Progress In Electromagnetics Research B, Vol. 29, 355-392, 2011
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Abstract—Approximate boundary relations on general anisotropic
sheets of arbitrary shape as well as the special case when they
are backed by a perfect electrical conductor are investigated based
on a generalization of the procedure introduced by Idemen in
1993 for uniaxially anisotropic planar sheets to general anisotropic
and arbitrarily shaped surfaces. The ranges of validity of the
approximations in the methodology are also tested numerically for the
impedance boundary condition obtained in the case of a PEC backed
uniaxially anisotropic sheet.

1. INTRODUCTION

Simulation of natural or man-made thin layers by approximate
boundary conditions is one of the most important directions of
research in scattering theory connected with complementing the
associated boundary value problems in antenna engineering, radio
wave propagation and planar microwave technologies. The historical
development and descriptions of a large variety of such conditions
including resistive, conductive, standard impedance, generalized
impedance, and absorbing boundary conditions as well as a systematic
treatment of scattering by canonical bodies simulated by such
conditions has been introduced in 1995 in the monograph [1].

In the present work we study approximate boundary relations
on a closed, arbitrarily shaped thin material surface simulated by
general anisotropic constitutive parameters using an original analytical
approach by combining the distributional tools on a regular surface of
arbitrary shape with the methodology devised by Idemen in [2] for
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uniaxially anisotropic planar sheets. The problem of radiation and
scattering by anisotropic thin sheets has earned much importance in
parallel to their use in microwave technology as substrate layers. One
may refer to [3] and [4] for a historical review and early developments in
that field. In that regard the present work is purely analytical with no
specific area of application addressed and its contribution to literature
can be outlined as follows:

i) The results obtained in [2] for uniaxially anisotropic planar sheets
are generalized for arbitrarily shaped sheets by covering the
influence of geometry (surface curvature) along with boundary
relations tabulated for 8 different sets of tensor constitutive
parameters of practical interest.

ii) The procedure is extended rigorously to cover the most general
results when the sheet has arbitrary constitutive parameters as
well as the case when it is backed by a perfect electrical conductor
(PEC). The availability of impedance boundary relations for
PEC backed sheets are observed for the same 8 sets of tensor
constitutive parameters along with a numerical test of its range of
validity when the sheet is assumed nonmagnetic.

The methodology introduced in [2] and extended in the present work
in simulating thin material surfaces has the following features:

i) The analytical tools are adopted from the powerful theory of
Schwartz-Sobolev distributions and therefore the methodology is
capable of taking into account polarization mechanisms of all
orders inside the material sheet and yields elegant results in a
straightforward manner through general theorems on the orders
of field singularities.

ii) The derived boundary relations apply regardless of the structures,
frequency, polarizations and locations of the sources outside the
material sheet as well as the constitutive parameters of the
medium surrounding the sheet. Without losing generality, in the
present work we assume the surrounding half spaces as simple
media as in [2] while expressing the end results.

iii) The fields inside the material sheet are approximated by a zeroth
order averaging procedure so that one obtains first order boundary
relations including the practically interesting special cases of
impedance, resistive and conductive sheets.

The investigation starts with the description of boundary and
compatibility relations and general theorems on the orders of field
singularities on an arbitrarily shaped material sheet which may support
singular field quantities of arbitrary order. In our simulation we are
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interested with the results for the special case when the field quantities
display singularities of first order as introduced in Sec. 3. In Sec. 4 we
introduce the averaging procedure which relates the field quantities at
an arbitrary point inside the material sheet to their limit values as one
approaches to the surface boundaries. The constitutive relations inside
the anisotorpic sheet help express the free and polarizational sources
inside the material sheet in terms of electrical and magnetic fields.
Through the boundary relations on the upper and lower interfaces
between the material sheet and the adjoining media, we reach at the
boundary relations between the limiting values of the fields as one
approaches on the material sheet from outside. The results for a
uniaxially anisotropic sheet as well as for the case it is backed by a
PEC constitute the simplest special cases and therefore are derived
in the first place in sufficient detail in Secs. 5 and 6, respectively.
In Secs. 7 and 8 we present the end results when the procedure
is extended rigorously for biaxially and general anisotropic sheets,
respectively. Finally, in Sec. 9 we test numerically the ranges of validity
of approximations in the methodology over the scalar impedance
condition obtained in the case of a PEC backed uniaxially anisotropic
sheet.

The analytical tools from the Schwartz-Sobolev theory of
distributions as utilized in the investigation are summarized in
Appendix, which require to be checked in the first place. We also
conform utmost to the notation introduced in [2] where a time
convention exp(—iwt) is assumed and suppressed.

2. GENERAL RESULTS FOR BOUNDARY AND
COMPATIBILITY RELATIONS ON AN ARBITRARY
MATERIAL SHEET

Let us introduce the phasor field equations of arbitrary fixed continuous
material media as

curl E(F) — iwB(F) = 0 (1a)
curl H(7) + iwD(7) = Ja(7) (1b)
divD(7) = py(F) (Le)
divB(F) = 0 (1d)

and the principle of continuity
divJo (7) — iwps(7) = 0, (2)

where the free currents are assumed to comprise conduction currents.
The general constitutive relations read

D) = 2B + PR, B(F) = moH(7) + P (7) (3)
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When (3) are substituted into (1) we get the alternative set of field
equations

curl E(F) — iwpoH (7) = —J%(7) (4a)
curl H(7) + iweo E(F) = Jo(F) + Jo(7) (4D)
eodivE(F) = pp(7) + pp(7) (4c)
podivH(7) = pp(7) (4d)
where four more phasor source quantities
P (F) = —divPm(F),  JpT () = WP ()

derived from the electrical/magnetic polarization density vectors
P () are introduced. Namely,
o p%5(r) = —divﬁe(f') : volume density of fixed electrically polarized
sources in material media.
o pB(T) = —divP™(7) : volume density of fixed magnetically
polarized sources in material media.
. ff;(f’) = —iwP¢(7) :volume density of electrical polarization
current flowing in material media.
. f?(F) = —iwP™(7) :volume density of magnetic polarization
current flowing in material media.

The potential fields are beyond our concern. Now let us consider
a regular closed surface S that supports singularities of arbitrary order
such that in virtue of (A8) all field quantities may be expressed in the
general form

") = {E(7) +) 5 (75)0 ) (S) (6a)

i) = {H0)} + 3 Au(rs)s®(s) (6b)
k=0

b+ 3 Di(Fs)o®(s) (6c)
k=

- fj By(7s) 6 () (6d)

P} + Y Belis)o®(s) (6e)
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Py = { P} + ZPk 5)60(9) (6f)
pr(P) = {ps(M} + Z pi(7s)5M)(9) (68)
Jo () = {Te(®} + ZJ )5 (s (6h)

The surface distribution §* )(S) is described in (A7) and has
MKSA unit [m~*~1]. Therefore the density fields which are regular
point functions on S have the following units

Ek [V-mk} ; ﬁk {A-mk} ; ﬁk,ﬁf [C-mk_l] ;
B?k,ﬁ,in [Wb . mk_z} 5 Pk [C . mk’_ﬂ : Ji [A . mk_l} .
In virtue of the fundamental postulation first introduced in [5]
that the Maxwell equations hold in the sense of Schwartz-Sobolev

distributions and also Theorem A5, one may substitute (6) into (1)-
(3), which yield

D7) =By (7s)+ PE(Fs),  Bil(is)=poHy(7s)+P(Fs), Yk (7)

and an infinite system of equations for Vk. For k = 0, the corresponding
equations

