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Abstract—A theoretical study of optical properties of phase shift
defects in one-dimensional asymmetrical photonic structures consisting
of two rugate segments with different periodicities at both normal and
oblique incidence is presented. Using the propagation matrix method
we numerically calculated transmittance spectra, defect wavelengths,
energy density distributions, and group velocities for TE and TM
waves, respectively. Our study shows that by adjusting the periodicity
of one rugate segment, the defect wavelengths can be shifted toward
either a shorter wavelength or a longer wavelength. The differences of
the energy density distributions of TE and TM waves at different angles
of incidence are explained with the help of group velocity. Effects of
the change of the period of one rugate segment on the peak energy
densities of defect modes and minimum group velocities at different
angles of incidence are also investigated.

1. INTRODUCTION

Photonic crystals that are composed of one-dimensional (1D) periodic
dielectric materials of continuously varying refraction index with defect
modes have recently received much attention [1–9]. Gradient-index
optical materials have been used to fabricate interference filters [1, 2]
and environment sensors [10], and potential applications such as

Received 11 December 2010, Accepted 7 January 2011, Scheduled 18 January 2011
Corresponding author: Zhao Lu (zhaolu@cornell.edu).



258 Liu and Lu

broadband laser protection eyewear and spectral beam splitter have
also been demonstrated [11–13]. Many applications based on 1D
photonic crystals are formed by repeating two or more distinct
homogeneous dielectric layers with different refraction indices [14–33];
however, studies on 1D periodic dielectric structures with smoothly
varying refraction index are still valuable, because of advantages
such as reduced optical losses and better mechanical properties in
contrast to discrete multilayer structures [13, 34–37]. To enlarge the
omnidirectional photonic band gap, porous silicon dielectric mirrors
formed by a periodic repetition of a Gaussian profile refractive index
have been developed [8, 9]. Using the glancing angle deposition
technique (GLAD), narrow bandpass filters have been fabricated with
an introduction of a phase shift defect into a 1D rugate (a sinusoidal
variation of the refraction index) photonic structure [2, 3]. Optical
properties such as defect wavelength and peak transmittance were
investigated both experimentally [2] and theoretically [2, 4, 7] for a 1D
rugate structure of a single period.

In this study, we consider a novel asymmetrical photonic structure
with a phase shift defect located between two distinct rugate segments
with different periodicities. Figure 1 illustrates the profile of refraction
index, and a π phase shift defect is introduced between the rugate
segments A and B. The original period pA is assigned to the segment
A, and the modified period pB is to the segment B. The numbers of
cycles of each segment are NA and NB, respectively. The refraction
index profile in Figure 1 is described by,

n(z) =





na + np

2 sin
(

2π
pA

z + α0

)
, z ∈ [0, dA]

na + np

2 sin
(

2π
pB

(z − dA) + α0 + α
)

, z ∈ [dA, dB]
(1)

The average and perturbation indices are denoted by na and np,
respectively; the original period pA and the modified period pB are
related to the design wavelength (λ0) of the rugate structure via
pA = λ0

2na
and pB = (1 + δ)pA, where the change of the original period

is denoted by δ; the phase angle at z = 0 and the phase shift angle
of the defect are represented by α0 and α, respectively; the positions
dA and dB are pANA and pANA + pBNB, respectively. The plane of
incidence is assumed to be the x-z plane and the angle of incidence,
θ, is determined by the angle between z direction and the direction
of light incident on the interface at z = 0. A monochromatic light is
assumed to be incident from air and outgoing from glass.

The purpose of this theoretical study is to investigate the effects
of the period change of one rugate segment on optical properties of
phase shift defect modes at both normal and oblique incidence. To this
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end, using the propagation matrix method [7, 38–42], we numerically
calculated transmission spectra, wavelengths at defect modes, energy
density distributions, and group velocities for TE and TM waves,
respectively, at different angles of incidence. Results from this study
are helpful for designing controllable narrow bandpass optical filters
and other potential optical applications.

2. METHODS

Closed-form solutions of transmittance (or reflectance) and electromag-
netic fields for rugate structures currently are not available in cases
of normal and oblique incidence; therefore, we have applied an ef-
ficient propagation matrix method to studying optical properties of
phase shift defect modes in the proposed rugate photonic structures in
Figure 1. Formulations of numerically evaluating transmittance and
energy density distributions for TE and TM waves in continuously
gradient-index optical materials using the efficient propagation matrix
method have been given in the previous studies [7, 42], so, we skip this
part here and readers interested in details are referred to therein.

a p

a π phase shift
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BA

na

p
B

z
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n  + n  /2

a pn  - n  /2

Figure 1. A schematic of the refraction index profile in an
asymmetrical photonic structure consisting of two distinct rugate
segments with two different periodicities (α0 = −π/2 and α = π).

