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OPTEL, Consorzio Nazionale di Ricerca per le Tecnologie
Optoelettroniche dell’InP
Via Circumvallazione Esterna di Napoli
Zona ASI, Giugliano, Napoli I-80014, Italy

Abstract—This paper presents an optimal power pattern synthesis
procedure able to tackle the mutual coupling and platform effects
even for electrically large arrays. The novelty of the approach is
due to its capability to account in the synthesis procedure for two
different aspects at the same time: the coupling between the array
radiating elements and the coupling between these elements and the
array platform. The mutual coupling evaluation is based on the active
element pattern method, and the active element pattern is numerically
computed. The kind of synthesis problems here addressed belongs to
the class of convex optimization problems. Therefore, the solution is
found by means of very efficient convex programming tools, without
requiring global optimization schemes, thus saving time and costs. The
extension of the overall tool to adaptive arrays is also considered.
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1. INTRODUCTION

Today’s radar systems are required to fulfill hard pattern specifications,
i.e., extremely high gains in certain directions and accurate jammer
rejection. An example of radar systems that require these particular
pattern properties is represented by passive surveillance radars [1].
Since the interest in such application is currently increasing, this
contribution is focused on the techniques to be used in order to obtain
the above mentioned pattern requirements specified for passive radar
systems. These properties can be in principle achieved by appropriate
array synthesis techniques. In the last years, in fact, a large number
of techniques have been investigated, but most of the obtained results
miss some desired requirements, as in the following highlighted.

The basic idea of passive radar systems is to conveniently exploit
opportunity signals, like analogue FM transmitters or Digital Video
Broadcasters to detect and track targets [2–4]. As a consequence, the
costs are significantly reduced respect to active radar systems [5, 6],
and the environmental impact is minimized.

Such systems require the suppression of the signal coming from
the illuminator of opportunity, because this is stronger than the signal
scattered from the target in the passive radar direction. The incident
wave, in fact, is usually scattered in all the directions but it is received
only in the direction of the radar respect to the target. This means
that ad hoc designed patterns have to be synthesized, able to maximize
the gain in the target direction and to reject both the transmitter
signal (always present, also in the quiescent scenario) and eventual
dynamic jamming sources that can rapidly affect the environment noise
characterization [7].

The formulation of the synthesis problem requires to determine
the antenna structure and the excitations such that the obtained
pattern satisfies the desired assigned specifications. This problem
has been widely studied and it has been modeled as an optimization
problem. Among the approaches most used to solve this class of
problems, global algorithms have become particularly popular, like, for
instance, Particle Swarm (PS) and adaptive genetic algorithms [8–10].
At least in principle, these techniques can reach optimal performance,
paid by a great computational effort, not always affordable. Other
methods, based for example on minimum distance algorithms or
the alternate projection method or some variants of the traditional
synthesis techniques [11, 12], are also available in literature; these
methods are less time-consuming then the previous ones but do not
reach the best achievable performance. In this paper, instead, the
quiescent pattern synthesis problem has been recast as the solution of a
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Convex Programming (CP) [13–15] problem, thus completely avoiding
the usage of global optimization schemes. The convexity property,
in fact, assures that the optimum is unique and the solution, found
with the more efficient local search algorithms, is certainly the global
optimum.

Since the goal of this work is to provide useful tools able to give
optimal and, at the same time, practical solutions for the passive radar
beamforming, it is also crucial to consider, in the synthesis procedure,
some non-ideal effects that significantly change the radiating system
properties: the mutual coupling between the array elements [16] and
the coupling with the array platform.

The most of the efforts have been made so far to compensate
the mutual coupling effects between the array elements. They have
been included in the synthesis procedure by means of different mutual
coupling evaluation methods: the pattern multiplication [17]; fully
numerical techniques; active element patterns approach [18–21].