A x [EIf — EN = iwP* — curlgEy + iwpoHy (8a)
7 X [ﬁtn - ﬁtl] = Jo— szO — curlgHy — iwegEy (8b)
D,Il] — D£ = po— dwgPO — eodivs Ep (8c)
BT — Bl — _divg P — podivg Hy (8d)
JH —JL = —divgJy + iwpo (8e)

describe the boundary relations on the material sheet, whereas the
recursive sets for k > 1

A x Ep_1 + curlgEy — iw,uoﬁk = iwﬁ,;”, k>1 (9a)
A x Hyq + curlgﬁk + iweoEy = Jip — iwﬁ,f, k>1 (9b)
- Ep_q1+divgEy = (1/eo) (pk—ﬁ . ]3,5,1 - divsﬁﬁ), kE>1 (9c)
i Hy_y+divgHy, = (1/10) (—fz - dmsﬁ,;”) . k>1 (9d)
A 1 +divgJy —iwpr, =0, k>1 (9¢)
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are called the compatibility relations. Here we assume the surface
S divides the entire space into two regions I and II with its unit
normal n directed into region II. Regarding the notation, the field
quantities in the form A7, A7 in (8) and the rest of the paper denote

the limiting values of a vector A as one approaches on a point on S
from the related regions, while the subscripts ¢ and n indicate the
components of any field quantity tangential and normal to S which
satisfy A = A, + A, = (A x A) x i+ a(f - A). The relations (8), (9)
were first introduced by Idemen in [6, 7] for the special case of a planar
interface. In virtue of Theorem A3, the fields (6) are supposed to
possess singularities of finite order which also renders the dimension of
the sets of the compatibility equations finite and consequently yield the
following theorems regarding the orders of singularity on an arbitrary
material sheet.

Theorem 1: If there exists a natural number N such that py = 0,
Pg=0,Pr=0,J,=0,k>N+1and P§, =0, Pf}, =0, then one
has E, =0, H, =0, D, =0, B, =0, k > N and Jy, = 0.

Theorem 2: On a simple interface between two arbitrary media
described electrically by P¢ = 0, P* = 0, Vk and pp = 0, J = 0,
kZl,onehasEkzﬁ, ﬁk:(i ﬁkzﬁ, ékzﬁ,Vkanngn:O. In
this case the boundary conditions (8) reduce into

ax[EN—EN =0 (10a)
A x [HT = H]) = Jo (10b)
Dy' =Dy = po (10c)
Bl — Bl =0 (10d)
JH —JL = —divgJos + iwpo (10e)

3. RESULTS FOR THE SPECIAL CASE OF AN AR-
BITRARY MATERIAL SHEET SUPPORTING FIRST
ORDER SINGULARITIES

The results in this section are a generalization of the similar results first
introduced by Idemen in [8] for the special case of a planar material
sheet. Disregarding the constitutive parameters and the thickness of
the material sheet, the assumption of its electrical thickness being small
enough helps us approximate the actual sources inside by equivalent
first order free and polarizational currents with densities (JB, ]35, ]36”)
which flow in both normal and tangential directions on S. Due to the
principle of continuity in (2), the presence of free current flow in the
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normal direction inside the sheet also requires an accumulation of fixed
point charges at the two faces of the sheet. This addresses a double
layer charge configuration with dipole moment density denoted as —p;
so that we can express all equivalent sources inside the material sheet
as follows:

pr(F) = pod(S) + p161)(S) (11a)
Jo(F) = Jod(S) (11b)
PeM(7) = PO™S(S) (11c)

The corresponding fields inside the material sheet can be determined
from Theorem 1 and the compatibility relations (9) as

E() = Eod(S) (12a)
H() = Hod(S) (12b)
D(7) = Dyé(S) (12¢)
B(7) = Byd(S) (12d)
with

Dy = e0Ey + F§ 12¢)
By = poHy + P} (12f)
AxEy =0 (12g)
eoEon = p1 — B§, (12h)
Ax Hy =10 (12i)
poHon = —Fyy, (12j)
Jon — iwpy = 0 (12k)

from which the density fields can be calculated as
Ey = i(p1 — PS,) /=0 (13a)
Dy = i (13b)
Hy = —aPg)/po (13c)
By=0 (13d)

Next we invoke (12k) and (13) to shape (8) into
A x [EIT — EIl = (1/e0) % grads(p1 — P§,) + iwPy (14a)
A ox [HIT — H = —(1/po)n x grads P + Joy — iw P, (14b)
DX — DI = po+2Qp1 —divs P§ —2QP5, = po + 2Qp1 —divg PS, (14c)
BT — BI' — _divgP" — 2QP = —divg P} (14d)
ng — Jén = —divgJy + wpy = 2QJon — divgJor + iwpo (14e)
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We observe fixed sources pg, p1 in (14a), (14c). If one rather
wishes to replace these sources with currents by invoking the continuity
relations (12k) and (14e) while preserving the dual nature of the
boundary relations, then the corresponding representation of (14a)—
(d) reads

—iwix [ET— El|=—(1/e0)nx grads(Jon —iwP§,) — (—iw)? P (15a)
—iwhx [H! —H =i (1/u0)nxgrangOn—szOt—i-(—zw) PS5, (15b)
—iw[DI — DY =—[JH —JL,] — divsJo; + iwdivs P, (15¢)
—iw[BI — Bl1= zwdePOt (15d)

4. THE AVERAGING PROCEDURE

The next step in the simulation of the material sheet is to relate its
geometrical and constitutive parameters to the equivalent zeroth order

singular sources with densities (%t, Jon) & (ﬁggm, Py™). For this
purpose we apply an averaging procedure: Let ESZab(ﬂ be a regular
phasor field with its support lying inside the material sheet. Then an
equivalence between this physical field and a corresponding first order

distribution A(75)8(S) can be established in the sense of distributions
by the inner product

(6(5), 6()) = f 6(7)6(S) dn = (7's), (16a)

where dn is the differential line element of the coordinate curve n which
is normal to S. Accordingly one can write

(Asian(), 6(7)) = (A7$)5(5), 6(7) ). (16b)

Let us assume the thickness of the material sheet as 2d. Since the
material sheet is assumed thin enough electrically, variations in the
normal direction are assumed linear inside the sheet. Such a zeroth
order approximation helps one to express the Lh.s. of (16b) as

(Asial?.007) = § Asr(o@ran= [ Aaweo)an

the slab’/

~ / Astap(Fs)3(Fs)dn = 24 Asian (7s) ()

the slab’/

= (244s51a(7(5). 9(7))
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which yields the distributional equivalence
A(7s) ~ 2d Agian (7). (17a)

The same result (17a) is derived in [2] by referring to Riesz
representation theorem, while we remain inside the distribution theory.
Next, let us define S7 and Sy as the two simple interfaces of the sheet;
and (S}, S7) and (S5, S5 ) as surfaces infinitely close to S; and Sy as
depicted in Fig. 1.

Figure 1. A cross section of the two interfaces of an arbitrary material
sheet.

