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Abstract—Passive source localization has wide applications in array
signal processing. In the practical applications, the observations
collected by an array may be “arbitrary”-field signals, i.e., which are
either mixed near-field and far-field signals or multiple near-field signals
or multiple far-field signals. With a cross array, a two-stage separated
steering vector-based algorithm is developed to localize “arbitrary”-
field narrowband sources in the spherical coordinates. The key points
of this paper are: i) different physical steering vectors of near-field
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and far-field sources are transformed into the virtual ones with the
same form, thus linearizing the quadratic phases of near-field sources
and allowing the same operations for near-field and far-field sources;
ii) the virtual steering vector is separated into two parts and restored
by introducing a special phase angle, and thus it is used to estimate
the azimuth-elevation arrival-angles of “arbitrary”-field sources; and
iii) special Hermitian matrices are constructed using the separated
physical steering vector and their eigenvalue decomposition (EVD) are
performed, thus the ranges of near-field sources are easily obtained
from the eigenvector being corresponding to the smallest eigenvalue.
The proposed algorithm can localize “arbitrary”-field sources without
pairing parameters and multidimensional search. Simulation results
are provided to validate the performance of the proposed method.

1. INTRODUCTION

Passive source localization is a key problem of array signal
processing involved in radar, sonar, electronic surveillance, and
seismic exploration applications [1]. The waves emitted by far-field
sources [2,3] can be considered as plane ones at the sensor array [4—
10]. However, for near-field (Fresnel region) sources, the wavefronts
are no longer planar [2,3]. Unlike far-field sources, near field sources
introduce quadratic phases, which are functions of both azimuth angle
and range [11-21]. Therefore, the existing far-field source localization
algorithms [4-10] cannot be utilized.

1.1. Related Work

Many localization methods for near-field sources [11-24] have
already been developed, including the Wigner-Ville distribution-based
method [11], the maximum likelihood method [12], the linear prediction
methods [13-15], the two-dimensional (2-D) MUSIC methods [16-19],
and the ESPRIT-like methods [20, 21]. However, all these methods are
limited to localize near-field sources only in azimuth angle and range.

Recently, some algorithms [25-29] are presented to localize near-
field sources in the spherical coordinates (i.e., joint azimuth-elevation-
range estimation problem). The expectation-maximization (EM)
algorithm based on the maximum likelihood criterion is proposed
in [25], but it requires search computation and iteration process
and cannot give the estimations with closed analytic solution.
In [26], Challa and Shamsunder developed a Unitary ESPRIT
algorithm, in which an additional parameter pairing procedure is
required. The method in [27] depends heavily on different carrier
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frequencies, approximated sinusoidal signals, and extremely high
sampling narrowband data. The spectral search-based method in [28]
is applied to localize near-field sources only in underwater environment
by exploiting the characteristics of vector hydrophones [28]. Although
it is of low computational complexity, the second-order statistics-based
algorithm in [29] suffers heavy aperture loss and requires a complicated
quadratic phase transformation method [30] to pair the separately
estimated parameters.

1.2. Main Difficulties in Localizing “Arbitrary”-field Sources

In the practical applications, the observations collected by an array
may be “arbitrary”-field signals [31-39], i.e., which are either mixed
near-field and far-field signals or multiple near-field signals, or multiple
far-field signals, as in passive target localizations in radar, sonar,
and electronic surveillance. Therefore, it is necessary to develop an
algorithm with the flexibility to localize “arbitrary”-field sources.

There are two different signal models for near-field and far-field
sources due to their different phase forms. Can the near-field source
localization algorithms be applied to far-field case? When more
than one far-field source exists, the virtual steering matrix defined
in Eq. (13) of [29] no longer has full column rank and thus the
second-order statistics-based algorithm will break down. Although the
Unitary ESPRIT algorithm developed for near-field source localization
can be applied to localize “arbitrary”-field sources (elaborated in
Part 1V), it requires pairing parameters and suffers array aperture
loss since it deals with the two subarrays of a cross array separately. It
seems that the extended three-dimensional MUSIC algorithm [4] can
localize “arbitrary”-field sources without any matching operation or
array aperture loss. However, it suffers from the heavy computational
load due to search computation as that of the EM algorithm [25].
Can the far-field source localization algorithms be applied to near-field
case? Since the far-field signal model does not incorporate the range
information, the far-field source localization algorithms does not suit
near-field situation, such as the ESPRIT algorithm [6] for azimuth-
elevation arrival-angles estimation.

Based on the aforementioned discussion, the main difficulties of
passive source localization consist in: i) alleviating heavy aperture loss;
ii) eliminating the matching operation; iii) avoiding multidimensional
search; and iv) localizing “arbitrary”-field sources.
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1.3. Key Points and Contributions

In contrast to the two-stage MUSIC method in [39], where the sensor
array and sources are in the same plane (i.e., jointly estimating azimuth
angles and ranges for near-field sources, and azimuth angles for far-
field sources), the proposed algorithm pays attention to localizing
“arbitrary”-field sources in the spherical coordinates [25-29], i.e.,
jointly estimating azimuth-elevation arrival-angles and ranges for near-
field sources, and azimuth-elevation arrival-angles for far-field sources.

The key points and contributions of this paper are summarized as
follows:

Constructing a special cumulant matriz: Similar to [26,29], a
cross-array is discussed in this paper, which is often adopted in
microphone array configuration. Near-field and far-field sources have
different signal models. The intuition then is to explore two methods
respectively for the two types of sources. Obviously it is difficult
to apply two methods to the same array observations for localizing
“arbitrary”-field sources. In order to develop a flexible algorithm to
localize “arbitrary”-field sources, we derive a special cumulant matrix
that is the product of three components. In the first component, virtual
steering matrix, the quadratic phase terms of near-field sources are
canceled by exploiting the multiple degrees of freedom available from
cumulants [40—44] whereas the linear phase characteristic inherent is
retained for far-field sources. Therefore, near-field and far-field sources
share the common phase form in the virtual steering matrix, allowing
efficient processing via the same computations. The third component,
containing the range information of near-field sources, is just the
physical steering matrix of the actual sensor array. Moreover, from the
left and right singular-vectors of the cumulant matrix, two respective
orthogonal bases for the range space of the virtual steering matrix and
the null space of the physical steering matrix can be simultaneously
obtained to facilitate the preceding two-stage separated steering vector-
based algorithm.

