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Abstract—In this paper, inhomogeneous planar layers are optimally
designed as reflection wave polarizers in a desired incidence angles
range. First, the electric permittivity function of the structure is
expanded in a truncated Fourier series. Then, the optimum values
of the coefficients of the series are obtained through an optimization
approach. The validation and the performance of the proposed
structure are verified using some examples.

1. INTRODUCTION

Wave polarizers have found some applications in microwave and optical
systems such as free-space optical switching networks, read-write
magneto-optic data storage systems and polarization-based imaging
systems [1–14]. In a wave polarizer only one of two possible modes
(TE or TM) can be appeared in the transmission or reflection
waves. One may classify polarizers into the following types [9, 14]:
dichroic polarizers, anisotropic crystal polarizers, Brewster angle
polarizers, wire-grid polarizers and gyrotropic slab polarizers. The
most straightforward idea to design a wave polarizer is using the
Brewster’s angle to eliminate the TM mode in the reflection wave [8, 9].
However, the Brewster’s polarizers work only at a narrow range of
angles of incidence. On the other hand, Inhomogeneous Planar Layers
(IPLs) are widely used in microwave and antenna engineering [15–19].
In this paper, we propose utilizing IPLs as reflection wave polarizers
in a desired incidence angles range. To optimally design IPLs, their
electric permittivity function is expanded in a truncated Fourier series,
first. Then, the optimum values of the coefficients of the series are
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obtained through an optimization approach. The identical procedure
has been used to optimally design IPLs as Radomes [18] and impedance
matchers between two different mediums [19] previously. Finally, the
usefulness of the proposed structure is verified using some examples.

2. ANALYSIS OF IPLS

In this section, the frequency domain equations of the IPLs are
reviewed. Fig. 1 shows a typical IPL with thickness d, whose left
and right mediums are the free space and whose electric permittivity
function is εr(z). One way to fabricate the IPLs is to place several
thin homogeneous dielectric layers beside each other. It is assumed
that the incidence plane wave propagates obliquely towards positive x
and z direction with an angle of incidence θi and electric filed strength
Ei. Also, two different polarizations are possible, one is the TM and
the other is the TE. We desire to design the introduced polarizer so
that only TE mode is reflected to the input medium, i.e., z < d, and
TM mode can’t be reflected.

The differential equations describing IPLs have non-constant
coefficients and so except for a few special cases no analytical solution
exists for them. There are some methods to analyze the IPLs such
as cascading many short sections [20], Finite Difference [21], Taylor’s
Series Expansion [22], Fourier Series Expansion [23], the Equivalent
Sources Method [24], the Method of Moments [25] and an approximate
closed form solution [26]. Almost in all of these methods, the IPLs
are modeled as a nonuniform transmission line with the following

Figure 1. A typical IPL as a reflection wave polarizer.
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characteristic impedance and propagation coefficient

Zc(z) =





η0√
εr(z)− sin2(θi)

, TE

η0

εr(z)

√
εr(z)− sin2(θi), TM

(1)

β =
2π

λt
=

ω

c

√
εr(z)− sin2(θi) (2)

where c is the velocity of the light, λt is the transverse wavelength and
η0 is the wave impedance in the free space. After finding the ABCD
parameters of the equivalent nonuniform transmission lines [20–26],
the input reflection coefficient will be determined as follows

Γ =
(A− η0tC) η0t + (B − η0tD)
(A + η0tC) η0t + (B + η0tD)

(3)

where

η0t =





η0

cos(θi)
, TE

η0 cos(θi), TM
(4)

is the transverse impedance of the free space.
It is well known that a high performance reflection polarizer has

to operate over a wide range of incidence angles, the extinction ratio
of the unwanted to the desired polarized wave in reflection is small
and the reflectance for the desired polarization is high. Hence to show
the performance of a polarizer, we define the extinction ratio RΓ as
the ratio of reflection coefficient of TM mode to that of TE mode, as
follows

RΓ
∆=

ΓTM

ΓTE
(5)

It is evident that as R approaches zero the performance of the polarizer
becomes better. Moreover, a good polarizer should have TE reflection
coefficient |ΓTE| as higher as possible.