The group velocity, Vg, against the wavelength of the incident
light is calculated using the transmission coefficient, t = x +
iy = T 1/2 exp(iφ), where the transmittance T is the module of the
transmission coefficient, i.e., T = |t| = (x2+y2)1/2. The phase factor of
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the transmission coefficient (φ = arctan(y/x)) is related to the effective
wave number k via φ = kdtot+φ0, where φ0 represents the shifted phase
and the total thickness of the asymmetric rugate structure is dtot = dB.
Using the definition of group velocity and ω = 2πc

λ we find [43, 44],

Vg =
dω

dk
= −2πc

λ2
dtot

x2 + y2

dy
dλx− dx

dλy
. (2)

In numerical calculations, a central difference formula is used to replace
the differential derivatives in Equation (2), df

dλ |λ=a = f(a+h)−f(a−h)
2h .

3. RESULTS AND DISCUSSION

Parameter values of the asymmetrical rugate structures in Figure 1 are
defined in Table 1. In the present study, we consider a small change
of the period of the rugate segment B as our numerical example: the
change can be either positive (increasing period, δ = 1/22) or negative
(decreasing period, δ = −1/22), and other values of the period change
(δ) are still possible. We then compare the optical properties of defect
modes for these two rugate structures to that of the rugate structure
without period change (δ = 0). In addition, we consider only a π phase
shift defect because it has been shown that the strongest resonant mode
occurs at the π phase shift defect [2, 4, 7].

Table 1. Values and definitions of parameter used in the study.

Symbol Value Definition

λ0 550 nm Design wavelength of the rugate segment A

na 2.0 Average refraction index

np 0.52 Perturbation index

ni 1.0 The incident medium (air)

nt 1.53 The outgoing medium (glass)

pA 137.5 nm The period of the rugate segment A

δ 1
22

, 0,− 1
22

The period change of the rugate segment B

NA 12 The number of cycles in the rugate segment A

NB 12 The number of cycles in the rugate segment B

α π Phase shift angle

θ 0− 90◦ The angle of incidence
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3.1. Wavelengths and Transmittance of Defect Modes

3.1.1. TE Wave

Transmittance spectra of three different rugate structures with a π
phase shift defect for TE wave at six different angles of incidence from
0◦ to 75◦ with step size of 15◦ are shown in Figure 2(a). In each panel
of Figure 2(a), there are three transmission spectra which correspond
to three different period changes of the rugate segment B, δ = − 1

22
(pB = pA − 6.25 nm, blue dash-dotted), δ = 0 (pB = pA, green solid)),
and δ = − 1

22 (pB = pA + 6.25 nm, red dashed). In case of normal
incidence, when there is no period change (green solid), the resonant
wavelength within the stop band is 553 nm. When the period of the
rugate segment B slightly decreases, pB = pA − 6.25 nm, the resonant
wavelength shifts to a shorter wavelength (blue dash-dotted), 540 nm;
when the period slightly increases, pB = pA + 6.25 nm, the resonant
wavelength moves to a longer wavelength (red dashed), 565 nm. In case
of oblique incidence, similar shifting behaviors of resonant wavelengths
within the stop band are also found. In addition, the full bandwidth of
the stop band increases for the three different rugate structures with
the increment of the angle of incidence.

Figure 2(b) shows how resonant wavelength and peak transmit-
tance are changed when the angle of incidence varies. It is clearly
shown that resonant wavelengths for each rugate structure (δ = − 1

22 ,
0, or 1

22) have a blue shift when the angle of incidence increases. Peak
transmittance of defect modes is close to 1 and decreases slowly unless
a large angle of incidence is reached.

The shifting behaviors of resonant wavelengths of defect modes
dependent on the period change of the rugate segment B at any angle
of incidence can be physically understood as follows. The periods of
rugate segments A and B are related to the design wavelength λ0 via,

pA =
λ0

2na
, pB =

(1 + δ)λ0

2na
=

λ′0
2na

, (3)

where the λ′0 is the modified design wavelength of the rugate segment
B. If the period of rugate segment B changes, the λ′0 varies as well.
In our study, when the pB decreases slightly, i.e., pB−pA = −6.25 nm,
the λ′0 reduces down to 525 nm; while the pB increases slightly, i.e.,
pB − pA = +6.25 nm, the λ′0 increases up to 575 nm. In case of normal
incidence, when the period of rugate segment B decreases (pB < pA),
the stop band of the rugate segment B moves to a range of shorter
wavelengths, consequently, the resonant wavelength moves to a shorter
wavelength (from 553 to 540 nm). When the period of the rugate
segment B increases (pB > pA), the stop band of the rugate segment
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Figure 2. (a) Transmittance of TE wave at six different angles of
incidence, 0◦, 15◦, 30◦, 45◦, 60◦, and 75◦. The period changes of the
rugate segment B are: δ = − 1