Restoring the virtual steering vector: Since the virtual steering
vectors of “arbitrary”-field sources possess linear phase property, it
is possible to obtain their azimuth-elevation arrival-angles from the
vectors. In Part III, we develop a new approach to restore the
virtual steering vector from the cumulant matrix. We separate the
virtual steering vector into two parts by introducing a new phase
angle, where the first part is the functional matrix of the introduced
phase angle whereas the second part is the functional vector of other
parameters. The general ESPRIT algorithm [45] is applied to the
transformed subarrays for estimating the introduced phase angle. With
the estimated phase angle, the second part of the separated steering
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vector is restored using the eigenvalue decomposition (EVD) of some
particular Hermitian matrices. By combining the first and second
parts, the virtual steering vector is recovered and the azimuth-elevation
arrival-angles of “arbitrary”- field sources can be easily obtained.

We stress that unlike the general ESPRIT algorithms of [28, 45],
the presented approach does not require the subarrays have general
rotational invariance geometry, but transforms two orthogonal
subarrays (in the virtual steering vector of the cumulant matrix) of
the cross array to two new ones with general rotational invariance
geometry (with respect to the introduced phase angle). In addition, it
pays attention to separating and restoring the virtual steering vector
so as to estimate azimuth-elevation arrival-angles from the restored
one [28,45]. Therefore, it can be considered as the extension from one-
dimensional arrival-angle estimation algorithm [45] to two-dimensional
one. Moreover, unlike [28], it has wider applications since it uses omni-
directional sensors instead of the vector hydrophone only in underwater
environment.

Estimating ranges of near-field sources by separating the physical
steering vector: Using two intermediate parameters we separate the
physical steering vector into two parts, the functional matrix of these
two parameters and the vector containing the range information of
near-field sources. The combinations of the first part and the right
singular-vectors of the cumulant matrix yield a special Hermitian
matrix. From its eigenvector corresponding to the smallest eigenvalue,
we can restore the second part of the separated physical steering vector
and obtain the ranges of near-field sources.

Notation is as follows.  Vectors and matrices are referred
to as lowercase and uppercase bold letters, respectively.  The
transpose matrix is denoted by superscript ()7, the conjugate
transpose by superscript (o)H , and the conjugate by superscript (e)*.
diag{e,...,e} stands for a square diagonal matrix (\,, going from
the upper left corner to the lower right corner of the main diagonal),
andadiag{e, ..., e} represents a square anti-diagonal matrix(”, going
from the lower left corner to the upper right corner of the main
diagonal).

The rest of this paper is organized as follows. The signal model is
introduced in Section 2. A two-stage separated steering vector-based
algorithm is developed in Section 3. Simulation results are presented
in Section 4. Conclusions are drawn in Section 5.
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the [ -th near field source

v

Figure 1. Centro-symmetric cross array configuration.

2. “ARBITRARY”-FIELD SIGNAL MODEL

Consider L (near-field" or far-field) narrowband, independent radiating
sources impinging upon a centro-symmetric cross-array aligned with
the x and y axes, as shown in Fig. 1. The cross one is chosen as
the phase reference point. Subarray in each axis consists of 2N + 1
omni-directional sensors with uniform element spacing d. The sampled
signals collected by the (j,0)th and (0, m)th sensors can be respectively
expressed as [1-3]:

zj0(k) = 3 si(k)e™ D ;o (k).
=1
Z:\/j7 j:_Na"'7_170717""N7(1)
and

Tom(k)=_ si(k)e™ ™ 4ngpm(k), m=-N,... ~11,...,N, (2
=1

where s;(k) denotes the Ith narrowband source signal at time k, and
{n;o(k),nom(k)} represents the additive Gaussian noise. In addition,
T.1(7) is the propagation delay associated with the [th source between
the (0,0)th and (j,0)th sensors; while 7,(m) is the propagation
delay associated with the Ith source between the (0,0)th and (0, m)th
sensors. If the Ith source lies in the near field, the signal phases 7,;(j)
and 7, (m) are parameterized in terms of the intermediate parameters

(Yal> Pats Yyis Py1), and have the following forms? respectively:

Txl(j) = 1%l + j2¢a¢la (3)

t Note that Fresnel zone (i.e., near-field) lies in the radiating zone [\/(27),2D? /)], where
D is the array dimension (see [2, 3] for details). However, the radiating zone in the far-field
case is one beyond [0,2D?/\].

¥ The second-order Taylor series approximation is found in many references on near-field
source localization [3,11-15,19-29]. The effect of this approximation on the estimation
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and
Tyl(m) = MYy + m2¢yl- (4)
In this case, ¢, and ¢, cannot be neglected. In turn
(’)’xl7¢x177yl,¢yl) are functions of the [th source’s elevation angle
«y, azimuth angle §;, and range r;, and have the following forms
respectively:

27d sin oy cos 3

ol = — , 5
Val : (5)
nd? (1 — sin? o cos? 3
(b:rl - ( \ ), (6)
Tl
27d sin oy sin (3;
Yyl = — 3 s (7)

and
wd? (1 — sin? a; sin® ﬁl)

l =
Y )\’I”l

From Eqgs. (5)-(8), we can see that the parameters («a, 5,77)
can be obtained by firstly estimating the intermediate parameters
(7:)3l7 ¢:El7 Yyl ¢yl) and then SOIVing EqS (5)7(8)

Otherwise, if the ith source lies in the far field, 7,;(j) and 7, (m)
have the following forms respectively [2-10]:

a1 (J) = JVals (9)
and
Ty (m) = mryy,. (10)
In Egs. (9) and (10), both ¢,; and ¢,; are approximated as zero
due to farther ranges of far-field sources [2,3]. Therefore, far-field
sources can be considered as a special case of near-field sources, where
Qba:l =0 and ¢yl =0.
In a matrix form, the sensor output can be written as
x(k) = As(k) +n(k), k=0,...,K—1, (11)

where

Il(k) = [TL_N70(]€) TL_N+170(]{3) n_Lo(k)
n170(/€) . TZN,L()(k) TZN70(]€) n070(l€)
TLO’,N(]{Z) n07,N+1(k‘) N ’I’L07,1(/€)
noa (k) «.. non—1(k) non (k)" (12)

performance is elaborated in [11], where it was shown that for range greater than ten times
the array length, the error introduced is less than 0.5%.
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s(k) = [s1(k) s2(k)...sp(k)]", (13)
X(k) = [x_Nyo(k) x_N_H,()(k) 1'_170(]{7)
z10(k) ... zn_10(k) N o(k) z0,0(k)
l’o’_N(kJ) xO,—N+1(k) “e 1307,1(/{7)
zo1(k) ... zon_1(k) zon (k)" (14)
and the (4N + 1) x L-dimensional physical steering matrix