Let the four position vectors F’fqtl and 77;2 indicate the points of

intersection of Sft and S;E with the normal coordinate curve n. In that
case the field inside the sheet can be averaged as

Agiap(F) = [jsmb(ﬁgl) + ESlab(Fgg)} /2 (17b)
and we reach to the desired relation
A(Fs) =d [z‘fsm(ﬁ%) + gSlab(fgz)] . (17c)

(17¢) can be adapted to the six equivalent sources of the material sheet
as

Jo(Fs) = d [ Jeu (7)) + jct(@z)} (18a)
Jon(Fs) = d [Jon(7§)) + Jon(Ts,)] (18Db)
P (7s) = d [P () + PO ()] (18¢)
Py (Fs) = d[Py™(Fgy) + Py (Fgy)] (18d)



364 Polat

5. SIMULATION OF A UNIAXIALLY ANISOTROPIC
SHEET

For simplicity we shall assume the entire space (the material sheet and
the ambient region) has constant constitutive parameters. Then, in
virtue of (10), the fields at the two sides of the interfaces S; and S
are linked through the boundary relations

Ey(féy) = Ei(Fg) (19a)
Dn(7§,) = Dul(7gy) (19b)
Hy(78)) = Hy(7g,) (19¢)
By (7)) = Bu(7g;) (19d)
Jen(i) = Jon(s) (19¢)
and
Et(@g) = Et(fgg) (20a)
Dn(7g;) = Dal(Fgy) (20b)
ﬁt(fﬁqrz) = ﬁt<f:§2) (20c)
By(7dy) = Bu(Fsy) (20d)
Jen(Tgy) = Jon(Tsy) (20e)

respectively. Let the uniaxially anisotropic constitutive tensors of the
sheet be given as

e 0 O v 0 0 c 0 0
5—[05 0], ﬁ_[(),u 0], 5—[00’ 0 (21)
0 0 e, 0 0 on

while the ambient simple half spaces have electrical parameters (eq,
w1, o1) and (g2, o, 02) as illustrated in Fig. 2.
S

1
£ H 0,

Figure 2. A cross section of an arbitrarily shaped material sheet in a
simple medium.

The corresponding complex permittivities shall be given as

€lg =c12 tio12/w e =c+io/w &, =¢en+io,/w (22)
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Next, these medium parameters are placed into (19b), (d), (e) as

enEn(Fl) = e1EL(7g)) (23a)
Hy(7d) = pa H, (Ts1) (23b)
E(ih) = o1 L)) (25¢)
One can combine (23a ) and (23c) as
B.(7h) = SSEL(75). (239)
Similarly, on Sy we have
enEn(Tgy) = 52E£I(F§2) (24a)
pnHn (Tgy) = NQHil(F;Q) (24b)
onEn(Tgy) = U2E¢€I(f§2) (24c)
Enbn(Tsy) = 5§ETILI(F;‘_2) (24d)

Accordingly, the twelve sources at the r.h.s. of (18) can be
expressed in terms of electrical and magnetic fields as

Joi(7E) = oEy(FY) = 0B} (25a)
Jen(F) = 0uBuliy) = 00 L (25D)
P(id) = (e —€0) Ex(7y) = (¢ —£0) Ef (25¢)
P = (e —c0)Bal) = (eo—e0) B (25
ﬁtm(ﬁa) = (M - MO)ﬁt(Fjﬁ) = (N - Mﬂ)ﬁtl (256)
P = (= n0) (i) = i P (a5t
Joi(Fgy) = 0E(Tgy) = O‘EtH (25g)
Jon(Tgy) = onEn(Fgy) = on SE,? (25h)
Pe(Fg,) = (¢ — 0)By(s,) = (e — o) (251)
Pi(5) = (=0 Bal) = (e~ ) 2B (25)
P (Fgy) = (u— po)Hy(Fgy) = (p — po) H}! (25k)

PI5) = (i — o) () = ma 0 it (o)
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where we have dropped the arguments in the resultant expressions for
brevity. Next, (25) are placed into (18) to yield

Jo == do [ B + E]'] (262)
Jon ~ dZ—f [5EL + 5 EIT] (26b)
P ~ d(e — &) [E{ + E{f} (26c)
Py, ~ d(En;&)) [e$E] + e5EIT] (26d)
Py = d(p— po) [H] + H'] (26e)
P ~ g ln = 10) [ HE + po H (26f)

n

Finally, one places (26) into (15) to obtain
ax [EIT—EN = ax le1n gradsEL + ean gradsEL']

—n (A + Al (27a)

7 X [ﬁtH — ﬁtl] = N X [hm gradsH,IL + hop, gradSH,ILI]
+e (E{ + B ) (27b)

wADI = DI] = [Jth, - Jb] + e divs (E + 1Y)

or iw [5§ETILI - st,IL] = edivg (E_'tl + E{I) (27¢)

iw[BI — BI| = hdivg (ﬁ{ Al )

or iw[ueHY — pyH] = hdivg (ﬁt] —|—ﬁtH) (27d)
where we define
e = —iwd(e€ — ) (28a)
h = —iwd(p = po) (28b)
- _di(gni_cgo) (28¢)
€0 En
hy, = ﬂﬂw (28d)

Ho Hn
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€on = —dE—zi(E” — <o) (28e)
€0 es

— _dﬂw (28f)
Ho Hn

We observe that the analytical results obtained so far for an arbitrarily
shaped material sheet have a very similar structure to those obtained
for a planar one in [2] in the sense that the Gaussian curvature
parameter is observable only in the distributional interpretation of the
Gauss Laws (1c), (1d) and the principle of continuity (2). For this
reason the methodology followed and the evidences obtained regarding
the derivation of impedance type boundary conditions for a planar
sheet in [2, Secs. 4.4 and 5] also apply for an arbitrarily shaped one as
in Fig. 2.

We consider 7 special cases of practical interest for the tensor
constitutive parameters of a uniaxially anisotropic sheet as outlined
in Table 1. The corresponding boundary relations for each case are
provided separately in Table 2.

6. THE SPECIAL CASE OF A PEC BACKED
UNIAXIALLY ANISOTROPIC SHEET

In this example we consider a PEC lying on the lower face S; of the
material sheet as depicted in Fig. 3, which supports free surface charge

and current densities pgi, jgl, while the fields in region I are set to
ZETOo.

Figure 3. A cross section of an arbitrarily shaped PEC backed
material sheet in a simple medium.

Then the boundary relations on S are given as

Ey(if) =0 (292)

5nEn(F§1) = pPs1 (29b)

Hy(F&) = Js1 x 1 (29¢)

Nan(Fgl) =0 (29d)

UnEn(fa) + divgJs1 —iwps1 = 0 (29e)

n-Jg =0 (29f)
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while the relations (24) on Sy still apply. One can combine (29b), (e)
as
divgJg1 = iw (g, /en) psi1- (29g)
Accordingly, the six sources on S; in (25a)—(f) can be expressed
in terms of electrical and magnetic fields as

Jor(7E) = oEy(7E) =0 (30a)

Table 1. Physical parameters of certain types of uniaxially anisotropic
materials.