22 (blue dash-dotted), 0 (green solid),
and 1

22 (red dashed). (b) Resonant wavelength and peak transmittance
against the angle of incidence.
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B moves to a range of longer wavelengths, therefore, the resonant
wavelength moves to a longer wavelength (from 553 to 565 nm). In case
of oblique incidence, this shifting behavior (either blue or red shifts)
of defect modes can also be explained similarly. The period change
of the rugate segment B, δ, may take different values rather than
δ = ±1/22 used in this study. The more positive the δ is (δ > 1/22),
the more red shift the resonant wavelength has; the more negative the
δ is (δ < −1/22), the more blue shift the resonant wavelength gets.
However, the range of δ should be limited within the stop band of the
rugate structure with no period change (δ = 0).

The blue shift behavior of resonant wavelengths for each of three
rugate structures shown in Figure 2(b) may be understood by an
approximate analytical expression (with the condition of np ¿ na) [45],

λθ = λ0

(
1− sin2 θ

n2
a

)1/2

. (4)

Equation (4) illustrates that at oblique incidence the design
wavelength, λθ, is a monotonically decreasing function of the angle of
incidence, θ. Since the resonant wavelength is very close to the design
wavelength, it is expected that a blue shift of the resonant wavelength
occurs when the angle of incidence increases. The angular-dependent
peak transmittance of defect modes for TE wave can be interpreted
as: when the angle of incidence increases, large reflectance is expected
and the peak transmittance therefore decreases.

For the observed angle-dependence of the bandwidth for TE wave
for three rugate structures, we may understand it using the following
approximate analytical expression (with the condition of np ¿ na) [45],

∆λ = λ0
np

2na

1
(
1− sin2 θ

n2
a

)1/2
. (5)

From this expression, we know that the full bandwidth for TE wave,
∆λ, is a monotonically increasing function of the angle of incidence, θ.
Thus, when the θ increases, the bandwidth is enlarged.

3.1.2. TM Wave

Transmittance spectra of three different rugate structures with a π
phase shift defect in Figure 1 for TM wave at six different angles of
incidence from 0◦ to 75◦ with step size of 15◦ are shown in Figure 3(a).
In each panel of Figure 3(a), a similar notation for three transmission
spectra is used as in Figure 2(a): red dashed (δ = 1

22), green solid
(δ = 0), and blue dash-dotted (δ = − 1

22). In both normal and oblique
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Figure 3. (a) Transmittance of TM wave at six different angles of
incidence, 0◦, 15◦, 30◦, 45◦, 60◦, and 75◦. The period changes of the
rugate segment B are: δ = − 1

22 (blue dash-dotted), 0 (green solid), and
1
22 (red dashed). (b) Differences of the resonant wavelengths for TE
and TM waves and peak transmittance against the angle of incidence.
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incidence for TM wave, a similar result of the shifting behavior of
resonant wavelength due to the period change at any angle of incidence
is found as in the case of TE wave: when reducing the period of the
rugate segment B (δ = − 1

22), the resonant wavelength has a blue shift,
and when increasing the period of the rugate segment B (δ = 1

22), the
resonant wavelength has a red shift. However, the bandwidth for TM
wave becomes narrower with the increment of the angle of incidence,
which is different from TE wave.

For each of three rugate structures, an almost identical blue shift
of resonant wavelengths for TM wave at different angles of incidence
is observed (not given) as found in the case of TE wave. In the left
panel of Figure 3, the subtle differences of the resonant wavelengths for
TE and TM waves are plotted. The difference of resonant wavelengths
linearly increases with the increment of the angle of incidence, from 0
to a few nanometers. It is found that the period change of the rugate
segment B has no effect on the difference of resonant wavelengths for
TE and TM waves (λTE − λTM) until a large angle of incidence (75◦)
reaches. The peak transmittance of defect modes for TM wave (the
right panel of Figure 3(b)) is nearly to 1 at all six different angles of
incidence. Compared to the case of TE wave, even at a large angle of
incidence, the peak transmittance is still high, however, the ability to
be a narrow bandpass optical filter reduces, because the full width at
half maximum of defect modes becomes broader.

The blue or red shifts of resonant wavelength due to different
period changes of the rugate segment B for TM wave can be understood
similarly as in the case of TE wave. The blue shift of resonant
wavelength for each of three rugate structures may also be explained
as for TE wave. The almost complete peak transmittance (close to 1,
in the right panel of Figure 3(b)) for TM wave at each different angle
of incidence is ascribed to the impedance match — reflectance is close
to zero due to the whole rugate structure is nearly matched to the
incident medium (air) [30].