A= [a(%vla Dul, Yyl ¢y1) a('Y:an Du2, Yy25 ¢y2) cee a('Ya:La GzLs YyL> be(L)])
15
Note that the form of the steering vector a(vui, ¢ui, Yyi, dy1) in (15)
depends on whether the Ith source is in the far field or near field. If
this source is in the near field, a(yui, @u1, vy, @y1) has the following
quadratic phase form:

a(’Ya;l, ¢a:la Yyl ¢yl>

— el[(fN)'Yzl+(7N)2¢zl} 67'[(7N+1)’Yzl+(7N+1)2¢zl] . ei[77rl+¢zl}
eihattda]  Gi(N=D)va+(N=1)2¢at] SilNYar+N?éa] |
ei[(fN)’Yyl+(7N)2¢yl} ei[(7N+1)'Yyl+(7N+1)2¢yl] . ei[fvyl‘i'(z)yl}
eihyl"'(byl] . ei[(N_l)'Yyl+(N_1)2¢yl] ei[N'Yyl+N2¢yl}i| T (16)

Otherwise, if the Ith source is in the far field, a(vui, ¢ut, Vy1, Py1) has
the following linear phase form due to ¢,; = 0 and ¢, = 0 [2-10]:

a(’)/xla ¢xla Yyl» ¢yl)
:[ei[(_N)’yzl} ei[(_N—"l)’Yzl} . ei[_’YIZ] ei['Yzl] . ei[(N—l)’Yzl] ei[N’yzl] 1

eV Gl=NFDW il it i1 il (17)

The objective of our algorithm is to jointly estimate the 3-D
parameters («y, §;,7) for near-field sources and the 2-D parameters
(ay, ;) for far-field sources, given the array data x(k) for k =
0,...,K—1.

Throughout the rest of the article, these hypotheses are assumed
to hold:

1) The source signals are statistically mutually independent,
narrowband stationary processes with nonzero kurtosis;

2) The sensor noise is assumed to be additive and zero mean circu-
larly symmetric complex Gaussian distributed, and independent
of the source signals;
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3) In order to avoid the phase ambiguity of 2v,; or 2v,; estimated
later, the centro-symmetric cross array with element spacing
d < M\/4 is required (see Paragraph 1 of Part B in Section 3,
or see [26,29] for details);

4) 29y — 2Yap # 2Vyg — 2Vwq + 2hm, h € {—1,0,1}, or 2v/2dsinay,
cos(By + T) # 2v2dsinagcos(By + §) + hA, p,g € {1,..., L} for
p # q is required to uniquely distinguish the introduced L phase
angles (see the parts between (39) and (40), and between (46) and
(47) in Section 3 for detailed analyses);

5) In this paper, the source number L < 2N + 1 is required, given
a centro-symmetric two-dimensional cross-array® with 4N + 1
sensors.

3. PROPOSED ALGORITHM

Note that the quadratic phase of near-field sources is a nonlinear
function of (ay, 4, 77), as shown in Eq. (16). An alternative indirect
method for estimating (oy, 5;,7;) is to firstly obtain four matched
intermediate parameters (Vui, dx1, Yy, ¢yi) and then solve Eqgs. (5)—(8).

To obtain (Vu1, @z, Vyi, ¢y1) by applying the conventional high-
resolution search-free algorithm, it is necessary to transform the
quadratic phase inherent in the near-field signal model into a linear
phase. Note that the common characteristics of near-field and far-field
sources consist in that v, # 0 and v, # 0, and their difference lies
in that (¢ # 0, ¢, # 0) for near-field sources but (¢, =0, ¢, = 0)
for far-field sources. In addition, the above-mentioned transformation
should retain the linear phase characteristic inherent for far-field
sources so that both near-field and far-field sources share the same
linear phase form to facilitate the solution and allow the same
computations.

3.1. Constructing a Special Cumulant Matrix C

Cumulants can extend the array aperture and form virtual sensors
using their available multiple degrees of freedom [40-44]. Motivated
by this, the cumulant is chosen as the key technique for achieving the
above transform, i.e., changing the quadratic phase inherent in the

§ The propagation delay associated with the Ith source between the (0,0)th and (j,m)th
sensor has the following complicated form: 7T = jyu + j2¢m + myy + m2¢>yl -
jmd? sin? oy sin? 3;/(Ar). Therefore, the sensors on the 2 and y axes (i.e., (4,0) and (0,m))
are selected to construct a cross array rather than rectangular array, which is helpful to
simplify the phase form of near-field sources and develop search-free estimation algorithms
(see Eq. (5) of [25] and Eq. (4) of [29] for details).
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near-field signal model into linear one, and keeping the linear phase of
the far-field signal model.

Define the fourth-order cumulants from the outputs of the sensors
in Fig. 1 as follows:

cum {xm,o(k), zy, 0(k), zo0(k), x;q(l{)}

L L *
= cum {Z sl(k;)B'L'(m’)'zz—i—mQ:bacl)7 (Z Sl(k)ei(n%l+”2¢zz)> 7

=1 =1

L *
<Z k)ei(pvzl+p2¢zl+q’7yl+q2¢yl)) }

=1

(=l lm® =rl6atk cum s (8), 57 (1), 51(8), 57 (1)}

i

« e~ PVt tP? b1t aryi+a* dy)

L
- Z e Lm=—n)lyzr+((m? —n2)1¢zz}c4 slefi(mzﬂrp%zﬂrqul+q2¢>yz)
=1
m,n€{-N,—-N+1,...,—1,1,2,...,N,0},
(—N,O),. . 'a(_170)7(170)7'--7(N70)a
(pq) € { (0,—~N), e e (0,210 (0.1), . (0, N), (0,0) {18)
where cq g = cum{s;(t),s](t),si(t),s;(t)} is the kurtosis of the lth
signal, and the superscript ( )* denotes the complex conjugate.

