
Progress In Electromagnetics Research, PIER 99, 163–178, 2009

EXOTIC CHARACTERISTICS OF POWER PROPAGA-
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Abstract—The novel characteristics of power propagation of guided
modes in the chiral nihility fiber have been investigated theoretically.
The formulas of electromagnetic fields in the core and cladding for
guided modes are presented in detail. The dispersion equations, energy
flux and power of guided modes are derived. The numerical results are
given and discussed. Some exotic features of power propagation have
been found in the chiral nihility fiber.

1. INTRODUCTION

During the last decade, much interest has been focused on the negative
index material (NIM, also called left-handed material (LHM) or
double negative (DNG) metamaterial) [1–6]. NIM has many unique
features [7] and fascinating potential applications such as perfect
lens [8], cloaking [9], slow light [10], and novel devices [11, 12]. Various
NIM waveguides, including the slab [13–16], grounded slab [17–19], and
circular [20–24] waveguides filled with NIMs in the core or cladding,
have been investigated intensively. Many novel characteristics of
electromagnetic waves in NIM waveguides were found. For example,
surface mode, mode double or three degeneracy, and sign-varying
energy flux [14], slow wave propagation, even ‘trapped rainbow’
effect [10].

Recently, theoretical and experimental studies have shown that
chiral metamaterials can achieve negative refractive index (NRI)
because of its chirality [25–36]. NRI chiral metamaterials can also be
used as a “perfect lens”, but for circularly polarized waves [29, 30].
The unusual characteristics of guided and surface modes in chiral
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negative refraction slab [37, 38], grounded slab [39] and parallel-
plate waveguides [40] have been investigated theoretically. Chiral
nihility metamaterial is a special case of chiral negative refraction
medium, in which the permittivity and permeability are simultaneously
zero [25, 41]. Waves in the chiral nihility metamaterial waveguides
have also been examined in literature [42–45] and our previous
papers [46, 47]. Although chiral fibers have been investigated during
the last two decades due to their potential applications in optical
communications, optical sensors and integrated optics devices [48–51],
chiral nihility fiber has not been studied yet. In our previous work [52],
we have investigated the effect of chiral parameter on dispersion curves
of guided and surface modes in the chiral nihility fiber. In this paper,
we focus on the characteristics of power propagation of guided modes
in the chiral nihility fiber. We present the formulas of electromagnetic
fields in the core and cladding for guided modes in detail, and then
the dispersion equations, energy flux and power of guided modes are
obtained. Numerical results are given and discussed. Some exotic
features have been found in the chiral nihility fiber.

2. FORMULATIONS

Consider the chiral nihility fiber whose geometry and material
parameters are shown in Fig. 1. The core is isotropic chiral nihility
metamaterial, ε1 = 0, µ1 = 0, κ 6= 0, and the cladding is conventional
dielectric material ε2, µ2. The radius of core is a. The cladding is
assumed to extend infinitely. Here we adopt cylindrical coordinate
system (r, ϕ, z).

The constitutive relations in an isotropic chiral medium for a time-

Figure 1. Geometry and material parameters of the chiral nihility
fiber.
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harmonic field with exp(jωt) are as follows [27]:

D = εE− jκ
√

µ0ε0H, B = µH + jκ
√

µ0ε0E (1)

where µ, ε, κ are the permeability, permittivity and chirality
parameter of the chiral medium, respectively. Chiral nihility
metamaterial is a special case of chiral medium, in which the
permittivity and permeability are simultaneously zero at certain
frequency, i.e., ε = 0, µ = 0, κ 6= 0, and the constitutive relations
reduce to [25]:

D = −jκ
√

µ0ε0H, B = jκ
√

µ0ε0E (2)

In the chiral nihility metamaterial, there exist right-handed (RCP,
+) and left-handed (LCP, −) circularly polarized eigenwaves, whose
wavenumbers are k± = ±κk0.