The angle-dependence of the full bandwidth for TM wave may
be physically understood using the following approximate analytical
expression (with the condition of np ¿ na) [45],

∆λ = λ0
np

2na

1− 2 sin2 θ
n2

a(
1− sin2 θ

n2
a

)1/2
. (6)

This expression shows that the bandwidth for TM wave, ∆λ, is
a monotonically decreasing function of the angle of incidence, θ,
therefore, when the θ increases, the bandwidth for TM wave becomes
narrower.
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Figure 4. (a) Energy density distributions within the asymmetrical
rugate structure in Figure 1 at defect modes for TE and TM waves
at six different angles of incidence. (b) Group velocities against the
wavelength for TE (solid) and TM (dashed) at six different angles of
incidence. The period of the rugate segment B is pB = (1 + 1/22)pA.

3.2. Energy Density Distribution and Group Velocity

Figure 4(a) shows the energy density distributions at defect modes
for TE and TM waves at six different angles of incidence when the
period of the rugate segment B is pB = (1 + 1/22)pA. In general, the
energy density peaks at the defect physical location, and exponentially
decreases to both ends of the rugate structure shown in Figure 1.
For TE wave, the peak energy density becomes higher as the angle
of incidence increases, but for TM wave, the energy density declines.
Group velocities for TE and TM waves at six different angles of
incidence are illustrated in Figure 4(b). When the angle of incidence
increases, the minimal group velocity at the resonant wavelength
decreases for TE wave, while it increases for TM wave. The contrary
patterns of group velocity and energy density may be understood as
follows. In this study we consider the proposed photonic structure
is lossless, therefore, the energy flux is conserved at the resonant
wavelength and the group velocity is inversely related to the energy
density [14, 15, 46, 47]. Group velocity also provides information of
time delay of the light transmission at resonant modes; the smaller the
group velocity is, the longer time the response may take [44].

To further examine the impact of the period change of the rugate
segment B on the peak (maximum) energy density and minimum
group velocity, we consider two period changes (δ = ±1/22) and
a non-period change (δ = 0, pB = pA) in Figure 5. The upper
panel of Figure 5 shows that when the period of rugate segment B
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slightly increases, pB = (1 + 1/22)pA, the peak energy density for TE
wave increases as well. When the period rugate segment B slightly
decreases, pB = (1 − 1/22)pA, the peak energy density for TE wave
reduces, and it is nearly 50% lower than that of the period change
with pB = (1 + 1/22)pA. The peak energy densities for TM waves at
different angles of incidence almost overlap for the rugate structures
with pB = (1 + 1/22)pA and pB = pA, but a relatively large difference
between pB = (1 − 1/22)pA and pB = pA is found when the angle of
incidence is close to zero. The pattern of peak energy density influenced
by the period change of the rugate segment B shown in the upper panel
of Figure 5 is confirmed by the pattern of minimum group velocity
illustrated in the lower panel of Figure 5 (notice a log scale used for
group velocity).

0 15 30 45 60 75
0

100

200

Angle of incidence θ (degrees)

M
ax

im
um

 e
ne

rg
y 

de
ns

ity
 (

E d
/4

ε
0

)

0 15 30 45 60 75
10

−3

10
−2

10
−1

10
0

Angle of incidence θ (degrees)

M
in

im
um

 g
ro

up
 v

el
oc

ity
 (

V g
/c

)

δ =0
δ =1/22

δ= -1/22

Unfilled: TE wave
Filled: TM wave

The same legends used as the upper panel

Figure 5. Effects of the period change on the maximum energy
densities (upper panel) and the minimum group velocities (lower panel)
for TE (unfilled circle, star and triangle) and TM (filled circle, star and
triangle) at six different angles of incidence. The period changes of the
rugate segment B are: δ = − 1

22 (blue circle), 0 (green star), and 1
22

(red triangle).



268 Liu and Lu

The effect of the numbers of cycles of rugate segments A and B
on the peak transmittance, peak energy density, and group velocity
is not investigated in this study, however, we want to point out that
appropriately increasing number of cycles usually results in a better
quality of defect modes, stronger peak energy density and slower group
velocity.

4. CONCLUSION

We have presented a theoretical analysis of optical properties of a phase
shift defect mode in a 1D asymmetrical photonic structure consisting
of two rugate segments with different periodicities at both normal and
oblique incidence using the propagation matrix method. This study
shows that by adjusting the periodicity of one rugate segment, the
defect wavelengths can be shifted toward either a shorter wavelength or
a longer wavelength, depending on the period change. The differences
of the energy density distributions of TE and TM waves at different
angles of incidence are explained using the concept of group velocity.
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