To retain the linear phase term (i.e., the common term ~,; in
both the near-field and far-field signal models) and to remove the
quadratic phase term (i.e., the term ¢,; only in the near-field signal
model) in exp {i {[(m — n)]vu + [(m? — n?)]¢x } }, both m—n # 0 and
m? —n? = 0 are required. Let n = —m, and Eq. (18) becomes

cum{@m,0(k), 27, o(k), w0,0(k), 7, 4 (k) }

L
= E ei{2m'7xl}64’Sle_i(p'Yxl+p2¢xl+Q'Yyl+q2¢yl)

=1
me{-N,—N+1,...,—-1,1,2,...,N,0}

~N,0),...,(~1,0),(1,0),...,(N,0),
(p:9) 6{ Eo, —N)),...,EO,—l)),((O, 1)),...,((0,N)),(0,0), } (19)

Since there are (2N + 1) and (4N + 1) possible values for m and
(p, q) respectively, we define two functions h = g1 (m) and j = g2 ((p, q))
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to represent the following unique mappings:
m=-N,—-N+1,...,.-1< h=gi(m)=1,2,...,N
{m:1,2,...,N<:>h:gl(m):N+1,N+2,...,2N . (20)
m=0<h=g(m)=2N+1

and

<:>]:g2((p7Q)):1a27 "7N

(p,q) =(1,0),(2,0),...,(N,0)
< j=g2((pq) =N+1,N+2,....2N

(p,q) = (0,0) & j =g2((p.q)) =2N +1 (21)

(p7q>:(07_N)7(07_N+1)7 (0 _1)
<:>j—g2((p,q)):2 +2,2N+3,...,3N—|—1

(p,q) =(0,1),(0,2),...,(0, N

L j—gg(( q)) =3N +2,3N+3,...,4N +1

Based on Egs. (19)-(21), we define a special cumulant matrix C;
(its rows and columns are indexed by h and j, respectively), whose
(h, j)th element can be given by

Ci(h,i) = cum {xgl_l(h)’o(k), 7 1 0 (B)s 700 (k). s (j)(k)}

he{l 9,... 2N +1}, je{l,2,....AN+1}, (22)
where g7 *(h) and g5 ' (j) represent the inverse functions of h = g1(m)
and 7 = g2 ((p, q)), respectively.

Note that the (2N 4+ 1) x (4N + 1)-dimensional cumulant matrix
C; can be represented in a compact form as:

C; = B;Cy, AT (23)
where the physical steering matrix A is defined in Eq. (15), Cys =
diag[cas1,ca,62, .- casr], B1 = [bi(721) bi(722)...bi(7zr)], and
(2N + 1) x 1-dimensional column vector

bl (%Ul)
. . . . T
— { —2NYer o —2(N=1)vaer  o=12%1 2%t oi2(N=1)ver i2N7er |

1=1,2,....,L. (24)
Similar to Eq. (19), we define
cum {aco7m(k), 26, —m (k) z0,0(k), ml*)’q(k:)}

L

_ Zei{2m7y1}04 e Yt pP Sut vyt a® o)
=1
m & {—N,—N+1,---7_171727"'7N}7

“N,0),...,(~1,0,(1,0),...,(N,0),
(p’Q)E{ Eo,—N)),...,((o,—l)),((o,1;,...,((o,N)),(o,O),}’ (25)
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where m # 0 is required to avoid the duplication of m = 0 in Eq. (19).
Similar to Eq. (22), we define a special cumulant matrix Ca, whose
(h, j)th element can be given by

C2(ha]) = cum {x[)’gl_l(h)(k’)a $07_g;1(h)(k‘), :E(),o(k), 1'951(1)(]{7)}
he{l,2,...,2N}, je{l,2,...,4N+1}, (26)
where h # 2N + 1 is required to avoid the duplication of m = 0 in
Eq. (19). Note that the (2/V) x (4N + 1)-dimensional cumulant matrix
C, can be represented in a compact form as:

Cy = BoCy A7 (27)
where By = [ba(vy1) ba(yy2) ... b2(vyr)], and (2N) x 1-dimensional
column vector
b2(7yl) — [efiQN'yyl 6*1'2(]\7*1)’73;1 o efiZ'yyl eiZ'yyl o ei2(N71)'yyl eiZN'yyl]T7

1=1,2,... L. (28)
Combining C; and Cgz, we construct a (4N + 1) x (4N + 1)-
dimensional cumulant matrix C:

C= { g; ] =BCy AT (29)
where the virtual steering matrix
B= [ g; ] = [b(Va1, 1) b(Va2,72) - - - b(Yer, W) (30)
and the virtual steering vector
b(vatsvt) = BT () b5 (v)], 1=1,2,...,L.  (31)

Note that the cumulant matrix C has the following characteristics:

1) The cumulant matrix C is the product of three components, i.e.,
the virtual steering matrix B, the diagonal matrix Cys, and the
conjugate transpose of the physical steering matrix A;

2) On the virtual steering matrix B: The virtual steering matrix
B contains linear phase terms rather than the quadratic phase
terms of the physical steering matrix. In addition, B has full
column rank for “arbitrary”-field sources. Furthermore, no matter
whether the [th source be in the far-field or in the near-field,
the virtual steering vector b(vy,7y) has the same form, i.e., the
linear phase term is a function of the two common intermediate
parameters (7z,7y) in both near-field and far-field signal models.
The first intuition is to obtain (v, vy) from the restored virtual
steering vector b(7v1,7y) and then solve the azimuth-elevation
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arrival-angles («y, 3;) of the [th (near-field or far-field) source
independent of 7; using (vz,7y1). The remaining problem is how
to restore the virtual steering vector b(yui, vy1)-

3) On the physical steering matrix A: Note that A contains the
range information (or two intermediate parameters (¢, ¢y)) of
near-field sources. Therefore, the ranges of near-field sources can
be obtained from A. Another intuition is to obtain (¢, ¢y) from
the restored physical steering vector a(Yz, ¢z, Yy, ¢y1) and then
estimate the range of the Ith near-field source from (¢z, ¢y1). The
remaining problem is how to restore the physical steering vector

a(Vals Pats Yyl Pyl )-

To facilitate the derivation of the two-stage separated steering
vector-based algorithm, we implement the singular value decomposi-
tion (SVD) of (4N + 1) x (4N + 1)-dimensional cumulant matrix C as
follows:

C = BCiu,A?Y =Uuxvi =Uu,x, Vi LU, 2, VH
= [w,...,wyyyildiagor, ..., ouni1][vi, - vana]?,  (32)

where 3 is the diagonal matrix with the singular values arranged
as o1l > ... > log| > |or+1l = ... > |oany1l, the diagonal
matrix X, € RF*F is composed of singular values o1, 09, ...,0r, and
U, € CUNHDXL consists of the left singular vectors up, us,. .., ur
related to o1,09,...,0r In addition, V, € CUNTDXL  which spans
the same range as that of the physical steering matrix A, consists
of the right singular vectors vi,va,..., vy related to o1,09,...,07.
Similarly, the diagonal matrix X, € RAN+1-L)x(4N+1-L) i composed
of singular values op+1,0r42,...,04n+1; U, € CUN+1)x(4N+1-L)
consists of the left singular vectors urpyi,urio,...,u4ny1 related
to or+1,00+2,--.,04N+1, orthogonal to the range space of B.
V, € CUN+TOXUN+I-L) " congists of the right singular vectors
VI+1,VL+2,--.,V4N+1 related to op41,0049,...,04N+1, orthogonal to
the range space of A.