The pattern multiplication method can be applied to radiating
element that are affected by mutual coupling only on their active
input impedance but not on the shape of their current distributions.
In this case the complete pattern can be computed starting from
the knowledge of the active element input impedances. An array
of half-wave dipoles is one example of such an array. In fact, it is
possible to predict accurately the array performance by introducing
the coupling matrix [22, 23]. Unfortunately, the computation of the
coupling matrix is not easy when the half-wave dipoles are mounted
on complex platforms. In this case, in fact, fully numerical techniques
can be used for mutual coupling evaluation. Again, if the platform
is very complex, or electrically large, fully numerical techniques also
fail, because of the too intensive computational approach [22]. The
active element patterns method, instead, uses measured or numerically
computed patterns of the individual elements in presence of the array
and platform and stores these quantities for the subsequent overall
pattern computation. This approach is often preferable, and is in fact
adopted also in this contribution, because it is less time consuming
then the fully numerical techniques and not approximated [22] (there
is still an approximation due to the numerical technique employed to
compute the active individual element pattern, but it is the same of
the fully numerical techniques). Today, several commercial solvers are
available that can help to carry out numerical computations as much
accurately as possible even when electrically large structures [24, 25]
are involved. Up to now, in fact, the platform effects have been usually
neglected [26]. In few cases this problem has been dealt with [27–29],
but the adopted synthesis techniques are questionable since, as before



4 Bernardi et al.

explained, make usage of global schemes for the optimum research thus
not exploiting the convexity properties and increasing, without need,
the computational burden.

Finally, the above mentioned considerations are also included in
an adaptive null synthesis procedure, in order to show the potentiality
of the proposed approach for all the realistic operation modes of a
passive radar.

The paper is organized as follows: in the second section the
mathematical formulation of the synthesis problem is explained. In
particular, the standard CP problem and adaptive procedure are briefly
presented together with their variants based on the active element
pattern method. The third section provides some numerical results
of presented tool as applied to a realistic study case. Conclusions are
finally drawn.

2. MATHEMATICAL FORMULATION

The mathematical formulation of the problem is discussed in this
section. The synthesis problem has been divided into two sub-
problems: the synthesis of the quiescent pattern, and the adaptive
null synthesis. These two problems have been faced by means of
different algorithms that are discussed in the following two subsections
respectively.

2.1. Synthesis of the Quiescent Pattern

In this subsection the mathematical formulation of the quiescent
pattern synthesis technique is formally defined. The quiescent pattern
is the pattern required to a passive radar system when no jamming
sources are present in the environment. This means that the scenario
is deterministic, because only the interference of the transmitter of
opportunity (whose direction is well-known) is present and has to
be suppressed. Therefore, the requirement is to maximize the power
received in the spatial region where the target can be (the surveillance
region) and to contain it under a desired threshold in the direction
of the transmitter. Such a problem can be classified like a masked
power pattern synthesis problem [15, 30]. This belongs, in particular,
to the class of convex problems; this class of problems have been so far
addressed without accounting for the mutual coupling effects. In the
following, instead, a novel convex synthesis is presented that includes
the coupling effects compensation.

For a fixed array geometry, synthesizing the sum power pattern
means finding the (complex) excitations that maximize the radiated
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power in a desired direction (target direction) assuring, at the same
time, specified low level of radiated power in the other directions. Since
the objective function is represented by the radiated power, the field
phase in the target direction is a degree of freedom of the synthesis
problem that can be used to make the objective function convex, as
specified in the following.

Assumed that a reference system is chosen (see [13, 14, 30] for
details), the array pattern can be introduced:

E(θ, φ) =
∑

n

En(θ, φ) =
∑

n

lnIn; (1)

the objective function, to be maximized in the target direction (θ0, φ0),
is:

fobj = |E(θ, φ)|2(θ=θ0,φ=φ0); (2)

where

• En is the field radiated by the nth element
• ln is the n-th unit-excitation active element pattern, that contains

all the effects of the platform and mutual coupling [22];
• In is the complex excitation of the n-th radiating element;

As above mentioned, the objective function (2) can be appropriately
modified to be considered a convex function. In fact, since the radiated
power in a given direction is not affected by the phase of the array
pattern in the same direction, the pattern in the target direction
can be considered a real quantity. In this hypothesis the objective
function exhibits a linear dependence on the unknowns (the complex
excitations of the radiating elements) thus being a convex function; the
optimization is subject to constraints that define a convex set too,

{
G1(X) ≤ C1,
. . .
Gm(X) ≤ Cm.

(3)

Therefore the complete mathematical formulation of the problem can
be finally written as follows:

Max(I1,...,In)Re
(
E(θ0, φ0)

)
(4)

subject to the constraints:

Im(E(θ0, φ0)) = 0, (5)
|E(θi, φi)|2 ≤ UB(θi, φi) i = 1 . . . M. (6)

where:
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• ((θ0, φ0), . . . , (θM , φM )) are the directions of the discretized space.
• UB(θi, φi) is the desired power threshold in the i-th direction.