TYPE SPECIFIC CONSTITUTIVE
PARAMETERS PARAMETERS
e 0 O
E=|0 € 0
0 0 e,
GENERAL Foo o]
. | UNIAXIALLY e, €in,ean # 0 — g 0
ANISOTROPIC hy hin, han # 0 w= . g
SHEET L fin]
o 0 0
=10 o 0
0 0 on
(e 0 0
E=10 € 0
UNIAXIALLY 0 0 -
ANISOTROPIC e, ein,ean # 0 L ="
2 o= pol
DIELECTRIC h=hin = hon =0 S
SHEET _
c=10 o O
_0 0 on
g = 807
UNIAXIALLY o
= pol
3 ANISOTROPIC e, ein,ean =0 _ 0 0
CONDUCTOR h=hin = hon =0 _ g .
SHEET 7= a
10 0 on
? = on
UNIAXIALLY S
, | ANISOTROPIC e=ein=es, =0 - g 0
MAGNETIC hy hin, hon # 0 H= ; ‘S
SHEET L fin]
oc=0
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e 0 0]
E=10 ¢ O
.| RESISTIVE . 612 - 622: 0 . oo ?5"
= hin = han = o= o
SHEET Rl o -
2e 2wd[e—ep+io/w)] o o
oc=1(0 o O
0 0 0
g = 607
CONDUCTIVE €= cein=can =0 N L
0 SHEET fn = o = 0 p=10 w0
G =2 = Tadomiy 0 0 o
=0
ISOTROPIC -
. LOSSY e, €in,ean 0 _ __ 7
DIELECTRIC h=hin=han =0 H=pol
SHEET g=ol
ISOTROPIC e e 0 F=eol
8| MAGNETIC ¢ N Zl" B 62;_0 F=ul
SHEET P =0
Jcn(?:g_l) = onEn (7"51) (on/en) ps1 = (on/iwey,) d’ivsj:gl (30b)
Pe(rdy) = (e — e0)Ey(idy) =0 (30c)
Pe(fa) = (en —¢c0)E (7"51) ((en —€0)/en) ps1
= ((e — €0) /iwe’) divgJs1 (30d)
Pr(idy) = (n— )Ht(rsﬁ (1 — po)Js1 x (30e)
P(7g) = (pn — po)Hn (7)) = 0 30f)

(
on Sy still apply. Then (30a)—(f) and (25g)—(1) are

while (25g)—(1)
18) to yield

placed into (

Jor ~ Jg1 + daE{I (31a)
Jon = d‘ELf [(1 Jiw) divgJe1 + eSEH } (31b)
P, ~ d(e — o) E (31c)
g, ~ d(gn; 0) |(1/iw) divsJs: + =B} | (31d)

n

P~ d(p— o) [f51 X fi+ ngf} (31e)
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Table 2. Boundary relations on certain types of uniaxially anisotropic
material sheets of arbitrary shape.

TYPE BOUNDARY RELATIONS
A x [El — El] = A x [eingrads EL + eangradsEY] — h[ff;f + H_g[]
. ax [HY — B = 1 x [hingradsHL + hangrads H'| + e[ET + EI]

iw[es BT — eSEL] = edivs [E{ + E{I]
iw[BI — Bl] = hdivs[H! + H}"]
n X [E{I — E_'tl] =7 X [elngradsEfL + ezngradsEfLI]
Vo o (AL — 1) = el + BYY)
" iw[esSELT — SEf] = edivs[E_'tI + E”}
iw[BY — B] =0, ie,B = BI
i x [EfY — Bf] = —h[H] — H"]
18 N X [ﬁt” — ﬁ{] =N X [hlngradsHtI + hgngradsH,IlI]
’ iw[esEf —e$Ef] =0, ie., eSE = SE)
iw[B — Bl| = hdivs[H] + H!']
A x B — B =0, e, B — B
x [H{" — H]] = e[E] + E]") = 2¢E}"" = LE/"!
5 orE{’II:RﬁX[ﬁ{I—ITIf]
wles B! — 5Bl = 2edivs E}'' = Ldivs EP'!

iw[BL' — Bl1 =0, ie.,B = B},

AX[E’{I—E‘{]——h[Ht—i-Ht}_ —2nA = LA
or A = G x [EIf — EN
6 A x [HY — H] =0, ie, H! = H

iw[esSE —eSE{] =0, ie.,e5EL = $EL
iw[BI — Bl| = hdivs[H] + H}] = 2hdivs H "

P o gUn =) g (31f)

n

Finally, one places (31) into (15) to obtain

ﬁxﬁgl 71X [(en/zw) gradgdwgJSl+62ngrad5EH} —h (ng ><n+Ht I)
(32a)

A x HT = hopi x gradsHY + e Bl (32b)

iwD! = JH + edivgEl! or iweSEN = edivgElT (32¢)

iwBl = hdivg (f51 x i+ HIT ) (32d)
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Table 3. Boundary relations on certain types of PEC backed
uniaxially anisotropic material sheets of arbitrary shape.

T

Sav IS

BOUNDARY RELATIONS

A x BT =i x [(en/iw)gradsdivs Jsi + eangrads EXT) — h[Jsi x @+ HIT]

Comment: The impedance boundary condition E{I =Zn x ﬁtH appears

= i/[wd(e® — €0)] regardless of the rest of the constitutive parameters.

i x ﬁ{f = honf X gradsHI' + e B
uuDH J n T edwsE or zwngH = edzst
szflI = hdws[J51 X f 4+ HtH]

in the second equation for ha, = 0 (n = po) with Z =1/e

A x BT =nx [(en/iw)gradsdivsjm + eangrads Bl
x BT = BT
zwD” J n+ edwsEt or ZWEQEII = edwsE”
szTILI =0,ie, B =0, H! =0
Comment: The impedance boundary condition appears in the second
equation naturally with Z = 1/e = i/[wd(e® — €¢)]. For a Type 3

material the impedance becomes real valued as Z = lod.

fx BEX = —h[Js1 x i+ H) or EfY = h[Js1 + 7 x HE
A x HIY = hanh x grads HY
iweSE =0, 1e., EFT =0
iwBl! = hdivs[Js1 x 7 + H'] = hdivs(f x EFT)
Comment: We cannot obtain an impedance boundary condition.

Ax EN =0 ie, EIT=0
Ef”zeﬁglsothatﬁxﬁtl =0, ie., =0
iwDI = JCn + edistfI or iweSEL = edwsEt = O, ie., ETILI =0
iwBl = hdivs[Js1 x A+ H{') =0, i.e., B =0, HI! =0
Comment: We obtain the end results £/ = 6, H' = 6, which reveal

that the thin sheet simulation breaks down for this parametrization.

A x BN = —h[Js1 x A+ H| = —hJs1 x 1, ie., EI = hJs:
ax HIY =0, ie, H! =0
iwDI = ‘]Cn or iweSE =0, ie., EX =0
iwBil = hdws[J51 X 7+ Ht ] = hdivs(js;[ X n) = divs(ﬁgl X 1)
Comment: We cannot obtain an impedance boundary condition.

where in (32a) we additionally introduce

ep = _dw‘ (33)
€0EY,
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It can be seen that the end results (32) appear as the special
case (27) upon setting H — Jg x 7, H. — 0, El — 0, e1,El —
(en/iw)divsj51. The corresponding jump relations for the 8 types
of materials in Table 1 are provided in Table 3 with comments on
the availability and form of the impedance boundary condition. As
a general comment covering all 8 types of materials one can say that
an impedance boundary condition can be obtained (regardless of the
operating frequency) as long as the following three conditions are
satisfied:

1) pn = po
il) e#£egoro#0
iii) e, #€g or o, # 0 or p # pp.