3.2. Estimating (ay,3;) by Introducing 6;, Separating the
Virtual Steering Vector b(7yi,vy) into Two Parts, and
Restoring b (v, fyyl)

b(Yar, 1) = [bT (Ya) bQT('yyl)]T can be considered as the steering
vector of the [th virtual far-field source observed by a cross array
with uniform element spacing 2d, resulting in bigger element spacing
in cumulant domain than that of the physical array (d). Therefore,
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Assumption 3 in Part IT is required to avoid the phase ambiguity for
279, and 27,;.

Although many high-resolution methods can be utilized to
estimate phase vectors {vz1,722,..-,7%} and {vy1, %2, .-, WL}
separately [5-10], Egs. (5) and (7) cannot be solved for azimuth-
elevation arrival-angles without the knowledge of the relative orders
of the vector elements. Consequently, any method for estimating
multi-dimensional source parameters should address the pairing
problem since the failure in pairing will cause severe performance
degradation [6-10]. For example, if the parameter (7.p) of the pth
source and the parameter (7y4) of the gth source are falsely associated,
(Yeps Yyg) Will result in wrong estimation and severe performance
degradation for azimuth-elevation arrival-angles. Since the cross
array consists of two orthogonal subarrays which results in no direct
association between {vz1,7z2, ..., 7.1} and {yy1, V2, ...,y }, pairing
them is a key problem in the proposed algorithm. To avoid any
matching operation, we consider estimating ~,; and 7, from the
restored virtual steering vector b(vz, yy1)-

Define
7 = W [V = 2Omrw) =1 L. (33)
Since |z;] = 1, z; can be represented in another form as:
=% 6 ¢l-m7], I=1,..., L (34)

Although ¢t = ¢?2(wm=1) @, may not equal 2(Yy1 — Ya1) due to
291, 27 € [—m, 7| (see Egs. (5)-(7) and Assumption 3 in Section 2)
and thus 2(yy — vz1) may exceed [—m, 7], i.e., 2(7y — vYz1) cannot be
estimated from 6; directly, but e?2(%=71) can be estimated from e
uniquely (see Assumption 4 in Section 2).

Based on Eqgs. (33) and (34), e"?7! can be represented as ¢! =
e%1e?¥xt . Therefore, the virtual steering vector b(vu, Y1) in Eq. (31)
can be written in another form as:

b(’YxlyVyl)

— |em2Nvar p=2(N—Dvm o=i2va g2y o2(N=1)var i2Nvm |
o 2NYal o =iNO —i2(N=1)t o o=i(N=1)01  ,=i2va1 o o=i01 L2701
Xewl o ei?(N—l)%l > ei(N—l)Gl eiQN%l > eiNGZ T‘ (35)

It is noted that no related factor exists between the first 2,V
elements and the last 2N elements in Eq. (31) (Or see Egs. (24) and
(28) for details). However, there is a related factor e/% between the
first 2N elements and the last 2N elements in Eq. (35). In such case,
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an alternative method for estimating (v4,v,) is to firstly estimate
(01,721) from Eq. (35) and then combine 6; and vy, yielding ;.
Since Ug spans the same range as that of the virtual steering
matrix B, there must exist a unique invertible matrix T, such that
Us = BT [5]. To estimate 6, we implement the following divisions:

U.— U, | First (2N +1) rows of Usg
7| Last (2N + 1) rows of Ug | U,
_BT — B,
=BT = [ Last (2N + 1) rows of B ] T

(36)

[ First (2N 4+ 1) rows of B ]
_ B, T,

where U; and B; (i.e., the first 2N rows of By) are the first 2N rows
of Ug and B, respectively. Us and By are the last 2NV rows of Ug and
B, respectively.

Similar to the generalized ESPRIT algorithm for one-dimensional
arrival-angle estimation [45], we define a matrix

(U, — Uy = (\11(61'9)1'31 - BQ) T, (37)
where
\Il(ew) = diag {efiNe, A
e, ... eN=1)0 eiNe} . (38)

From Eqs. (37) and (38), we can see that when e = 20w —7x1),
the Ith column of the matrix ¥(e?)B; — By changes to zero. In
such case, ¥(e)B; — By will drop rank. As B; and By are tall
matrices, we can obtain the estimate of e?2(7st=7%) for which L x L-
dimensional matrix (¥ (e)U; — UQ)H (¥(e?)U; — Uy) drops rank,
i.e., rank ((¥(e?)U; — Up) (¥(e??)U; — Uy)) < L. Or equivalently
the polynomial of €’ equals zero, as shown in the following equation:

P (e) = det { (@ () Ui - UQ)H (e () Ui - U2>} =0.
(39)
Therefore, e can be found from the L roots of P(e"), which are
located closest to the unit circle [45, 46].
When 27v,p — 2V2p = 27yq — 272q + 2hmw, b € {-1,0,1}, p,q €
{1,...,L} or 2v2dsin oy, cos(B, + T) = 2v/2dsin ag cos(By + ) + hA
holds for the pth and gth sources, e?2(vwr—Yep) = ¢i2(¥wa=72a) gnd 0, = 0,.
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Therefore, it is difficult to distinguish the introduced L phase angles
{61,62,...,0r} uniquely using the objective function in Eq. (39) when
2%p — 2Vzp = 2Vyq — 27Vzq + 2hm. It is clear that Assumption 4 in
Section 2 is required to ensure that the objective function in Eq. (39)
can distinguish the introduced L phase angles {61, 6a,...,05} as well
as the L sources uniquely.

Let us consider the conventional spectral MUSIC algorithm [4]
that estimates the parameters {vu,vy,}, | = 1,...,L from the L
deepest minima of the following function

f2(7ma 'Yy) = bH(’)’ma 7y>UnUrIjb('Yxa Vy)- (40)

Note that the virtual steering vector b(v,,7y) can be represented
in a separate form as:

b(7:%) = Bs (/') b (), (41)
where
by () = [(e2) ™ () TV ()™
(@) . (@)Y @]t
and I
0y _ LON+1
Bs(e") = { () 0oyt ] ' (43)
Inserting (41) into (40), we have
f2(7x7’7y)
= bl (7) BY' () ULUBs () by (1)
= by (72) D1(¢")ba (7). (44)
where ‘ ‘ A
D, () = BY () U, U/IBy () (45)

is a (2N + 1) x (2N + 1)-dimensional Hermitian matrix.