3. SYNTHESIS OF POLARIZERS

In this section, a general method is proposed to optimally design the
IPLs as polarizers. First, we consider the following truncated Fourier
series expansion for the electric permittivity function

ln (εr(z)− 1) =
N∑

n=0

Cn cos(πnz/d) (6)
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To enforce the designed polarizers to be symmetric, we have to use
the following truncated Fourier series instead of (6) for the electric
permittivity function.

ln (εr(z)− 1) =
N∑

n=0

C ′
n cos(2πnz/d) (7)

An optimum designed polarizer has to have a parameter RΓ defined
in (5) as small as possible in a desired incidence angle range, while
the amplitude of the reflected TE mode is being constant at that
range. Therefore, the optimum values of the coefficients Cn in (6)
or C ′

n in (7) can be obtained through minimizing the following error
function corresponding to J incidence angles between θi,min and θi,max.

Error =

√√√√ 1
J

J∑
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(8)

The second and third terms in (8) act as variance functions to keep
constant |RΓ| and |ΓTE|, respectively, in desired incidence angles
range. Moreover, defined error function should be restricted by some
constraints such as easy fabrication given by

max {εr(z)} ≤ (εr)max (9)

where (εr)max is the maximum value of εr(z), in the fabrication step.

4. EXAMPLES AND RESULTS

In this section we investigate and validate the capability of IPLs
as wide-angle reflection wave polarizer. First of all, consider a
homogeneous planar layer with permittivity εr = 7.55 as a polarizer
operating at Brewster’s angle θi, = 70◦. Figs. 2 and 3, illustrate the
magnitude of TE and TM reflection coefficients and RΓ versus the
incidence angle for some thickness d. It is seen that the polarizers
with thickness d equal to a quarter of transverse wavelength (λt/4 =
5.81mm for f = 10 GHz) at Brewster’s angle has the best performance,
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i.e., more TE reflection. Importantly, it is seen that Brewster’s
polarizers operate at a very narrow incidence angle range. Now, we
would like to design an IPL as a polarizer for incidence angles between
θi,min = 60◦ and θi,max = 80◦ at frequency 10.0GHz, considering
(εr)max = 10. Using the proposed optimization approach, considering
N = 10 spatial harmonics and J = 10 incidence angles four polarizers
were synthesized assuming their thickness to be d = 5, 10, 20 and

Figure 2. The |ΓTE | and |ΓTM | of homogeneus planar layer for
θi = 70◦.

Figure 3. The |RΓ| of homogeneus planar layer for θi = 70◦.
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25mm. The unknown coefficients of the truncated Fourier series
related to the synthesized polarizers are written in Table 1. Fig. 4
illustrates the obtained electric permittivity function εr(z) and Figs. 5
and 6 illustrate the magnitude of TE and TM reflection coefficients
and RΓ versus the incidence angle. It is observed that the designed
polarizers have a low TM reflection at the incidence angle range of

Figure 4. The electric permittivity function εr(z) of polarizers Nos. 1–
4 for f = 10 GHz, (εr)max = 10 and θi = [60◦, 80◦].

Figure 5. The |ΓTE | and |ΓTM | of polarizers Nos. 1–4 for f = 10GHz,
(εr)max = 10 and θi = [60◦, 80◦].
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θi = [60◦, 80◦]. Also, it is seen that as the thickness of polarizer is
selected higher the magnitude of TE reflection is increased. Fig. 7
illustrates the |ΓTE|, |ΓTM| and |RΓ| of the fifth polarizer versus
the incidence angle considering θi,min = 65◦ and θi,max = 75◦ and
d = 25 mm. Also, Fig. 8 illustrates the |ΓTE|, |ΓTM| and |RΓ| of
the sixth polarizer versus the incidence angle considering θi,min = 40◦

Figure 6. The |RΓ| of polarizers Nos. 1–4 for f = 10 GHz, (εr)max =
10 and θi = [60◦, 80◦].

Figure 7. The |ΓTE |, |ΓTM | and |RΓ| of polarizer No. 5 for f =
10GHz, (εr)max = 10 and θi = [65◦, 75◦].
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and θi,max = 50◦ and d = 50 mm. The obtained electric permittivity
function and the unknown coefficients of the fifth and sixth polarizer
are shown in Fig. 9 and Table 1, respectively. Comparing Figs. 5–8
with each other gives us that as the desired relative incidence angle

Figure 8. The |ΓTE |, |ΓTM | and |RΓ| of polarizer No. 6 for f =
10GHz, (εr)max = 10 and θi = [40◦, 50◦].