7. BOUNDARY RELATIONS ON A BIAXIALLY
ANISOTROPIC SHEET

In this section we generalize the results obtained in Secs. 5 and 6 for
the biaxial case when the constitutive parameters are given by

ew 0 O ey 0 0 o, 0 O
E=|0 e 0|, A=|0 w O], 6=|0 o 0| (34)
0 0 e, 0 0 0 0 on

with
Eqpp = Eup T 10y /W. (35)

Here we consider (u,v) as the curvilinear coordinate curves of S
such that any tangential field component in (27) and (32) is expressed
through its components along these curves in the form fft = ffu + fL.
Then the modified expressions for the tangential source quantities

in (25a), (c), (e), (g), (1), (k) read

Jou(7) = ouby (rgl) + 0B, (7E) = 0uEL + 0, EL  (36a)
PE(Fy) = (eu — £0)Bul(idy) + (60 — 20) Eu(7Y))

= (g4 )E + (ey — €0) EL (36b)
Ptm(rsﬂ (11w ) (@1) + (pw — Mo)ﬁv(@ﬂ

= (ptu — po) HL + (o — p10) H! (36¢)
Jor(Pey) = ouBu(Fgy) + 0uEy(7g,) = ou B + 0, EIT (36d)

1:—);&6(7?52) = (6u— 50)EU(T52) + (g0 — 50)EW(T52)
(6w —0)EN + (4 — 20) E (36¢)
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— —

ﬁzfm(fEQ) = (Mu - ,U/O)Hu(fEQ) + (NU - NO)Hv(fg‘Q)
(tw = o) Hy" + (po — o) ! (361)
while the expressions of the normally oriented sources (25b), (d),

(f), (h), (j), (1) remain unchanged. Accordingly, the tangential
equivalent sources are written as

(1/d) Jor ~ oy <Ei + EZI> + oy (EZ + E’;{I) (37a)

(1/d) s, = (eu = 20) (Bl + EL') + (e — 20) (EL + ELT) (370)
(1/d) By = (st — po) (B + HI) + (uo—po) (AL + HIT)(37)

while (26b), (d), (f) still applies. As a result, the modified boundary
relations can be obtained rigorously as

ax [ET—EN = ax le1n gradsEL + ean gradsEL']
—ha (ﬁi + HT) = n, (L4 Al")  (389)
=70 S =7 SR I T
nx [H/' — H{] = % [hi, gradsH,, + hoy, gradsH,.' |
veu (BL+ EU) +e, (BL+ EY)  (38b)
iw[DH — DI =[JH — JL 1+eudivs (E;+E51) teydivg (Eg+ﬁ;f)

or iw E&‘%E{LI —e§ Eﬂ =e,divg (Eﬁ +E£I) +e,divg (Eg—i-E_{I) (38¢)

iw[B — B = hydivg (ﬁ; + ﬁgf) + hydivg (Erg + ﬁgf) (384)

where we additionally define

ey, = —iwd(el, — £9) (39a)
ey = —iwd(e, — o) (39b)
hu = —iwd(ji — po) (39¢)
hy = —iwd(py — po) (39d)

The resistive and conductive boundary relations for a biaxially

anisotropic sheet read
1 1 - 1 1

= — EMI with Ry=-—, R,=-—— (40)
u

ELII _
v +Rv 2e, 2e,

ix [H{T-H]|=

and

— _ 1 = 1 = 1 1
ﬁx[E{I—E{]:G—Hi’H—s——qu’H with Gy=—=—, G,=
u

. o ~on, 41
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Similarly, the boundary relations for a PEC backed biaxially
anisotropic sheet as in Fig. 3 read

ax BN = ax [(en/iw) gradsdivsJs + ean gradgEfl]}

—(hyJs10 — DhoJs1a) — (huﬁf +h I ) (42a)

A x HIT = hopi x gradsHY + e BT + e, E! (42b)
iweSEH = divg (euﬁil + evﬁil) (42¢)
iwBl = divg(iihyJs1o—0hyJs10) +divg (huﬁjhrhvﬁgf) (42d)

where the surface current density is expressed by its tangential
components as f51 = UJg14 + 0J514. In this case similar arguments as
in Table 3 hold for the availability of the impedance condition which
is modified as

N — ]_ — ]. =g . ]- 1
nx HI = ZEE + ZE;” with Z, = o Zy = . (43)
(43a) can be written in matrix form as
El 0 —Z HlT
e =la ] e

8. BOUNDARY RELATIONS ON A GENERAL
ANISOTROPIC SHEET

We consider the constitutive parameters of a general anisotropic sheet
in the form

- [ Cuu Ewv  Eun

g = Evu Evv  Eoun (45&)
L €nu €nv Enn

B T L

n o= Hou Moo Hon (45b)
L Bnu Hnv Hnn

B [ Cuw Oww Oun

o = Oyu  Ovy  Owun (45C)
L Onu Onv Onn

with

0y = Eab + i0qp/w, a,b=n,u,v. (46)
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The boundary relations on the interfaces 512 read

Eu(7f) = E, (47a)

E, (7)) = B} (47b)

EZuEu(fi;) + env B (Ts1) + 5$mEn(7:§1) = EiErIL (47¢)

H,(rf,) = Hy (47d)

Hy(7dy) = Hy (47¢)

MnuHu(Fgl) + anHv(Fgl) + /‘nan(Fgl) = ,U«lHi (471)
and

Buis) = BT (asa)

B(i5,) = BT (480)

€6 uBu(Tay) + €8y Eo(Tgy) + e6n En(isy) = 5B (48c)

ﬁU(fEQ) = Hz? (48d)

FIU(FEQ) = FIQ{I (48e)

MnuHU(fgz) + MTLUHU(FE2) + MTmHn(ng) = IU’2H7ILI (48f)

One can express the tangential electrical and magnetic field

components via the unit vectors of the coordinates curves of S as

EZ’H = ﬂEﬁ’H, Ei’n = @Eg’n, and similar for the magnetic field.

Accordingly, the twelve sources at the r.h.s. of (18) can be expressed
in terms of electrical and magnetic fields as

fCt(Fgl) = 4 (aqu + owE, ) + 90 (UWE + JM,EI) (49a)
>E,{ (49b)

PE(TSl) ((Euu 80)E1+€qu )+’U (€qu +(€U’U—60)EI) (49C)

e¢ ec ec
e _ 1 I nu I nuv
JCn(T5‘1) = Unngc E]n"i_<0'nu_Unn6 > Eu+<0'm)_0nngc

C
nn nn. nn.

c

£
Pﬁ(FSJrl) - (5nn n 60)€c1 ET]L + <5nu - (5nn - 50) nu> Ei

nn nn

8()
+ (énv — (enn —€0) 22 ) EI (49d)
Enn
Pt (_?5—1) = a((ﬂuu _MO)H{i_‘_:U'UUH{)[) +@(MUUH1{+ (Koo _NO)Hz{) (49¢)
P (S) = (o —po) 2 H o PP o B (499)
Hnn nn Hnn
Jor(Fay) =t (0w BN + 00 EN )+ (00, BN + 04, EIT) (49g)

o s g€ fo
Jon(Tgy) = Tnn 672E£1 + <anu —Onn 5”“) BT (am — O 63}“) EM(49n)

C
nn nn. nn.
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F)te(f&) =1 ((Euu_go)Eqil‘i‘fqui{I) + 0 (Equz{I"‘(Evv_EO)Ez{I) (49i)
s gt
2 B11 + (= (o = 20) 52 ) B

C
nn nn

P;(FEQ) = (5nn_50)

et ]
+ <5nv - (Enn - 50)61:0) Eq{I (49.])
nn
PM(gy) = t((pu— 0) H "+ praw H L) 4 (o oy (0 — p10) Hy ') (49K)
PI(Fsy) = (am — po) 2 HET 4 HOFme ity HORme 1 (491)
Mnn M’rm ,unn

Next, (49) are placed into (18) to yield
(1/d) Jor =~ @ (0uu (EL + B + 04y (EL + EIT))

+0 (0w (Bl + E) + 0w (B + E[T)) (50a)
o e
(1/d) Jon =~ 72 (e8B! + cSET) (M _ g,mgu> (B! + BI)
nn Enn
EC
+ <am, — O g“’) (EL+E[T) (50b)
nn

