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Abstract—The characteristics of guided modes in the four-layer
slab waveguide containing chiral nihility core have been investigated
theoretically. The characteristic equation of guided modes is
derived. The dispersion curves, energy flux and normalized power of
guided modes for three cases of chiral metamaterial parameters are
presented. Some abnormal features are found, such as the existence of
fundamental mode and surface wave mode, unusual dispersion curves,
positive energy flux in the chiral nihility core, and zero power at some
normalized frequencies.

1. INTRODUCTION

Recently, chiral metamaterials have attracted much attention because
the refractive index of a circularly polarized wave in the chiral
metamaterial is negative if optical activity is strong enough (the
chirality parameter is greater than refraction index) [1-4]. A slab
of such chiral metamaterial can be used as a perfect lens which
providing subwavelength resolution for circularly polarized waves [5, 6].
In 2009, the effective negative refractive indexes in chiral metamaterials
have been realized experimentally at microwave frequencies [7-12] and
THz frequencies [13]. Designed and experimental results for chiral
metamaterials with negative refractive indexes at infrared frequency
have also been published [14-16]. Surface polaritons [17] and Goos-
Hénchen shift [18] at the surface of chiral negative refractive media have
been studied. Various chiral negative refractive waveguides including
chiral metamaterial slab [17,19,20], grounded slab [19,21], parallel-
plate [19], fiber [22], have been investigated.

Chiral nihility metamaterial is a special case of chiral negative
refractive index medium, in which the permittivity and permeability
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are simultaneously zero [1]. The transmission and reflection [23-
25], focusing [26], scattering [27,28] and cloaking [29] properties
of the chiral nihility metamaterials have been studied. Fractional
dual solutions for chiral nihility metamaterials [30-33] have been
discussed. Waves in the parallel-plate waveguide containing two-
layer chiral nihility metamaterials and one air layer [34,35], and
in the chiral nihility metamaterial grounded slab [33,36], circular
waveguide [37] have been examined. Such chiral structure can find
potential applications in the microwave and millimeter wave integrated
circuits [34]. Guided modes and surface wave modes in planar
chiral nihility metamaterial waveguides [38,39] and chiral nihility
fibers [40, 41] have been studied in our previous paper. In this paper, we
study guided and surface wave modes in the four-layer slab waveguide
containing chiral nihility core. Effects of chirality parameter on
dispersion curves, energy flux distribution and power are examined and
some peculiar characteristics are found. The feature is different from
that in the four-layer slab waveguide with left-handed material [42-44].

It is noted that although it is difficult to realize chiral nihility
(both permittivity and permeability are zero in the chiral medium),
there is another route by magnetoelectric couplings [45,46] to realize
chiral nihility.

2. FORMULATIONS

Consider the four-layer slab waveguide containing chiral nihility core
whose geometry and material parameters are shown in Fig. 1. The
inner layers are an isotropic chiral nihility metamaterial, 1 =0, pu; =
0, x, and a conventional dielectric material €2, uo, the outer layers are
conventional dielectric materials €3, us and €4, 14. The thickness of the
chiral nihility core and inner dielectric layer are hy and hs, respectively.
The outer layers are assumed to extend infinitely.
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Figure 1. Geometry and material parameters of the four-layer slab
waveguide containing chiral nihility core.
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The constitutive relations in an isotropic chiral nihility metama-
terial for a time-harmonic field with e/“* are as follows [1]:

D = —jk/moeoH, B = jr\/upeoE (1)
where « is the chirality parameter of the chiral nihility metamaterial.

The electromagnetic fields in the chiral nihility metamaterial can
be expressed as [4]:

E=E, +E., H=1(E,-E) 2)
m
where 71 = lim  \/p1/e1 is the wave impedance in the chiral

pn1—0,e1—0
nihility metamaterial, and EL satisfy equations:

V xEy =4k Ey (3)
And then E4 are solutions of the wave equations:
(V2+E2)EL =0 (4)

where ky = +kko are the wavenumbers of the two eigenwaves (the
subscription 4+ and — correspond to right-handed circularly polarized
(RCP) and left-handed circularly polarized (LCP) waves, respectively)
in the chiral nihility metamaterial, ky = w./ogo is the wavenumber
in vacuum. It is obvious that in the chiral nihility metamaterial, LCP
eigenwave is a backward wave (here we assume x > 0), and the effective
refractive index of LCP eigenwave n_ = k_/ko < 0.

We can express the solutions of the longitudinal-field component
in Equation (4) as:

Fi.q = Aejk1z$+Be—jk1zw7 Ei,_ = Cejklzx_i_De_jklmm’ (—hy <z <0)

(5)
where e/“'=52) is omitted for simplicity and § is the longitudinal
propagation constant, ki, = \/k:f — B2, k1 = kko, A,B,C,D are
constants.

