1, the dispersion curves of TE-polarized
(solid lines) and TM-polarized (dashed lines) SPMs consist of two
branches. Depending on the relative thicknesses of the MNG (d1

d )
and the ENG (d2

d ) layers of the bilayer, the TE- and the TM-polarized
SPM dispersion curves of the upper or lower branch may intersect with
each other. For these modes, the structure can support both TE- and
TM-polarized SPMs simultaneously. In other words, for these modes
we can have unpolarized surface polaritons. As mentioned earlier, the
frequency of simultaneous TE- and TM-polarized SPMs depends on
the relative thicknesses of the MNG and the ENG layers of the bilayer.
To indicate this, in Fig. 2, the dispersion curves of TE- (solid lines)
and TM-polarized (dotted lines) SPMs are plotted as a function of
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d2/d (the thickness of ENG layer to the width of the bilayer) for two
different β. As one can see from Fig. 2, the structure can support
simultaneous TE- and TM-polarized SPMs for appropriate choice of
the parameters d1, d2 and β.
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Figure 1. Dispersion property of TE (solid lines) and TM (dashed
lines) polarized SPMs as a function of β for the cases of (a) d1 = 1

3d,
d2 = 2

3d, (b) d1 = d2 = 1
2d and (c) d1 = 2

3d, d2 = 1
3d. Here, d = 1

2
c

ωmp
.

The existence of two branches for either polarization of SPMs in
the bilayer structure can be explained using perturbation theory [32].
According to this theory, the bilayer structure with layers of different
refractive indices and thicknesses can be considered as a system of two
interacting waveguides. The number of eigenvalues of the interacting
waveguides is equal to the number of waveguides. The interaction
strength between the waveguides depends on the separation between
the waveguides. When the separation is infinite, there is no interaction,
and the waveguides can be considered as independent of each other
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Figure 2. The dispersion curves of TE (solid lines) and TM (dotted
lines) polarized SPMs as a function of d2/d for (a) β = 1.81 and (b)
β = 2.22. Here d1 = d− d2.

with two independent eigenvalues. As the waveguides are brought
together, the interaction between the waveguides causes the eigenvalues
to be dependent. Since the electromagnetic fields have evanescent
nature in the SNG materials, these two modes are localized near the
interfaces of bilayer structure. Due to this evanescent nature, they
will not interact directly with an incoming plane waves. So, they
can be excited by the total internal reflection (ATR) method. The
so-called Otto configuration [33] (prism-air gap-dielectric) is used to
study the excitation of SPMs, replacing a dielectric or a metal by a
bilayer composed of MNG and ENG materials (see Fig. 1) [34–36].
In the present paper, the spectral reflectivity is studied to obtain the
dispersion relation of the SPMs using ATR method. This method is
a powerful technique for the study of non-radiative surface excitations
in thin films or surfaces [37, 38]. For a given frequency, non-radiative
surface waves have a wave vector parallel to the surface that is larger
than any of the corresponding wave vectors at both media forming the
surface. In order to coupling light with the surface modes, we need a
way to increase the wave vector of the light incident at the interface.
That is the purpose of the ATR setup. It is obtained by using a
prism joined to the system as illustrated in Fig. 3(a). The radiation is
incident from the left hand side, at an angle of incidence θ, in a medium
(usually a prism) having relative permittivity and permeability έ and
µ́. A film of thickness da and relative permittivity and permeability ε0

and µ0 acts as a spacer between the prism and the bilayer. If the angle
of incidence is such that β =

√
έµ́ sin(θ) >

√
ε0µ0, the electromagnetic

field will penetrate the gap as an evanescent wave, which can interact
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Figure 3. (a) Geometry of ATR experiment. The calculated ATR
spectrum of TE (solid line) and TM (dashed line) polarizations for (b)
d1 = 1

3d, d2 = 2
3d, β = 1.79 and (c) d1 = d2 = 1

2d, β = 1.42.

with the evanescent SPMs. The TE and TM polarized ATR spectrums
for the bilayer with d1 = d2 = 1

2d and given β are shown in Figs. 3(b),
(c). Two dips in each ATR spectrums are due to two SPMs for
each polarization. Here, points (1, 2, 3, 4) and (5, 6, 7, 8) correspond
to the modes in Figs. 1(a), (b), respectively. As one can see from
Fig. 3(b), both TE and TM polarized ATR spectrums have a dip at
the same frequency and β (points 1, 2). So, for the given parameters,
the structure can support TE and TM polarized SPMs, simultaneously.