(1/d) P, ~ i ((fuu — €0) (EL + EI) + euy (EL + ELT))
+0 (eou (EL + EL') + (200 — €0) (BL + EIT))  (500)

d) P~ (571”_60) cpl c Il i _ Enu
(1/ )POn - (ElEn + &3k, ) + | €nu (Enn 50) p

C
877,7’1, nn

C

(E£+E£I)+<5nv_(5nn_50)€cm)> (E1{+E£I) (50(21)
(1) B = i (s — o) (HL -+ HI) + o (BL 4+ L))

+0 (pow (HL + HL) + (pow — po) (HL + H))  (50e)
(l/d)Pg;‘l ~ M (U1H£+M2H£I) +% (HL{"FHL{I)

:u’nn nn

Oy (gl fITY (50f)
Linn

Finally, one places (50) into (15) to obtain
A x [EN — EN
= i x gradg [e1nn EL + e2nn B + ey (EL + ELT)
tem (BL+ EIT)] = hug (ﬁg n ﬁgf) ~ g (ﬁg n ﬁgf)

Fhawit X (ﬁg + Al ) Byl X (ﬁqj + Al ) (51a)
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A (A" - H{]

= 7 x grads [hinnH}, + honn HE' + by (HL + HL)
thone (HY + HI) + ey (E{ + Eﬁ’) + €y <E§ + Ef)
eunf X (Eg v ng) + epuft X (Eg n ng) (51b)
iw [5§E£I — s‘{E,IL]

= divg [euu (Eﬁ + EI ) + ew (Eg + E )
—eyt X (E’i + E’f;]> + eyt X (Eﬁ + EZI)] (51c)
iw[B, - Bj]

= divg [huu (ﬁi + ﬁi’) + Py (ﬁi + ﬁv”)

ot ¥ (ﬁg n ﬁgf) + hypuft ¥ (ﬁg n ﬁgf)} (51d)
where we define
euu = —lwd(es,, — €0) (52a)
ewy = —iwd(es, — £o) (52b)
eyy = —iwdey,, (52¢)
ey = —iwdey,, (52d)
eg (g5, — o)
o = —dL 5 20 52
“ €0 €¢n (52e)
€2nn = _d€72(€717167_60) (52f)
€0 €nn
SC
= —d—2% 52
€ s (52g)
Env
€y — —d% (52h)
and
hyw = —iwd(fyy, — 10) (53a)
hyy = —iwd(pyy — f10) (53b)
huy = —twd iy (53c)
how = —twd iy (53d)
Rinp = _dﬂw (53¢)

H0 Hnn
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oy, = —d#2 finn — 10) (536)
Mo Hnn
o lna
Hnn
Mo
hpy = —d 53h
Hnn ( )

The resistive and conductive boundary relations for a general
anisotropic sheet read

1 1

Ao I g — FLII FLII
i x [H, i Ry v + Ry ®
1 ~ 1 ~
——ax BRI 4 —_p x ELIT (54a)
uv U
with
1 1 1 1
Ry = ) v ) =5 = 5. 54b
. 2€uu ! 2evv v 2euv v 2evu ( )
and
A x [E’H_EI] _ HI,H_‘_LI:'II,H _Lﬁ « gL
¢ K G’lL'LL Y G’U'U v G'LL'U Y
1 -
+——nx HM! (55a)
GU’LL
with
1 1 1 1
Gu=—7—, Gu=—"7—, Gu=—7—, Guu=-— b
uw 2huu VU 2hvv uv 2huv [ 2hvu (55 )
These equations can also be given in matrix form as
HY —HIT [ 1/Rw  1/Rw B
HI — H! —1/Ruu —1/Ruy | | ELT
1,11 (56)
-9 €vu =) Ey
—Cuu  —Cuv Eg’ll
and
] N e ][
E'—F | =1/Guu —1/Gu J2rk
v v u v (57)

=2 |: huzu huzv :| |: qu’ll :|
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When the general anisotropic sheet is backed by a PEC as in Fig. 3,
the boundary relations on S; are given as

Eu(7g;) = 0 (58a)

Ey(r§;) = 0 (58b)

5nnEn(7:fst1) = psi1 (58¢)

Hy(FE) = Jsi x e (58d)

NnuHu(fgﬁ + anHv(fa) + pnn H (@1) =0 (58e)
O B (7)) + divg Jg1 — iwps1 = 0 (58f)

)
while the relations (48) on S still apply. One can combine (58c), (f)
as

)

diUSj:Sl = iw (5%n/5nn) pPS1- (58h

Accordingly, the six sources on S; in (49a)-(f) can be expressed in
terms of electrical and magnetic fields as

Jor(Fé)=0 (59a)
JCn ('thtl) :UnnEn(Fgl) = (Unn/snn) pPS1= (O'nn/iwgfm) diijS’l (59b)
AGE) (59¢)

Pﬁ(FEl) = (Enn — 50)En(7:2:1) = ((enn — €0)/enn) ps1
= ((enn — €0)/iweS,,) divgJs (59d)
ﬁtm(f:&) =u ((Muu - MO)Hu(f:gH) + ,uuvHv('F:Stl))
+0 (Nquu(Fgl) + (Mvv - NO)HU(F?]_I))
=1 ((NUU_MO)JSIU _ﬂquSIu)

+0 (/leuJSh) - (NUU_NO)JSML) (596)
Pé”(f’g,‘l) = NnuHu(fi;) + Nanv(F;ﬁ + (nn — MO)Hn(fa)
Ho
= —IU,OHn(T_‘;H) = T (MnuHu(Fgl) + MWUHU(F,;I))
= & (,UfnuJShJ - #anSIU) (59f)

nn

while (49g)—(1) on Sy still apply. Next, (59a)—(f) and (49g)—(1) are
placed into (18) to yield

(1/d) Jor=~ @ (cuu B + 0uBN) + 0 (00 B + 0w ELT) - (60a)
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(1/d) Jon (0pn/iwe,)) divgJsy + LE;E”

nn

Enu II Env II
4+ o — Onn . E,; + (om —om e E, (60b)

nn nn

(1/d) P~ t((euu—c0) EX 420 BEX) +6 (e EI + (240 —20) EIT) (60c)

(1) Py (enn — e0) fiwzy,) divs iy + Vgl

nn

€ e¢
+<5nu_ (5nn 50) 6nu> EII +<€nv _(5nn _50) ;)E,L{I(G()d)

nn nn.