The electromagnetic fields in the conventional dielectric materials
also can be expressed as combination of RCP and LCP components,
and we express the longitudinal-field components as:

By, =Ee/kxt f pe=ikut g, —Qelka® { Femik2t (0 < 1 < hy) (6)
Ea,y=KemEHh) gy — LemEth)  (p < —py) (7)
Byo=Me @) gy — Nem™@=h2) (5> py) (8)

where k‘gx = \/k% —,82, T3 = \/ﬂg — k‘2, T4 = \/ﬂ2 — kQ, ki = niko (l =

2,3,4), n; = \/piei/poco, B, F,G,H,K,L, M, N are constants.
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The relationships between the transversal and longitudinal
electromagnetic field components can be found in reference [40].
According to the boundary condition (continuity of the tangential

fields) for electromagnetic field components at x

_h17

0, hg, the

characteristic equation of guided modes can be derived as follow:

1 1 1 1 -1 -1 -1 -1
1 1 -1 =1 —m2 —-nm2 M2 12
_k k1 ki k1 ko ko ko _ ko
klz klz klz klz k2z k/'ZI k21 kZz
k1 ki k1 k1 m2ke  _ migks  mi2ks n12ka
klm klz klr klm ka k2m k?.r k2m == 0 (9)
asy ass as3  as4 0 0 0 0
agr  as2  aegz ags 0 0 0 0
0 0 0 0 ars are ary arg
0 0 0 0 ass ase asy ass
where
31kt gk3\ 31kt gks\
as1 = (77 — j) e IRl gy — — (77 I3 ekl
Fig 73 kig T3
narkr | Jk3\  _jkh nsikt  Jk3\ ikin
a53:_< + 6.71 1’ as4 = _ ej1 1,
k1g 73 F1g T3
Jk1  mziks\  _jkn Jk1  m31ks\ ik
a61:< e JF1 1’ agy = _ el
k1 T3 1y T3
g3 = — <Jk‘1 B 77317453> S o <]k1 7731k33) pikihy
kl:c T3 klx 73
ks Jka\ _; aoko  gka\
ars = — (77 _ ‘7> e ]k/'thQ’ arg = (n J e]k’zzhz
kog T4 kou T4
Jko Na2k4 —ikogh
ary = ars, arg = agg, ag5 = < + ) eI
koy T4
Jka2  mazky ikoxh
agg = — < _ — 6'7 2 2, agr — _CL85, agg = _(1867
k2:c T4
and ma = L, na1 = B e = 1 mi = /e (i =2,3,4).

Energy flux along the z-axis in the waveguide is defined by:

1 * A 1 * *
S = jRe(E x H') -2 = _Re(E,H; — E,H)

(10)

Power in the inner layers (Py, P;) and outer layers (Ps, Py) are the
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integration of the energy flux:

0 ha
P1 = / Szlda:dy, P2 = Szgd.ilidy,
—hy 0
" . (1)
P = / S.sdxdy, Py= S, adxdy
—00 ho
The normalized power is defined as [47]
P+P+ P+ P
p— 1+ 1+ 13+ 17y (12)

|P1| + | Po| + | Ps| + | Pyl

3. NUMERICAL RESULTS AND DISCUSSION

The longitudinal propagation constant § and relationships of constants
in the formulas of electromagnetic fields can be calculated numerically
from the characteristic equation. Thus all electromagnetic fields
components, the energy flow distribution and power can be obtained.
In this section, we will present the numerical results for three cases
of chiral metamaterial parameters: £ < ngz, n3 < kK < ng, and
Kk > no. Here we choose hiy = hyg = h, €9 = 2.25¢g, €3 = €4 = &y,
po = pus = g = po (i-e., ng = 1.5, ng = ngy = 1) and use normalized
frequency koh (not frequency) because the chiral nihility metamaterial
occurs only at certain frequency.