As anticipated, this synthesis procedure accounts for the
electromagnetic coupling between the radiating elements and the
platform by means of the active element pattern approach. The core of
the presented procedure lies in the role played by the pattern of each
radiating element appearing in the array factor defined by Eq. (1). In
fact, by feeding one antenna of the array with unitary excitation it
is possible to evaluate the effect of the platform and radiative mutual
coupling [22] on each array antenna and then, by simple superposition,
on the whole array. In this work the active element pattern evaluation
has been made by using a commercial numerical solver, CST [24], that
allows to compute the field even for electrically large structures. This
obviously requires the CAD modeling of the specific structure and an
appropriate tradeoff between the desired accuracy and the available
computation time.

2.2. Adaptive Nulling

An adaptive array is capable to detect the direction of arrival of a
jamming source and to suppress the interference realizing a spatial
filtering based on the synthesis of a retrodirective receive beam in the
jammer direction to be substracted from the original pattern [31]. In
this paper the quiescent scenario, given from the sole interference of
the illuminator of opportunity, is obtained by the pattern synthesis
technique explained in the previous subsection. In this subsection,
instead, the procedure to suppress additional dynamic interference
sources is briefly recalled. In particular, for a narrowband array the
scalar output sk is given by the linear combination of the sampled
inputs ck multiplied by the complex weights wk, as follows:

sk = cH
k · wk (7)

with:

ck = [c0,k, c1,k, c2,k, . . . , cN−1,k]
T , (8)

wk = [w0,k, w1,k, w2,k, . . . , wN−1,k]
T (9)

where H denotes the Hermitian transpose.
The vector of the optimal weights can be found as [7]:

wk = R−1
cc · rcp (10)

where Rcc is the input correlation or covariance matrix and rcp is the
cross correlation matrix between the desired signal and the received
signal.
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In the case of interest of this paper the jamming sources are
stationary and uncorrelated; the process, therefore, only needs enough
time to allow the estimation of Rcc and rcp. Then R−1

cc is computed,
and the optimum weight vector is found [32].

In order to obtain the suppression of the added dynamic sources
without loosing the quiescent pattern performance (that is the desired
side lobe level and the transmitter signal suppression), the optimal
weights found in Eq. (10), have to be combined with the optimal
weights found for the quiescent pattern. In this case the estimation
of Rcc and rcp has to consider at each element of the array, the
amplitude and phase of the incident wave weighted by the excitation
set found by CP programming, as before explained. There are in
literature significant adaptive nulling scheme that guarantee reduced
computational costs [33–35]; in this work, anyway, the focal point is not
the particular adaptive scheme, but the possibility to insert the active
element CP-based synthesis previously explained in the framework of
the PCL application, where it is used to obtain the starting point of the
dynamic jamming suppression, that is the optimum quiescent scenario.

3. NUMERICAL EXAMPLES

In this section a quantitative example relative to the described
procedure is reported. The geometry of the system is described in
Subsection 1. Two different results are reported in Subsection 2:
the first does not account for the coupling effect, i.e., it has been
obtained by means of the standard convex programming procedure; the
second one, instead, has been obtained by means of the proposed active
element pattern synthesis, thus highlighting the difference between the
performance achievable with or without the presented method. This is
also included into the adaptive nulling technique, and the results are
finally showed.

3.1. Geometry Description

In this subsection the method above presented is applied, as mentioned
in the introduction, to meet the requirements of a circular passive
radar. The antennas are half-wavelength dipoles positioned on a circle,
see Figure 1, supported by steel arms of a lattice steel structure 2.5
meters high displayed in Figure 2.

In this configuration, the mathematical expression of the array
pattern on the azimuthal plane becomes:

AP
(
θ =

π

2
, φ

)
=

∑
n

Inln exp(−jβR cos(φ− φn)), (11)
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Figure 1. Circular array scheme.

Figure 2. Circular array mounted on its platform.

where:
• R is the distance of each radiating element from the origin of the

reference system, i.e., the circle radius.
• φn is the angular position of the n-th radiating element.

It is worth to note that the array platform has not a circular
symmetry; this means, as it can be read in the next section, that the
structure affects differently each radiating element pattern.