The electromagnetic fields in the chiral nihility metamaterial can
be decomposed as [27]:

E = E+ + E−, H =
j

η
(E+ −E−) (3)

where η = lim
µ→0,ε→0

√
µ/ε is the wave impedance of the chiral nihility

metamaterial. It has been shown that E± satisfy following equations:

∇×E± = ±k±E± (4)

By separating E± into transversal E±t and longitudinal E±z

components, we obtain

E± = E±t + ẑEz (5)

The relationship between the transversal and longitudinal electromag-
netic field components can be derived from Equation (4):

E±t =
1

κ2k2
0 − β2

[−jβ∇tE±z − κk0ẑ×∇tE±z] (6)

where ∇t = ∇−ẑ ∂
∂z , z dependence is known as exp(−jβz) and omitted

for simplicity, and β is the longitudinal propagation constant. In the
cylindrical coordinate system (r, ϕ, z), the transversal electromagnetic
field components can be expressed as:
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From Equation (4), wave equations of E± can be obtained as:(∇2 + k2
±
)
E± = 0 (8)

In the chiral nihility fiber core, the longitudinal components of the
electromagnetic fields E± can be written as:{

E+z1 = AmJm (kr+r) exp(jmϕ)
E−z1 = BmJm (kr−r) exp(jmϕ) (9)

where Am, Bm are constants, Jm(·) is the Bessel function of first
kind, m is a positive and negative integer specifying the azimuthal
field dependence, kr± =

√
k2± − β2 = k0

√
κ2 − (β/k0)2 = kr are the

transverse wavenumbers of RCP and LCP eigenwaves in the core. kr

is a real number for guided mode (β < κk0) and an imaginary number
for surface mode (β > κk0) [52].

Thus, from Equations (3) and (7), in the chiral nihility fiber core,
the electromagnetic fields can be obtained as:




Er1 =(Am+Bm)
[

jmκk0

k2
rr

Jm (krr)− jβ
kr

J ′m (krr)
]
exp(jmϕ)

Hr1 = j
η1

(Am−Bm)
[

jmκk0

k2
rr

Jm (krr)− jβ
kr

J ′m (krr)
]
exp(jmϕ)

(10a)





Eϕ1 =(Am+Bm)
[

βm
k2

rr
Jm (krr)− κk0

kr
J ′m (krr)

]
exp(jmϕ)

Hϕ1 = j
η1

(Am−Bm)
[

βm
k2

rr
Jm (krr)− κk0

kr
J ′m (krr)

]
exp(jmϕ)

(10b)

{
Ez1 = (Am + Bm) Jm (krr) exp(jmϕ)
Hz1 = j

η1
(Am −Bm) Jm (krr) exp(jmϕ) (10c)

where η1 = lim
µ1→0,ε1→0

√
µ1/ε1 is the wave impedance in the core, J ′m(·)

stands for differentiation with respect to argument.
Accordingly, in the cladding, the electromagnetic fields can be

obtained as:



Er2 =
[
(Cm−Dm)−jmk2

τ2
2 r

Km (τ2r)+(Cm+Dm) jβ
τ2

K ′
m (τ2r)

]

exp(jmϕ)
Hr2 = j

η2

[
(Cm+Dm)−jmk2

τ2
2 r

Km (τ2r)+(Cm−Dm) jβ
τ2

K ′
m (τ2r)

]

exp(jmϕ)

(11a)





Eϕ2 =
[
(Cm+Dm)−mβ

τ2
2 r

Km (τ2r)+(Cm−Dm)k2
τ2

K ′
m (τ2r)

]

exp(jmϕ)
Hϕ2 = j

η2

[
(Cm−Dm)−mβ

τ2
2 r

Km (τ2r)+(Cm+Dm)k2
τ2

K ′
m (τ2r)

]

exp(jmϕ)

(11b)