Figure 9. The electric permittivity function εr(z) of polarizers Nos. 5
and 6 for f = 10GHz and (εr)max = 10.
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range defined by

wθ = 2
θi,max − θi,min

θi,max + θi,min
(10)

is decreased, the performance of the optimum designed polarizers
is increased. It is an interesting result from Fig. 8 that IPLs can
be designed as polarizers for the incidence angles smaller than 45◦

(a) TM, θ  = 60i

o
(b) TE, θ  = 60i

o

(c) TM, θ  = 70i
o (d) TE, θ  = 70i

o

(e) TM, θ  = 80i
o

(f) TE, θ  = 80i
o

(g) TM, θ  = 20i

o
(h) TE, θ  = 20i

o

Figure 10. The absolute of electric and magnetic fields, respectively
for TE and TM polarized incident wave at f = 10 GHz simulated by
CST software.
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Table 1. The unknown coefficients of the truncated Fourier series of
designed polarizers for f = 10GHz and (εr)max = 10.

C0 C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

θ i  = [60
o
 , 80  ]

o

d = 5 mm
1.8507 0.0393 0.0233 0.1827 0.3856 −0.0736 −0.1329 −0.0869 −0.1186 0.0644 0.0630

d = 10 mm
0.1343 −2.0181 −1.1643 −0.5973 0.0014 −0.7970 −0.8416 −1.1245 −0.8847 −0.7573 −0.3421

d = 20 mm

1.5946 −0.0601 −0.0532 −0.1171 −0.2960 0.1169 0.0535 0.0505 0.2848 −0.0047 0.0193

d = 25 mm
−0.2138 −1.9839 −1.6099 −0.3694 −0.4457 −0.8304 −0.3940 −0.5373 0.0367 −0.0525 0.1681

d = 25 mm

1.1038 0.3199 −0.2037 0.5110 −0.3513 −0.5141 0.1022 −0.0151 0.1746 0.1245 −0.1092

d = 50 mm

−0.0713 −0.1339 −0.0598 −0.4712 −0.2562 0.4220 0.0738 0.0795 0.0561 0.0647 0.3503

No. 1:

No. 2:

No. 3:

No. 4:

No. 5:

No. 6:

θ i  = [60
o
 , 80  ]

o

θ i  = [60
o
 , 80  ]

o

θ i  = [60
o
 , 80  ]

o

θ i  = [65
o
 , 75  ]

o

θ i  = [40
o
 , 50  ]

o

(despite low reflectivity of TE polarization), which it is not possible
for Brewster’s polarizers.

To validate the results, the performance of the designed polarizer
No. 3 is simulated by full wave simulator CST software. Fig. 10
illustrate the absolute of electric and magnetic fields for TE and TM
polarized incident wave, respectively, considering f = 10 GHz and
θi = 20◦, 60◦, 70◦ and 80◦. It is seen the reflection of TM wave is
nearly equal to that of TE wave at θi = 20◦, while the reflection of TM
wave is very weaker than that of TE wave at θi = 60◦, 70◦ and 80◦.
Therefore, Fig. 10 is in agreement with Fig. 5 assuming d = 20 mm.

5. CONCLUSION

Inhomogeneous Planar Layers (IPLs) were optimally designed as
reflection wave polarizers in a desired incidence angles range. First,
the electric permittivity function of the structure is expanded in a
truncated Fourier series. Then, the optimum values of the coefficients
of the series are obtained through an optimization approach. The
validation and the performance of the proposed structure were verified
using some examples. It was observed that the designed polarizers
have a good performance in the desired incidence angle range. Also,
as the thickness of the polarizer is chosen larger or its desired relative
incidence angle range is decreased, whose performance is increased.
The proposed method can be extended for IPLs, whose magnetic
permeability is inhomogeneous solely or along with their electric
permittivity. Also, we can consider IPLs for spherical wavefronts
instead of planar ones in the future.
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