Equations (40) and (44) imply that: substituting the estimate et
into B3(e?) in (40), then finding the minima of the following objective
function:

Azl = H%in bf ('7:5) D, (ei91> by (’Yx) ) (46)

the minima of which indicates the estimate 7.
When 27v,p — 27V2p = 27yq — 272¢ + 2hmw, b € {-1,0,1}, p,q €
{1,...,L}, ie., e20w=rp) = 2(we=ea) and 0, = 64, we have
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by’ (7zq) Dl(eieq)bfl (Yeq) = b{ (ap) D1(e)by (v4p) which implies
that b¥ (7,) D1(e%)by (7,) has not unique but two minimal values
at vz = Yzp and vy, = Vzg. Therefore, Assumption 4 in Section 2 is
required to ensure that b (7,) D1 (e )by (v;) in Eq. (46) has unique
minimal value.

Additionally, Eq. (46) implies that by (%) is just the eigenvector
corresponding to the smallest eigenvalue of Dy (e?).

Once by (4,,) is obtained from the EVD of D1 (e), b(,, Y1) is
easily restored from the following equation:

b(Ya1, 1) = Bs (610’) by (Yat) - (47)
Based on b(44,9y) and its linear phase characteristic, the

estimates (Yz1,%y1) can be given as follows:

N-1

Y b (a4 + 1 b(3at. 3u0) 2N + 1]
Yot = Z‘( NENEMIT )“( NEMEMI )

Jj=1

‘& (b A1) b (Jat, 1) [N +1]
;%;f( R Commie I

b(’?xla ’A}/yl) []]
.1 & b (Jat, Y1) i +1] b(Jat, 1) [2N +1]
= > 4 )+ (b))

S (PGan A0l | (PG, 5 BN +2]
+j32N+f< e e A Cerwmensn ) | ORC0

Pyt b (Yt Yyr) 7]

where b(41, 9y1)[j] denotes the jth element of the vector b(Fu, Yy1)-

Based on (931, 9y1), oy and (3 can be solved from Egs. (5) and (7)

as follows:
A : A a2 22
d; = arcsin (27rd Yo+ 7yl> , (50)

Bz = arctan (;%) . (51)
T

3.3. Estimating r; by Separating the Physical Steering
Vector a(vz, Py Yy, $y) into Two Parts, and Restoring

a (¢:z:l ’ ¢yl)

Let us consider the conventional spectral MUSIC algorithm [4] that
estimates the four-dimensional parameters (va1, @1, Vyi, Pyi) from the
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L deepest minima of the following objective function:

fB(’Y;rv ¢aca Yy (by) = aH(’Yxa ¢ac7 Yy ¢y)VnVTIja(%7 ¢$7 Yy ¢y)a (52)

Note that the physical steering vector a(vs, ¢z,7vy,dy) can be
represented in a separate form as:

a(’YxaQZ)x,’vi(by) = A1(7z77y)a2(¢x’¢y)a (53)
where the second part

az(¢x, Py)= eiN? 0z iN=12¢a gide | iN?y Gi(N-1%¢y cidy !
(54)
and the first part
Ay 0 O
Ay 0 O
Ai(Ve,w)=1] 0 1 0 (55)
0 0 Ag
0 0 Ay
In Eq. (55),
A, = diag { (emz)iN , (ei'yz)iNJrl IR (ei’yz)*l} ) (56)
Ay = adiag { (ei%)N , (ei%)N_l e ei%} , (57)
A3 = diag { (e”y)fN , (ewy)iNH e (eiﬂ/y)il} ; (58)
and , . -
A, = adiag { (e”y)N , (ewy)N_1 b ,e”y} . (59)

Inserting (53) into (52), we have

f3('7:ca bu, Yy ¢y) = aH(%m bu, Yy ¢y)VnV£Ia(’Ya:, s Yy (z)y)
= ag(ﬁbxaQby)A{{('Yxﬁy)VnValel(%a'Yy)aQ(ébx,¢y)
= a£{<¢$7¢y)D2(7x77y)aQ(¢m7¢y)v (60)
where
D2(7xa’7y) = A{{(an’Yy)VanAl (’71:7 'Yy) (61)

isa (2N + 1) x (2N + 1)-dimensional Hermitian matrix.

Equations (52) and (60) imply that: substituting estimates
(Yat, Yy1) into Aq(7vz,7vy) in (53), then finding the minima of the
following objective function:

(Dats 1) = (;md{l all (du, dy) D2 (Fats Ay1)a2(bz, by), (62)

TH¥PY
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the minima of which indicates the estimates (¢, qubyl).

Additionally, Eq. (62) implies that ag(qgml, gZ;yl) is just the
eigenvector corresponding to the smallest eigenvalue of Da (.1, Jy1)-
Therefore, ag(qul, éyl) can be recovered from the EVD of Do (Y1, y1)-

Note that the phases in ag(qgml, gZ;yl) are the quadratic functions of
the sensor indexes ¢ and m (See Eq. (54) for details). To transform the

quadratic phases into linear ones and obtain (q@xl, qul) without spectral
search, we form two column vectors from ag(¢z, ¢y1) as follows:

82(Qat, $y1) [IN1A3 (Dor, §y) [N + 185 (dat, $yr) [Naz(dut, §y) [N + 1]
82(Pat, $y1) [N — 1183 (bt §y1) [N]A3 (Gat, $y1) [NA2 (b, dy1) [N + 1]
e, = |82(ot, y) [N ~2183(dut, §y1) [N — 1185 (Gt by1) [N]82(at, dyr) [N+1]

L as (ngxla éyl)[l]ég (()Zgﬁ?la ngl)[Q]éz(‘nglv ngl)[N]éiQ(‘i)xla ngl)[N + 1]
_ 1 -

12021
— ei4qul , (63)
| 2N 1) |
82(Pat, $y1)[2N 1183 (bt §y0) [N +1185 (Bt 41 [2N 12 (o, §y0) [N +1]
82(Gat, 6y1)[2N]83 (Pat, Gy1) 2N +1] ”3(? 1 630) (2N + 12 (Pat, dyt) [N +1]
f; = |82(Par, 61) 2N ~1]85 (a1, 6,0)[2N]4 §(¢ 1> Oy1) 2N +1]a2 (Pat, Gyi) [N +1]

18 (Gat, Pyr) [N +2]5 (Pat, ¢3y1)[N+3]52(¢zz, Gy)[2N +1]az (dat, ¢y [N +1]
- 1 i
012041

- 4oyt (64)

c2(N=1)dy; |

Based on the vectors e; and f; and their linear phase property,
(@1, ¢y1) can be expressed as follows:

2 1 = (el +1]

b= av=s 2 (el ) ®
N—-1

“ fl j +

Oy = 2N 5 2 / < ) (66)
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Based on (d,ﬁ, gisxl,qul), r; can be solved from Egs. (6) and (8)
as follows:

1 ( wd? . d? .
= = { ma (1 — sin? & cos? ﬁ,) 4+ (1 — sin? & sin? ﬂ,) ,
2 )\¢xl )\¢yl

I=1,...,L. (67)

In the ideal case, if the [th source is in the near-field, the estimate
7 lies in [\/(27),2D?/\]. Otherwise, if it is in the far-field, the estimate
7, approaches to infinite. In fact, there are some estimation error due
to finite snapshots and existing noise. For convenience, we set 2D?/\
as the range threshold to determine whether the Ith source is in the
far field or near field.