(1/d)ﬁ6?2ﬁ((uuu_NO)JSlv_Mqu51u)+@<NvuJ51v - (va - NO)JSML)
+a((ﬂuu_H0)H1€I+/«LuvH1{I)

+0 (tou Hy '+ (oo —p10) H ) (60e)
0 — Mo
(l/d) POTL': L (MnuJSh) - /im;J,S'lu) + MugHél
Hnn Hnn
+NOMnu Hil + HoMUnv Hq{] <60f)
Hnn Hnn

Finally, one places (60) into (15) to obtain

i x [E{T — Ef]

= A X gradg [(enn/iw) divgJs1 + €onn ETILI + enuEf + em,quI}
— @ [huu (Js10 + HE) + haw (=510 + HL')]

0 [hou (Js10 + HL) + how (= Js10 + HT)] (61a)

Ao [HIT — H]

= 1 x grads [~ (Js1o + Hy') + hoo (Js1u + HL') + by HY |
—I—equ_ZI + ewEgI — eyt X E_;{I + eyyf X E'ZI (61Db)

zwaQEH divg [equH—i—ewEH — euvan +ewn><EH} (61c)
iw BY' = divg [i (huuJs10 — huvTs1a) + 0 (—howTs1u + houds1v)
VB 4 By B — Bt x A 4 byt x ﬁﬂ (61d)
where in (61) we additionally define

(Efm — 80) (62)
E0ES

enn
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Again, similar arguments as in Table 3 hold for the availability of the
impedance condition which is modified as

— 1 — 1 — 1 — 1 =
~ HII — EI] EII _ ~ EII ~ EI] 63
AXHE = g B T g B T g B g i Bl (G3)
with
1 1 1 1
Zuu = Z’vv = ) Zuv = Zvu = — (63b)
Cuu Cvv Cuv Cou

The impedance condition can also be given in matrix form as

HI—HIY [ 1/Zy 1) Zu gL
HgI—Hg o _1/Zuu _I/Zuv Eg’ll

_ [ Cou  Cw ] [Ei’” } (64)

—Cuu  —Cuwv Ei’”

9. A NUMERICAL TEST OF SCALAR IMPEDANCE
BOUNDARY CONDITION

In this section we investigate the frequency range of validity of the
impedance boundary for a PEC backed planar uniaxially anisotropic
sheet in free space when illuminated by a normally incident plane wave
as depicted in Fig. 4.

R: 3 R} 3

anisotropic|sheet

Z

PEC impedance surface

Figure 4. Plane wave reflection from a uniaxially anisotropic and
nonmagnetic sheet in free space.

The sheet is assumed of Type 2 material described in Table 2 and
the fields of the incoming wave shall be given as

E_u'inc — :%efikoz’ (65&)
e — g (65b)

Zo
with ko = w\/og0, Zo = /"2 = 1207 (65¢)

€0
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Then one obtains the exact reflection coeflicients for the sheet and the
impedance boundary respectively as

1 + in®tan(2kd) o—idkod

R=— 66
1 — in° tan(2kd) (662)
with
k = wv/po (e +io/w), (66b)
nt = ko/kzl/ er +i0/(wep), (66¢)
er = €/eg (66d)
and
Ry = 1—1 (672)
27 n+1
with n = Z/Zy, Z=1i/[d(w(e—¢ep)+io)] (67b)
The wavenumber inside the sheet can be written as
k=a+if3 (68a)
where
1 241 £ 1 21
Y VA e s PR Y VA (68b)
c 2 c 2
with
o 1
p= c= (68c)

_E’ v/ MOE

It allows us to express the wavelength inside the sheet directly as

27

A== (69)
The unique assumption in the derivation of all approximate
boundary conditions investigated in the manuscript is the averaging
procedure which assumes a linear variation of amplitude and phase for
all field quantities inside the sheet. Such an approximation obviously
requires the electrical thickness of the sheet be “small enough”; namely,

2d

— < 1. 70
= < (70)

In what follows we provide 8 numerical illustrations for the
reflection coefficients R and Rz in the frequency range 10 MHz—10 GHz,
where we assume reasonable fixed values €, = 5, 2d = 1 cm regarding
microwave applications. Our observations are summarized under the
following 3 items.
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i) In all observations the validity of the impedance boundary

condition seems to corrupt gradually for increasing values of %\—d,
as expected.

ii) When ¢ = 0 we have p =0, 8 =0,k = <, n° = 1/\/&,, Z =
i/ldw (e — €0)]. In this case the reflection coefficients are purely
imaginary (with |R| = |Rz| = 1) indicating perfect reflection,
while a considerable theoretical discrepancy is observed in their
phases calculated as

phase(R) = 4 2tan™ ! [

Er

tan (2di)] ~dkod (T1a)
phase(Rz) = 7 — 2tan™! [Zodw(ls—so)] (71b)

The reflection coefficients (in degrees) given in Fig. 5 are opposite
in phase in a stable manner in the frequency range satisfying (70),

frequency [Hz]

Figure 5. Variation of the phases of reflection coefficients versus
frequency for o = 0.

e
3

E
S

in terms of wavelength 24
==
5 o
T

=
@
T

thickness
=]
[
T

a

a

Ew

frequency f [Hz]

Figure 6. Variation of the electrical thickness of the sheet versus
frequency for o = 0.



384

Polat

=
©
T

o
=
T

e =5
2d=1cm
o=t [8im]

o
2

o
S
T

o
@
T

magnetudes of refleaton cosficients
8
T

a
@

a
®

=
2
2
2

frequency 1 [Hz]

Figure 7. Variation of the magnitudes of reflection coefficients versus
frequency for o = 1.

£=5
2d =1em
o=1 [}
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frequency | [Hz]

Figure 8. Variation of the phases of reflection coefficients versus
frequency for o = 1.

iii)

which can be followed from Fig. 6.

We provide two sets of graphs for the illustration of the
influence of conductivity in improving the impedance boundary
approximation. The only difference in between is that the
conductivity is chosen as ¢ = 1[S/m] in the first set of Figs. 7-9,
while it is increased to o = 5[S/m] in the second set of Figs. 10—
12. In the first set we observe a considerable mismatch in the
magnitudes of the reflection coefficients. The field reflected from
the impedance boundary has a very low amplitude, while the error
in the phase patterns surprisingly disappears in the frequency
range satisfying (70), which, in this case, is up to 1 GHz as seen
in Fig. 8.
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Figure 10. Variation of the magnitudes of reflection coefficients versus

frequency for o = 5.
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Figure 12. Variation of the electrical thickness of the sheet versus
frequency for o = 5.

In Figs. 10-12, the influence of the increase in conductivity in (67)
in the convergence of the impedance boundary approximation can
be seen very clearly by a much better fit in amplitude and phase
patterns over a relatively larger frequency range. It is observed that
the convergence is proportional with the increase in conductivity, while
the phase of Rz is not much sensitive to frequency in general regardless
of the conductivity. A comparison of Figs. 9 and 12 reveal numerically
the increase in the electrical thickness of the sheet with increasing
conductivity, and therefore the tangent loss p, and real part of the
wavenumber «, which indicate the decrease in wavelength A in the
sheet.

10. CONCLUDING REMARKS

Similar convergence properties are expected for biaxially and general
anisotropic sheets since all derivations rely on the same averaging
procedure. An attempt to improve further the frequency range of
convergence of the boundary relations derived in the manuscript
requires a better (first or high order) averaging procedure. Since that
involves the spatial derivatives of the fields inside the sheet, such an
investigation can also be carried out in the context of “generalized
impedance boundary conditions”, a research field developed and
reviewed comprehensively in [1] and [2, Sec. 6]. The presented
methodology can also be extended rigorously to derive approximate
boundary relations on multilayered sheets with the motivation
of investigating scattering by integrated planar microwave circuit
structures.
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APPENDIX A. CERTAIN DISTRIBUTIONAL TOOLS ON
AN ARBITRARY REGULAR SURFACE

The theory of generalized functions were first introduced by Sobolev
(cf. [9]) in early 20th century and later developed extensively by
mid 20th century as documented in the reference works by many
great mathematicians led by the pioneers Schwartz [10], Gelfand and
Shilov [11]. The requirement for generalized functions in a field theory
can be realized immediately in an attempt to express analytically
the volume density function of a source quantity concentrated in
a non-volumetric domain. Since the point form field equations in
mathematical physics are always given through density functions in
space and time, such equations would otherwise not permit algebraic
operations in non-volumetric domains.