As mentioned above, two dips in the ATR spectrum of each
polarization correspond to two SPMs. Our investigations show that
the transverse structures of these modes are different. To show this,
the transverse structure and the intensity distribution of the TE- and
TM-polarized SPMs are plotted in Figs. 4, 5, to the points 1, 2, 3, 4 in
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Figure 4. The transverse profile of (a) the TE polarized SPMs and (b)
TM polarized SPMs vs coordinate z. Here, the modes are correspond
to the points 1 (the thin solid line), 2 (the thin dashed line), 3 (the
thick dashed line) and 4 (thick solid line) in Fig. 1(b), respectively.
The other parameters are d1 = d2 = 1

2d and β = 2.22.

(a) (b) (c) (d)

Figure 5. The intensity distribution of the TE and TM polarized
SPMs correspond to the points (a) 1, (b) 2, (c) 3 and (d) 4 in Fig. 1(b),
respectively. Here d1 = d2 = 1

2d and β = 2.22.

Fig. 1(b). As one can see from Fig. 4, TE (TM) polarized SPMs from
the upper or the lower branches of the dispersion curves have different
transverse structures. Fig. 5 indicates that the peak intensity of the TE
(TM) polarized SPMs is at the left surface of the MNG (ENG) layer
and/or right surface of the MNG (ENG) layer. Our investigations show
that the peak intensity can be switched from one surface of the MNG
(ENG) layer to the other surface by tuning the parameter β. For the
peak intensity between MNG and ENG layers, the bilayer acts as a
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waveguide. In order to reveal the guidance ability of the bilayer, the
integrated energy density over the width of the bilayer (UBilayer) to
the total energy density (UTotal) for SPMs is plotted as a function of
β in Fig. 6. Here, the modes correspond to those in Fig. 1(b). The
total energy density associated with the whole mode is determined by
an integration over z coordinate as

UTotal =
∫ ∞

−∞
Udz (10)

with U = 1
16π (ε|E|2 + µ|H|2).

As one can see from Fig. 6, for β > 1.5 the modes from the upper
(lower) branch of the TE (TM) polarized SPMs are more localized at
the bilayer. This shows that the bilayer structure composed of MNG
and ENG layers has the ability to guide TE and TM polarized SPMs.
Our investigations show that the energy flow velocity of SPMs can be
positive or negative depending on the relative thicknesses of the MNG
and ENG layers. To show this, in Fig. 7, the energy flow velocity of
the SPMs is plotted as a function of β for two different cases of a)
d1 = 1

3d, d2 = 2
3d and b) d1 = d2 = 1

2d. Here, the points 1, 2, 3 and
4 are correspond to those in Figs. 1(a), (b). It is well known that the
energy flow velocity vE relates total energy flow STotal to the total
energy density as vE = STotal

UTotal
. The corresponding total energy flow

associated with the whole mode is determined by an integration over
z coordinate as

STotal =
∫ ∞

−∞
Sdz (11)

where S = c
8πRe[E ×H∗].

As one can see from Fig. 7(a), the energy flow velocities vE of
all TE and TM polarized SPMs are positive for the case d1 = 1

3d,
d2 = 2

3d. In other words, all SPMs are forward modes for this
choice of the parameters. So, for the modes corresponding to points
(1, 2) in Fig. 1(a), the bilayer can support unpolarized SPMs. On
the other hand, Fig. 7(b) shows that some TM polarized modes
have negative energy flow velocities. Accordingly, the bilayer can
support both forward and backward SPMs for the case of d1 = d2 =
1
2d. It is interesting to note that the directions of the energy flow
velocities are opposite for the simultaneous TE and TM polarized
SPMs corresponding to the points (1, 2) in Fig. 1(b). So, the bilayer can
be used as a polarizing beam splitter for this choice of the parameters.
In this case, the TE polarized SPM propagates in the forward direction,
and the TM polarized SPM propagates in the backward direction along
the interfaces of the bilayer.
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(dotted lines) polarized SPMs as a function of β for the cases of (a)
d1 = 1

3d, d2 = 2
3d and (b) d1 = d2 = 1

2d.

4. CONCLUSION

We have investigated the dispersion properties of TE and TM polarized
SPMs formed at the surfaces of a bilayer composed of MNG-ENG
layers. In the SNG frequency range, the dispersion curves of both TE
and TM polarized surface polariton modes have two branches. The
modes from these two branches have different transverse structures
with the peak intensity at different interfaces of the bilayer. We
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have shown that the peak intensity of the SPMs can be switched
from one interface of the bilayer to the other interfaces by tuning
the x-component of the wavevector. Moreover, we have revealed
that dispersion curves of TE and TM polarized surface polariton
modes may intersect with each other depending on the thicknesses of
MNG and ENG layers of the bilayer. For these modes the bilayer
structure can support simultaneous TE and TM polarized surface
polaritons. Depending on the thicknesses of MNG and ENG layers, the
simultaneous TE and TM polarized SPMs may have opposite energy
flow directions along the interfaces of the bilayer. So, in this case the
bilayer can be used as a polarizing beam splitter.
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