3.4. Description of the Proposed Algorithm

The proposed algorithm can be described as follows:

Step 1: Construct the cumulant matrix C using Eqgs. (19)—(31).
Implement SVD of C using Eq. (32) and obtain {U,, U,,, V,, };
Step 2: Partition Ug into Uy and Uy using Eq. (36), and obtain
e% and Bz(e’%) using Eqs. (39) and (43);

Step 3: Substitute e% into Dl(ejél) in (45), and obtain by (9z,)
from the eigenvector corresponding to the smallest eigenvalue of

Dl(ejél). Therefore, &; and f; can be obtained from the restored
virtual steering vector b(%,,4y1) using Eqgs. (47)—(51);

Step 4: Substitute the estimates (9.1, ¥y1) into Aq(vu,vy) and
obtain ag(¢a, ¢y) from the EVD of Da(441, ¥y1) using Eqgs. (60)—

(62).  Therefore, 7, can be obtained from as(¢.,dy) using
Egs. (63)—(67).

4. SIMULATION RESULTS

In this section, we compare the proposed algorithm with the cumulant-
based algorithm in Refs. [6,26] as well as the EM method [25] in two
ways, i.e., the computational complexity and estimation accuracy.

4.1. Computational Complexity

Regarding the computational complexity, we consider the major part,
namely, multiplications involved in cumulant matrix construction,
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Table 1. Computational complexity comparison.

Cumulant Iterati Total
eratio
matrix SVD/EVD T . computational
. computation .
computation complexity
T<(AN+1)’K
P d 2(4N+1)3
lropzj‘le 7x (AN+1)*K +35§L(2—~]_VJ)FI)3 O| +3x(4N+1)?
algorithm 3 +§L(2N+1)3
350x (2N +1)*K
Ref. [26] |350x(2N+1)?| 220 (2N +1)2 o
[26] [350x(2N+1)?| 22 (2N +1) L0, (o 1 1)?
200L x (4N +1)? 200Lx(4N +1)?
EM [25] 00L x (4N + l 0 00Lx(4N + )2
+10x (4N+1)*K| \+10x (4N+1)°K

SVD (or EVD) and the iteration operation, The proposed method con-
structs one (4N +1) x (4N +1)-dimensional cumulant matrix C and im-
plements its SVD. In addition, it requires implementing EVD of (2N +
1) x (2N + 1)-dimensional matrices D1 (e/?) and Da(7z,7,) L times.
Therefore, the total computational complexity of the proposed al-
gorithm is O (7 x (4N +1)2K + 4 x (4N + 1) + 8L(2N +1)?). The
EM algorithm requires at least 10 iterations to obtain the
estimations, in each cycle of which the maximization sec-
tion requires at least 20 iterations [25]. Thus, it requires
O (10 x (20L x (4N +1)* + (4N + 1)?K)). The method in Ref. [26]
construct two (2N +1)? x 25-dimensional cumulant matrices and corre-
sponding SVD, so it requires O (350 x (2N + 1)2K + 20 x (2N + 1)?).
Therefore, the EM algorithm has much higher computational complex-
ity.

The proposed algorithm and the method in Ref. [26] can obtain
the parameter estimations with closed analytic solution. However, the
EM algorithm requires iteration process to obtain the estimations [25].
The above-mentioned comparisons are shown in Table 1.

4.2. Estimation Accuracy

Some simulations are conducted to assess the estimation accuracy
of the proposed algorithm. We consider a 13-element centro-
symmetric cross-array with element spacing d = A/4. Two equi-
power, statistically independent sources modeled as e/$t, where the
phases (; are uniformly distributed in the interval [0, 27]. The received
signals were polluted by zero-mean additive white Gaussian noises. For
comparison, we simultaneously execute the cumulant-based algorithms
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in Refs. [6,26] and the EM method [25]. In addition, the related
CRLB on the variance of the estimated parameters are obtained
from the inverse of the Fisher information matrix by averaging 500
computations [47]. The DOA (azimuth and elevation) and range
estimations are scaled in units of degree and wavelength, respectively.
And the performances of these algorithms are measured by the
estimated root mean-square error (RMSE) of 500 independent Monte
Carlo runs.

In the first experiment, the proposed algorithm is used to deal
with pure near-filed sources. Two near-field sources are located at
{aq = 20°, 81 = 40°, 71 = 1.5A} and {ag = 40°, B2 = 30°,r9 = 2.5},
respectively. In this case, ¢ # 0 and ¢, # 0, | = 1,2, so both B
and A have full column rank (see Egs. (30) and (15) of this paper
for details) and thus the proposed algorithm can be applied into pure
near-field source localization problem.

The snapshot number is set equal to 400. When the SNR varies
from 0dB to 20dB, the RMSE of the elevation, azimuth, and range
estimations of the two near-field sources from 500 independent Monte
Carlo runs using the method in Ref. [26] and the proposed method
are shown in Figs. 2, 3, and 4 for comparison. From Figs. 2, 3, and 4,
we can see that the proposed algorithm has higher estimation accuracy
than that of Ref. [26], but is slightly lower than the EM algorithm [25].
However, the EM algorithm obtains high estimation accuracy at the
expense of high computational complexity resulted from the iteration
process. As it is expected, when the SNR increases, the estimated
values approach to the true values. From Fig. 4, it can be seen that
the RMSE of range estimation of the first source (closer to the array)
is much lower than that of the second source for the two algorithms
and CRLB.