3.1. Case I: kK < ng

Figure 2(a) shows the normalized propagation constants (effective
refractive index) n.y = [(/ko versus normalized frequency koh of
guided modes and surface wave mode for x = 0.5. There exists
fundamental H; guided mode. The fundamental mode also can exist in
four-layer slab waveguide with left-handed material [42, 44] and cannot
exist in negative refractive index three slab waveguide [47]. It is noted
that guided modes in references [42,44] are TE mode or TM mode,
however, TE (TM) mode cannot be supported in the chiral nihility
waveguide, the modes in the chiral nihility waveguide are all hybrid
modes, i.e., the electromagnetic fields of modes have both TE and TM
components. It is found from Fig. 2(a) that no guided modes can exists
in the normalized frequency region between H; and Ho guided modes.
The dispersion curve of H; guided mode is bent. There are two n.g
values for a fixed koh below koh = 0.4557 (corresponds to point Aj),
i.e., appears mode double-degeneracy. As the normalized frequency
koh decreases from 0.4557, dispersion curve bifurcate two branches,
which n.g increases for upper branch and decreases to ney = n3 = 1
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for lower branch. Dashed curves correspond to n.g = ng = 1.5,
while n.g > 1.5, H; guided mode becomes Hj surface wave mode
whose electromagnetic fields exponentially decay on both sides of the
interfaces between chiral nihility and conventional materials. The slope
of the dispersion curves of H; guided mode and H, surface wave mode
are very steep, which may have potential application in high-sensitivity
optical sensor. Furthermore, the slopes of dispersion curves of upper
branch of H; guided mode and H, surface wave mode are negative.
Consequentially, the normalized power is negative. Fig. 2(c) shows the
normalized power P of H;i guided mode and H, surface wave mode for
k = 0.5, dispersion curve is also plotted in order to demonstrate clearly
(Fig. 2(b)). P is positive for lower branch dispersion curve of H; guided
mode, and negative for H, surface wave mode. However, the positive
value of normalized power is smaller than one, it indicates that the
power in the chiral nihility core (P;) is negative for H; guided mode.
For Hy surface wave mode, the power in the chiral nihility core (Py) is
negative and its absolute value is greater than total power (Py+ P3+ Py)
in inner dielectric layer and outer layers. It is interesting to note that
the normalized power P at point A; equals to zero, corresponding to
zero group velocity. It implies that at this point, the waveguide can not
propagate energy or it would be able to halt the light. This feature
may have potential applications in optical communication and data
storage.

Figure 2. (a) Dispersion curves of guided modes and surface wave
mode for k = 0.5. (b) Dispersion curve and (c) normalized power of
H; guided mode and H, surface wave mode for k = 0.5.
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In order to investigate clearly propagation of electromagnetic wave
in the waveguide, let’s see the energy flux S, of H; guided mode and
H, surface wave mode at koh = 0.4 (Fig. 3). At point B; in dispersion
curve of Hy guided mode (Fig. 2(b)), neg = 1.1890, P is positive
(corresponds to point B in Fig. 2(c)), S, is negative in chiral nihility
core and positive in inner dielectric layer (Fig. 3(a)), it means that
the energy flux is in opposite direction in chiral nihility core and inner
dielectric layer. However, at point Bs in dispersion curve of Hy surface
wave mode (Fig. 2(b)), neg = 2.0152, P is negative (corresponds
to point B in Fig. 2(c)), S, is also negative in chiral nihility core
and positive in inner dielectric layer (Fig. 3(b)). S, always decays
exponentially in outer layers, however, S, of Hy surface wave mode
decays more rapidly than that of H; guided mode, results in P negative
for Hy surface wave mode. Thus H, surface wave mode is a backward
wave.

5 o 5 5 0 5
h wh

(@) kb =04, n,, =1.1890 (b) kyh =04, n, =2.0152
Figure 3. Energy flux S, of H; guided mode and Hg surface wave
mode for k = 0.5.

Figure 4 show the energy flux S, of Hs and Hj3 guided modes at
koh = 2.0 for k = 0.5 (correspond to Ay, As in Fig. 2(a), respectively).
The energy flux S, in the chiral nihility core is positive for Hy guided
mode and negative for H3 guided mode. Energy flux S, in the chiral
nihility core and inner dielectric layer is in same direction for Hy guided
mode and opposite direction for Hs guided mode. The normalized
power P equals to 1 for Hy guided mode. Thus Hs guided mode is a
forward wave. It is very interesting phenomenon, and has also been
found in the chiral nihility fiber [40]. Though the energy flux in chiral
nihility core is negative, the normalized power is positive and smaller
than one for H3 guided mode because the absolute value of power in
the chiral nihility core (P;) is smaller than total power (P2 + Ps + Py)
in inner dielectric layer and outer layers. The normalized power also
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Figure 4. Energy flux S, of Hy and H3 guided modes for xk = 0.5.

equals to 1 for Hy guided mode and positive (smaller than one) for Hj
guided mode. However, S, has one maximum for Hy and Hg guided
modes and two maxima for H4 and Hy guided modes in inner dielectric
layer.