{
Ez2 = (Cm + Dm) Km (τ2r) exp(jmϕ)
Hz2 = j

η2
(Cm −Dm) Km (τ2r) exp(jmϕ) (11c)
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where Cm, Dm are constants, Km(·) is the modified Bessel function
of second kind and K ′

m(·) stands for differentiation with respect to
argument, τ2 = k0

√
(β/k0)2 − n2

2 is the transverse attenuation factor
in the cladding; k2 = ω

√
µ2ε2, η2 =

√
µ2/ε2 are the wavenumber and

wave impedance in the cladding, respectively.
According to four boundary conditions (continuity of the

tangential electromagnetic field components Ez, Eϕ, Hz, Hϕ) at
r = a, the dispersion equations of guided modes can be derived as:

mβ

a

(
1
k2

r

+
1
τ2
2

)
− κk0

kr
Ĵm (kra) = ±k2

τ2
K̂m (τ2a) (12)

where Ĵm(kra) = J ′m(kra)
Jm(kra) , K̂m(τ2a) = K′

m(τ2a)
Km(τ2a) .

Energy flux along the z-axis in the waveguides is defined by

Sz =
1
2
Re(E×H∗) · ẑ =

1
2
Re(ErH

∗
ϕ − EϕH∗

r ) (13)

Energy flux in the core and cladding can be derived from above
formulas:

Sz1 =
|Am|2−|Bm|2

4η1k2
r

[
(κk0+β)2J2

m+1(krr)−(κk0−β)2 J2
m−1(krr)

]
(14a)

Sz2 =
C2

m

4η2τ2
2

[
(β + k2)

2 K2
m+1 (τ2r)− (β − k2)

2 K2
m−1 (τ2r)

]

− D2
m

4η2τ2
2

[
(β − k2)

2 K2
m+1 (τ2r)− (β + k2)

2 K2
m−1 (τ2r)

]
(14b)

Power is the integration of the energy flux:

P1 =
∫ 2π

0

∫ a

0
rSz1drdϕ = 2π

∫ a

0
rSz1dr (15a)

P2 =
∫ 2π

0

∫ ∞

a
rSz2drdϕ = 2π

∫ ∞

a
rSz2dr (15b)

Using the integration formulas of Bessel functions:
∫ a

0
rJ2

n(krr)dr =
a2

2
[
J2

n(kra)− Jn−1(kra)Jn+1(kra)
]
,

∫ ∞

a
rK2

n(τ2r)dr = −a2

2
[
K2

n(τ2a)−Kn−1(τ2a)Kn+1(τ2a)
]
;



168 Dong

We obtain the power in the core and cladding:

P1 =
πa2(|Am|2−|Bm|2)

4η1k2
r

{
(κk0+β)2[J2

m+1(krr)−Jm(krr)Jm+2(krr)]

−(κk0 − β)2[J2
m−1(krr)− Jm(krr)Jm−2(krr)]

}
(16a)

P2 =
πa2Cm

4η2τ2
2

{
(β+k2)2[Km(τ2a)Km+2(τ2a)−K2

m+1(τ2a)]

−(β − k2)2[Km(τ2a)Km−2(τ2a)−K2
m−1(τ2a)]

}

−πa2Dm

4η2τ2
2

{
(β − k2)2[Km(τ2a)Km+2(τ2a)−K2

m+1(τ2a)]

−(β + k2)2[Km(τ2a)Km−2(τ2a)−K2
m−1(τ2a)]

}
(16b)

The normalized power is defined as

P =
P1 + P2

|P1|+ |P2| (17)

3. NUMERICAL RESULTS AND DISCUSSION

We assume the cladding is air (ε2 = ε0, µ2 = µ0), the wave impedance
of the chiral nihility metamaterial η1 = η0, and the chirality parameter
κ = 2.0. We solve the dispersion Equation (12) for minus sign in the
right side of Equation (12). Figs. 2(a) and (b) show the normalized

Figure 2. Lower-order (m = 0, +1, −1) modes in the chiral nihility
fiber with the chirality parameter κ = 2.0 and air cladding. (a)
Normalized propagation constants β/k0. (b) Normalized power P .
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propagation constants β/k0 and their corresponding normalized power
P versus normalized frequency V (V = k0a