Elevation Estimates f Azimuth Estimates

—e—Source 1,Challa
1 || —+—Source 1 Proposed
Source 1,GRLB
—HB—Source 1 EM —8—Source 1.EM
@ Bource 2, Challa @ Bource 2,Challa
-4 -SBource 2,Proposed o Source 2,Proposed

—e— Source 1,Challa
|| —+—Source 1 Propossd
Source 1,CRLB

-+ Source 2,CRLB ~oeBource 2,CRLB
O Source 2,EM 2| B Source 2.EM
L L

. , . . . . . .
o 2 4 [ g8 1 12 14 18 18 20 0 2 4 [ g8 10 12 14 18 18 20
SR (dB) SNR (dB)

Figure 2. RMSE of elevation Figure 3. RMSE of azimuth
estimations versus SNR. estimations versus SNR.
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Range Estimates Elevation Estimates
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5§ O Source 2,EM 5
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SR (4E) Snapshat Number
. s 3
Figure 4. RMSE of range Figure 5. RMSE of elevation
estimations versus SNR. estimations versus snapshot num-
ber.
Azimuth Estimates Rangs Estimates
1D‘ —&—Source 1,Challa —&— Source 1,Challa
—+—Source 1 Proposed —4+— Source 1 Proposed
Source 1,CRLB 1UU Source 1,CRLE
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cede e Source 2 Proposed — 4 Bouree 2 Proposed
s Source 2,CRLE ) -+ Source 2 CRLE
—E&— Source 2 EM 2 G Source 2,EM
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:
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Snapshot Number Snapshot Humber

Figure 6. RMSE of azimuth esti-
mations versus snapshot number.

Figure 7. RMSE of range esti-
mations versus snapshot number.

The SNR is fixed at 15dB. When snapshot number varies from
200 to 2000, the averaged performances (RMSE of elevation, azimuth,
and range estimations versus snapshot number for two sources) over
500 Monte Carlo runs are shown in Figs. 5, 6, and 7. From these
figures, it can be seen that RMSE of the elevation, azimuth, and range
estimations decrease as snapshot number increases. In addition, it
can be seen that the proposed algorithm improves estimation accuracy
than that of Ref. [26], and approaches the CRLB and the performance
of the EM algorithm [25].

In the second experiment, the proposed algorithm is used to deal
with one near-filed and one far-field sources. The near-field source
is located at {a1 = 20°,5; = 40°,7 = 1.5\}; whereas the far-field
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source is localized at {ag = 40°, 32 = 30°,72 = oo}. In this case,
$z1 # 0, ¢y1 # 0, ¢p2 = 0, and @2 = 0, so both B and A still have
full column rank and the proposed algorithm can be applied into one
far-field and one near-field source localization problem. The ESPRIT
algorithm proposed by Liu and Mendel [6] can localize only the second
source (i.e., far-field source). In the method of Ref. [26], ¢p2 = 0
but tan(yz2) + i tan(¢g2) # 0. Therefore, the algorithm in [26] can be
applied into one far-field and one near-field source localization problem.

The snapshot number is fixed at 400. When the SNR varies from
0dB to 20dB, the RMSE of elevation, azimuth, and range (which is
only for near-field source ) estimations of one near-field and one far-field
sources from 500 independent Monte Carlo runs using the two methods
are shown in Figs. 8, 9, and 10, respectively. From Figs. 8, 9, and
10, it can be seen that the proposed algorithm has higher estimation
accuracy than that of Ref. [26], but slightly lower than the CRLB and
the EM algorithm [25].

Elevation Estimates Azirmuth Estimates

—e—Source 1,Challa pe —e—Source 1,Challa |10
10" | —#— Source 1 Proposed - ST —+— Source 1 Proposed | "
Source 1 CRLB gy ¥ ] Source 1,.CRLB
—8—Source 1 EM =i ] Y 8 source 1,EM
© @ Source 2 Challa wo @ Source 2,Challa
e Bource 2,Proposed coe e Source 2,Proposed
—%— Source 2 Liu —%— Source 2 Liu
10* e Source 2,CRLE 4 e Boorce 2,CRLB
+O e Source 2 EM S| B Source 2,EM

L L L L L L L L L L
1) 2 4 B 8 10 12 14 16 18 20 1} 2 4 [ El 10 12 14 16 18 20

Figure 8. RMSE of range esti- Figure 9. RMSE of azimuth
mations versus snapshot number. estimations versus SNR.

In the third experiment, the proposed algorithm is used to deal
with pure far-field sources. Two far-field sources are localized at
{a1 = 20°,61 = 40°,r; = oo} and {ag = 40°, 32 = 30°,ry = oo},
respectively. In this case, although ¢,; = 0 and ¢,; = 0, [ = 1,2, both
B and A still have full column rank and the proposed algorithm can be
applied into pure far-field source localization problem. The ESPRIT
algorithm proposed by Liu and Mendel [6] is suitable for pure far-
field sources. In the method of Ref. [26], ¢,1 = 0 and ¢,2 = 0 but
tan(y,1) + i tan(¢,1) # 0 and tan(yy2) + i tan(¢g) # 0. Therefore,
the algorithm in Ref. [26] can be applied into two far-field source
localization problem.

The snapshot number is fixed at 400. When the SNR varies from
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0dB to 20dB, the RMSE of the elevation and azimuth estimations of
two far-field sources from 500 independent Monte Carlo runs using the
proposed method and CRLB are shown in Figs. 11 and 12, respectively.
From Figs. 11 and 12, it can be seen that proposed algorithm has high
estimation accuracy.

From the above experiments, we can see that the proposed
algorithm with high estimation accuracy can deal with “any-field”
sources, i.e., the total received signals by an array consists of either
multiple near-field signals, or multiple far-field signals, or their
mixture. The method proposed in Ref. [6] can be only applied to pure
far-field source localization, and fails in localizing near-field sources.
The Unitary ESPRIT algorithm developed in [26] combines two real
matrices yields the complex-valued EVD with complex eigenvalues
tan(vy,;) +itan(dy;). Even if the I-th source is far-field one, ¢,; = 0 but



42 Liang et al.

tan(vy;) + ¢ tan(¢py) # 0 and thus the method in Ref. [26] can localize
far-field sources. The method in Ref. [26] has lower estimation accuracy
than the proposed algorithm since it used half the array sensors
to estimate (Va1, @a1) or (Vyi, ¢y1).- The EM algorithm obtains high
estimation accuracy at the expense of high computational complexity
resulted from iteration process, and cannot provide the closed analytic
solution.

5. CONCLUSION

This paper constructs a special cumulant matrix by exploiting the
multiple degrees of freedom available from fourth-order cumulants.
Based on its left and right singular vectors, a two-stage separated
steering vector-based algorithm is proposed for passive localization of
“arbitrary”-field sources in the spherical coordinates. In order to avoid
the phase ambiguity, the quarter-wavelength constraint on interment
spacing is adopted. In addition, the cross array configuration rather
than other geometries is required to simplify the quadratic phase
of near-field sources. Since the azimuth-elevation arrival-angles and
ranges are estimated from the restored steering vectors, the proposed
algorithm can avoid any matching operation and spectral search. The
experiment results show that the proposed method is an attractive
alternative to localize mixed near-field and far-field sources with closed
analytic solution.
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