3.2. Case II: ng < kK < ng

Figure 5(a) shows the effective refractive index n.g versus normalized
frequency koh for guided modes for kK = 1.2. There also exists
fundamental H; guided mode. n.g of all guided modes increase
monotonoically with kgh. The normalized power P for Hs guided
mode is positive, and its value is smaller than one. For all other guided
modes, P = 1. The energy flux S, of Hy, Hy and H3 guided modes at
koh = 3.0 for k = 1.2 (correspond to points C7, Cy, C3 in Fig. 5(a),
respectively) are plotted in Figs. 5(b)—(d). Although the difference of
neg values between Hp guide mode (point C3) and Hz guide mode
(point C3) is very small, the distribution of energy flux S, is distinct
different. The energy flux S, in the chiral nihility core is negative for
H5 guide mode and positive for Hz guided mode.

3.3. Case III: k > no

Figure 6(a) shows dispersion curves of guided modes and surface wave
mode for kK = 2.0. The shapes of dispersion curves of guided modes are
abnormal and complicated. The fundamental guided mode and surface
wave mode also exist. For a fixed higher-order guided mode, there
are more than one normalized frequency kgh have the same effective
refractive index n.g. This feature may have potential application in
coupling devices.
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Figure 5. (a) Dispersion curves of guided modes for k = 1.2. (b)
Energy flux S, of Hy, (c) Hy and (d) Hs guided modes for xk = 1.2.

Figure 7(a) shows normalized power P and dispersion curve of
H, guided mode and Hy surface wave mode. P equals to 1 in the
region of positive slope of dispersion curve for H; guided mode, and P
decreases as kgh decreases in the region of negative slope of dispersion
curve for Hy guided mode and H, surface wave mode. Fig. 7(b) shows
normalized power P and dispersion curve of Hy guided mode. It is
strange that P is negative (F] F} region) for upper branch of dispersion
curve (F F; region) and positive (F]F3) for lower branch of dispersion
curve (F1F3 region). As koh increases from point F3, P = 1.

Generally, for Hs, Hy, Hs, Hg guided modes, in the regions of
negative slope of dispersion curves, the energy flux S, in the chiral
nihility core is negative, and P is positive and smaller than one, while
in the regions of positive slope of dispersion curves, S, in the chiral
nihility core is positive and P = 1. The enlargement of dispersion
curves of Hy and Hjs guided modes around kgh = 2.85 are plotted
in Fig. 6(b), and the energy flux S, of Hy and Hs guided modes at
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Figure 6. (a) Dispersion curves of guided modes and surface wave
mode for x = 2.0. (b) Dispersion curves of Hy and Hy guided modes
around kgh = 2.85 for k = 2.0.

5 1.7
4 F,
%3 5 165
= F‘
2 . \\________'__‘ F3
" . 16
‘s 0.5 1 15 2 $o5 4 4.05
k.h k.t

3 1
F1
0.8} 05
o
o F
0.6} ]
g 40 05 1 1.5 2 '03':’95 4 4.05

kgh kgh

(a) (b)

Figure 7. (a) Normalized power and dispersion curve of H; guided
mode and H, surface wave mode, and (b) Hy guided mode for x = 2.0.

koh = 2.8 and kgh = 2.9 are shown in Fig. 8. At koh = 2.8, S,
in the chiral nihility core is negative (Fig. 8(a)) for Hy guided mode
(corresponds to point D; in Fig. 6(b)) and positive (Fig. 8(b)) for Hs
guided mode (corresponds to point Dy in Fig. 6(b)). At koh = 2.9,
S, in the chiral nihility core is positive (Fig. 8(c)) for Hs guided mode
(corresponds to point Ds in Fig. 6(b)) and negative (Fig. 8(d)) for Hj
guided mode (corresponds to point Dy in Fig. 6(b)).
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Figure 8. Energy flux S, of Hy and Hs guided modes for x = 2.0.

4. CONCLUSION

The characteristics of guided and surface wave modes in the four-layer
slab waveguide containing chiral nihility core have been investigated
theoretically. The characteristic equation of guided modes is obtained.
Effects of chirality parameter on dispersion curves, energy flux
distribution and power are examined and some peculiar features are
found, for examples, the existence of fundamental mode for all chirality
parameters, the existence of surface wave mode for smaller and larger
chirality parameters, abnormal dispersion curves with different shape,
positive energy flux in the chiral nihility core, and zero power at some
normalized frequencies. The feature is different from that in four-layer
slab waveguide with left-handed material. Guided modes in the chiral
nihility waveguide are not TE or TM modes, they are hybrid modes
and have both TE and TM components. The results presented here
will helpful for potential applications in novel waveguide devices such
as directional couplers, high efficient waveguide sensors.
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