√
κ2 − n2

2) for lower-order
(m = 0, +1, −1) modes in the chiral nihility fiber. Here we use
normalized frequency V (not frequency) because the chiral nihility
metamaterial occurs only at certain frequency. For m = 0, surface
mode solution (dashed curve) exist below the normalized frequency
1.332, it connects to guided mode (solid curve) at critical point 1.332,
which is cross point of dotted line (corresponds to effective index of the
chiral nihility fiber core equals to 2) and solid or dashed curves. The
dispersion curve of m = 0 has negative slope, i.e., β/k0 increases with
V decreases from normalized cutoff frequency Vc = 2.405, which is the
first root of J0(Vc) = 0. It is found from computation that the power
in the core and cladding are negative and positive, respectively. Its
normalized power is positive and decreases as V decreases and becomes
almost constant in the surface mode region. It indicates that the power
|P1| in the core is smaller than the power P2 in the cladding. The
normalized propagation constants β/k0 are different for different sign of
m, i.e., m = +1, −1 guided modes have different propagation constants
and different cutoff frequencies. For m = −1, the dispersion curve
is bent, it has negative slope and positive slope. Below normalized
cutoff frequency Vc = 3.832, which is the second root of J1(Vc) = 0,
there are two solution of β/k0 for a fixed frequency. β/k0 increases
as V decreases from 3.832 to lowest limiting frequency or really cutoff
frequency 3.768, and then β/k0 increase as V increases from 3.768. Its
power is positive for lower branch curve and negative for upper branch
curve. For lower branch curve, P decreases to 0 as V decreases from
3.832 to lowest limiting frequency 3.768. For upper branch curve, P
decreases from 0 to −1 as V increases from lowest limiting frequency

Figure 3. Energy flux Sz at V = 1 for m = 0 surface mode.
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 4. Amplitudes of electromagnetic field components at V = 1
for m = 0 surface mode.
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3.768. It is interesting to note that the power P at lowest limiting
frequency 3.768 equals to zero, corresponding to zero group velocity.
It implies that at this point, the waveguide can not propagate energy.
Waves with this feature are of great practical interest for optical
communication and data storage applications [15]. For m = 1, guided
mode exists in the region of between two normalized cutoff frequencies
Vc = 0 and 3.832, which are the first and second roots of J1(Vc) = 0.
Its β/k0 increases firstly and then decreases as V increases. This
abnormal dispersion characteristic has not been found in chiral nihility
planar waveguides [46] and in previous NIM circular waveguides [20–
24]. Its normalized power is also positive. It is very interesting to
note that at some region, its normalized power equals to 1. It means
that the power in the chiral nihility fiber core is also positive. This
phenomenon has been found in NIM circular waveguide [22]. Another
interesting phenomena is intersection of curves of m = 0 and m = 1
guided mode in Fig. 2. It means these modes have same propagation
constant (mode matching or perfect phase matching) at crossing point
V = 1.695. Mode matching can be applied for polarization-intensive,
efficient fiber-to-planar waveguide coupling, and improvement of mode
conversion efficiency [20].

Figures 3 and 4 show the energy flux Sz and the amplitudes of
electromagnetic field components at normalized frequency V = 1 for
m = 0 surface mode. The energy flux Sz in the cladding is positive
and Sz in the core is negative (Fig. 3). It indicates that the energy flux
of surface mode is in opposite directions in the core and cladding. The
total power is always positive so it is a forward wave. These results hold
true for m = 0 guided mode. All electromagnetic field components of
the surface mode are decay exponentially from the interface between

Figure 5. Energy flux Sz at V = 3.8 for m = −1 guided mode.
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the core and cladding (Fig. 4). Transversal electromagnetic fields of
m = 0 guided mode are also similar as in Fig. 4.

Figure 5 shows the energy flux Sz at normalized frequency V = 3.8
for m = −1 guided mode. There are two normalized propagation
constants β/k0 at V = 3.8. Solid and dashed line corresponds to
smaller and larger β/k0. The two curves of the energy flux Sz are
similar. However, their values are different. The energy flux Sz is
negative in the most core region and positive in the cladding. For
smaller propagation constant β/k0 = 1.0359, the absolute power |P1|
in the core is smaller than the power P2 in the cladding, thus the total
power is positive. For larger propagation constant β/k0 = 1.2688, the
absolute power |P1| in the core is larger than the power P2 in the
cladding, thus the total power is negative (see Fig. 2(b)).