Regardless of the structure of the singularity domain being a
surface, a space curve or a point, in a Schwartz-Sobolev setting we may
assume any arbitrary scalar and vector field quantity to be expressed
in the conventional form

VED={VEDHVED]s, A ={AF [+ 4] (A

The quantities in curly brackets signify the “regular component”
of a distribution. They are defined outside the singularity domain and
are assumed to be of Lllo .» the class of locally integrable functions in the
Lebesgue sense, in any compact subspace of 3-D Euclidean space Rs.
The second terms at the r.h.s. of (A1) with representation []g stand for
the “singular component” of a distribution. They are assumed to be
of D', the class of Schwartz-Sobolev distributions, in the present case
concentrated on a regular, two-sided, fixed, isolated and closed surface
S. The spatial derivatives of locally integrable functions in LlloC may
generate distributions in D’ as addressed in Theorem Al. To ensure
the smooth behavior of the regular components in (Al) in presence
of a surface of singularity S, we require them to be regular singular
functions ([12], Sec. 5.5) w.r.t. S in a subspace Eg C L}  defined with

. loc
the properties

i) {V(7:t)} and {A(7: t)} have spatial derivatives of all orders outside
S, and

ii) {V(71)}, {A(7:t)} and all their spatial derivatives have boundary
values (in other words, possess bounded (or jump) discontinuities)
from both sides of S.
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The surface distribution 6(.5) is described by the inner product

[e.e]
o= [ [osods i (A2)
—c00 S

where ¢(7;t) € D is a test function infinitely differentiable (in C*°)
with a compact support and dS is the surface measure on S.
Theorem A1l: The gradient, divergence and curl of the regular
components of distributions in presence of an isolated closed surface of
singularity S have the general form

grad{V (7;t)} = {gradV (¥;t)} + 1 A[V]
div {A'(F, t)} {de( )} +i - AA]
curl {ff(f’, t)} = {curl/_f( )} + 7 x A[A]5(S) (A3c)

5(S) (A3a)
5(S) (A3b)

where
AVIBV(FEt) = V(Fgst), A[A] 2 ATt — A(7gt)  (A4)

represents the spatial jump on S when one approaches to the same
point from the two sides. A proof can be found in [12, Sec. 5.5].

Let (u1,u2) be the real valued orthogonal parametric curves of
S described by the position vector s = 7(u1,u2). A quantity that
assumes one or more definite values at each point of a surface is called
a function of position, or a ‘point function’ for the surface. Let us
consider a scalar point function ¥ (u1,us) and a vector point function

] A

x‘f(uh ug) = Ay (ur,u2)ty + Ag(ur, ug)ts + Ap(u1, ug)n,

where 11, 149 are unit tangent vectors along the curves u; = const.
and uo = const. and 7 is the unit normal of S, which constitute a
right handed system. Then it can be shown (cf. [13, Ch. 12]) that the
gradient, divergence and curl operators acting on the point functions
on a surface are as follows:

Theorem A2: (Surficial Vector Differential Operators)

uy 9Y | g Oy

= A
gradsy h1 Ouy e hy Bug (A5a)
divgd = 2 12 (hyay) + -0 (hyan)| — 204, (A5D)
oS N hth 8U1 2 8UQ 152 "
bnd 1 a a A
curlgA = o [am (hoAg) — By (hlAl)] 7
—l—éﬁl - A—uQ + gradsgA, xn (Abc)

a2 aq
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Here hi1, hy are the metric coefficients of the parametric curves; the
principle radii of curvature a2 are related to the metric coefficients
through

1 1 dhy 1 1 dho

—_— =, — = ——— Abd
a1 hl dn’ a9 h2 dn ( g )

and 1 ]
2Q = o + a —divg(n) (Abe)

is called the first curvature of S. . -
Let us write the tangential component of A as A;. Then for this
component one also has

.o 1 0 0
divg Ay = I [aul(hzz‘ll) + aUZ(hlAz)} (Aba)
5 1 0 0 Ay Ap
A = ——(hgAs) — — (M A =iy - —=
curlgAy; Frihy |:8u1 (hg 2) By (hl 1):| n—+ v U1 o U9
S A A
= Adivg(Ay X A) + iy — iy (A6b)
(6% (05}
divg(A; x 1) = 7 - curlg Ay (A6ce)
curlg (ﬁ X Et> = ﬁdivsfft + éﬂl + éﬁz (A6d)
(%) o
divgA; = - curlg (fz X /L) (AGe)

Definition A1l: The normal derivatives of the 3?ulrface distribu-
tion (A2) of arbitrary order k > 0 as §*#*+D(8) = 37 ni%cﬂk”)(g) =
i=1 ‘

dk+1

7 - grads®(S) = W(S(S‘) are described by

(60(8), 6(7:1)) = (~1)* <6<s>, (dcfl - 2@)k ¢<m>> (A7)

The distributional postulation of Maxwell equations [2,5-8] require
that scalar and vector fields constructed in the general form

V(i) = {V(F 1)} + > Valis; )d®(9),

0 (A8)
Aty = {40} + Y AulFsi)s(s)

k=0
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can represent any source and field quantity successfully for all types
of polarization (molecular displacement) mechanisms in the normal
direction on the singularity surface S.

Theorem A3: Every distribution that has compact support is of finite
order.

This general theorem is quite well known and many alternative
approaches to its proof are available in literature (cf. [14,Ch. 3],
[15, Ch. 3, Sec. 6]).

The reflection of this theorem for a surface type distribution whose
support lies on the regular surface S is that the singular components
of scalar/vector field quantities have the unique representation

N

—

N
)]s =Y Vilfsi 000 (8), [AF0)] =3 Aulisi o™ (s) (A9)
k=0

k=0

where N is a finite number.
Theorem A4: The Cartesian derivatives of surface distributions of
arbitrary order are given by

0
675“3)(5) =n 6 (S), k>0, i=1,23. (A10)
T
A comprehensive investigation of the properties of surface
distributions of arbitrary order including the proof of Theorem A4
can be found in [12, Ch. 5] and the references cited therein.
Corollary Al: For k>0

gradd® (S) = ask+1)(s) (Alla)
grad (Vk(Fs; t)5(k)(5)) (gradsVi,) ™ (S) + aVis®+D(S)  (Allb)
div (ffk(fs, t)(S(k)(S)) (dngk> 5®(S)+7 - A s*FD(S)  (Allc)

Corollary A2:

N
grad ({V ™)} + ka )0k (s ))
k=0

= {gradV (r;t)} + (ARA[V] + gradsVp) 6(5)
N
+> (gradsVi + aVi—1) 6®)(S) + aVyd N (S)  (Al2a)
k=1
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N
div <{A’(f; t)} + 3 A7 t)5<k>(5)>

- {divff(ﬁt)}Jr ﬁ-A[A’HdeA’O) 3(S)
N
+3 (divggk+ﬁ-gk_1 §W(S) + 7 ApsONHD(S)  (A12D)
k=1

N
curl ({E(F, t)} + Z;)ffk(f’s; t)é(k)(5)>

-

k=
= {curlﬂ(f’; t)} + (1 x A[A] 4+ curlgg()) ()

N
+3 (curzsjkmxjk_l 5 (S)+ix AnsNH(S)  (Al2c)
k=1
Finally, regarding the unique solution of distributional Maxwell
equations we meet in the text it requires to introduce the following
theorem.
Theorem AJ5: The unique solution of the relation

N
{/T(F; t)} +3° A(s; )59 () = 0 (A13a)
k=0

with ffk(Fg;t), k = 0,1,...,N being smooth point functions of the
coordinates of surface S is

{AFH} =0 and A7) =0, vk (A13b)
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