3.2. Synthesis Results

In this subsection a practical example of passive radar beamforming
is here reported. In particular, the requirements are related to the
plane θ = π/2. The target is expected in a sector 80 deg wide; as
a consequence in this region of the space the received power has to
be maximized. The transmitter is positioned at 180 deg respect to
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the center of the surveillance region. Summarizing, the quiescent
pattern, i.e., the time-invariant pattern, presents the maximum
between −40 deg and 40 deg and a deep null at −180 deg. In addition
to these static pattern properties, appropriate nulls are dynamically
realized, depending on the presence of interference jamming sources,
by means of the adaptive nulling technique above presented. In
order to highlight the strength of the proposed method, the results
of its application to a case of interest are in this subsection showed
and compared to the ones obtained applying the traditional convex
synthesis procedure (i.e., without accounting for the coupling effects).

To this aim, the isolated dipole far-field is used in the standard
synthesis procedure, and is depicted in Figure 3. The results of the
standard convex synthesis of the ideal array without any coupling effect
are showed in Figure 4. These results, however, are not applicable
because the effects of the structure are not negligible and can change
significantly the achievable performance; this is visible clearly by
looking at the single element far-field pattern, as affected by the
presence of the other antennas and the platform, showed in Figure 5.
What would be measured applying to the actual structure the weights
found at the previous step, is showed in the Figure 6. As it can be
seen, there is a strong difference and loss of performance respect to the
ideal case. Therefore, it appears obvious that taking into account of
the coupling effects in the beamforming is crucial. What can be in fact

Figure 3. One half-wavelength isolated dipole.
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Figure 4. Standard convex synthesis of the ideal array without any
coupling effect.

Figure 5. One half-wavelength dipole (the dark element) mounted on
the platform (transparent).

obtained by means of the proposed procedure is showed in Figure 7,
where an improvement respect to the ideal case in the performance can
be also observed. It is worth to note that the active element patterns
have to be evaluated once the radar installation configuration has been
designed. This operation can be really time-consuming, depending on
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the array dimension, but it has to be done only one time. Then, the
synthesis procedures (both quiescent and adaptive) use the evaluated
patterns and reach the goals in few seconds (∼ 0.5 sec for the quiescent
pattern and less then 0.05 sec for the adaptive nulling) in a MATLAB
environment, on a dual quad-core 64 bit Intel processor, 2.5 GHz, 8 GB
RAM.

These encouraging results have been included successfully in the
adaptive nulling framework as clearly visible in Figure 8. It is worth
to note that the adapted pattern does not respect the mask, i.e., the
graphic representation of the constraints set in the convex problem
defined in Section 2.1. This is not surprising because, differently
from the CP procedure, the weights found by the adaptive processing
represent the solution of an unconstrained problem. However, as visible

Figure 6. Results of the
standard convex synthesis applied
to the actual structure.

Figure 7. Results of the active
element pattern synthesis applied
to the actual structure.

Figure 8. Results of the active element pattern synthesis applied to
the actual structure included in the adaptive nulling framework.
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in the picture, this effect is not particularly critical. In fact, the
performance of a PCL has to be evaluated considering at the same
time several aspects, such as the maximization of the radiated power
in the direction of interest, the maximization of the jammer rejections
and, of course, the capability to process in real time the received
signals. The strategy here proposed is derived from a trade-off among
the cited aspects. In particular, the adapted pattern is not too far
from the mask, mainly in the null regions, and the CP based synthesis
method takes more time than the adaptive procedure. Therefore, it is
convenient, to not compromise the real time processing, using for the
jammer rejection the faster adaptive procedure accepting the slight
degradation of the quiescent pattern.

4. CONCLUSIONS

This paper shows the effectiveness of a power pattern synthesis method
based on convex programming theory. Several kinds of array synthesis
problems such as narrow beams, scanned single and multiple beams,
interferences rejection have been faced, and some of them have been
applied to the case of interest here proposed. The good results achieved
are shown. The strength of the used method is its flexibility respect to
the array geometry. In this work a circular array has been considered
but the method can be easily extended to arbitrary geometries and
can be therefore applied to the case of conformal array. The model
takes into account the mutual coupling effects between the radiators of
the array and the array platform in a convex programming framework.
These effects have been evaluated by means of a 3D full wave simulator
and compensated with a convex synthesis procedure, that guarantees
to reach the global optimum in a very short time.
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