Figure 6 shows the energy flux Sz at different normalized frequency
V for m = 1 guided mode. It can be seen from Figs. 3, 5, and
6, the energy flux change sign at the interface between the core
and cladding, which has been known in NIM waveguides, including
slab [14], grounded slab [19], and fiber [20]. However, for m = 1
guided mode, besides the interface, the energy flux Sz also changes
sign in the cladding (air) for smaller V (Figs. 6(a) and (b)) and in the
chiral nihility fiber core for larger V (Figs. 6(d), (e), and (f)). For
V = 0.5, 1.0, the energy flux Sz is positive in the core. However, in the
cladding, Sz is negative near the interface and positive away from the
interface. It is an exotic feature has not been previously found in NIM
waveguides. For V = 1.26, the energy flux Sz are positive in the core
and decreases from maximum at the center to zero at the interface,
and the location of varying-sign energy flux in the cladding shifts to
the interface (Fig. 6(c)). For V = 1.5, 2.5, 3.5, the energy flux Sz are
positive close to center and negative close to the interface in the core,
Sz are all positive and decay rapidly from the interface in the cladding.
This phenomenon that the energy flux changes sign within the NIM
region has been found in Ref. [22].

The power is the integration of energy flux. It is found that the
power both in the core and cladding are positive for V = 0.5, 1.0, 1.26,
1.5, thus the normalized power equals to one. For V = 2.5, 3.5, the
power in the core is negative, however, its absolute value |P1| is smaller
than positive power P2 in the cladding, thus the total power is positive,
the normalized power is less than one (see Fig. 2(b)).

In the above numerical results and discussion, we have assumed
η1 = η0 and κ = 2.0. For different values of η1, it is found that although
the values of energy flux Sz are different, the relationship of Sz in the
core and cladding does not change, and the power P is the same as
those for η1 = η0. For different chirality parameter (κ > 1), the exotic
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(a) V=0.5,
0

/ kβ =1.0667; (b) V=1.0, 
0

/ kβ =1.7585;  

(c) V=1.26,
0

/ kβ =1.6919; (d) V=1.5,  
0

/ kβ =1.5822; 

(e) V=2.5,
0

/ kβ =1.1873; (f) V=3.5, 
0

/ kβ =1.0040. 

Figure 6. Energy flux Sz at different V for m = 1 guided mode.
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power propagation is also found, i.e., for m = 1 mode, the energy flux
Sz is negative near the interface and positive away from the interface
for smaller V , although the surface mode occurs in some region of V
for smaller chirality parameter [52].

In addition, for plus sign in the right side of Equation (12), no
unusual phenomenon of power propagation of guided modes can be
found and the numerical results are not shown in this paper. The
difference between the mode of the positive and the negative sign
in Equation (12) can be understood from the fact that the chiral
nihility behaves as a medium with a single bulk wavenumber k+ = κk0

(conventional material) for positive sign, and it behaves as having
a single bulk wavenumber k− = −κk0 (negative index material) for
negative sign [49].

4. CONCLUSION

The characteristics of power propagation of guided modes in the chiral
nihility fiber which is consists of a chiral nihility metamaterial core with
an achiral cladding have been investigated theoretically. The formulas
of electromagnetic fields in the core and cladding for guided modes are
presented in detail. The dispersion equations, energy flux and power of
guided modes in the chiral nihility fiber are obtained. The numerical
results are given and discussed. There exists m = 1 guided mode in the
region of between two normalized cutoff frequencies Vc = 0 and 3.832.
This abnormal dispersion characteristic has not been found in chiral
nihility planar waveguides and in previous NIM circular waveguides.
For m = 1 guided mode, besides the interface between the core and
cladding, energy flux also changes sign in the cladding for smaller V .
It is an exotic feature which has not been found in NIM waveguides. It
is very interesting to note that the curves of guided mode will intersect
with each other. The results presented here will helpful for potential
applications in novel fiber devices.
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