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Abstract—In this paper, we analyze the electromagnetic response of a
metamaterial slab in the case of normal incidence using the point-dipole
interaction model and an expansion of polarization by eigenmodes.
The problem is simplified by assuming that the lattice dimensions
are smaller than a half wavelength and invoking the nearest neighbor
approximation. In this manner, we find the structure supports three
modes: an ordinary mode and two extraordinary modes. A systematic
method is presented to find the scattering from the slab, and the results
are confirmed by full wave simulation using Ansoft HFSS.

1. INTRODUCTION

The metamaterial slab, which is finite in the direction normal to
the surface and infinite (or electrically very large) in the transverse
directions, is an important structure to study with a number of
applications. Perhaps one of the most well-known and referenced
applications is the “perfect lens” [1], which is a slab with g, .¢
= &re = —1 that can theoretically achieve perfect imaging by
reproducing both the propagating and evanescent waves associated
with a flat object. While such a perfect lens has inevitably been shown
to be impossible to reach in practice, a real slab can certainly approach
the theoretical limit [2-6]. For microwave applications, a metamaterial
slab with a near-zero index of refraction neg = /g cffireff ~ 0 can
be used to increase the directivity of an antenna by blocking obliquely
incident waves [7-10]. Metamaterial slabs have also been proposed
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as a means of miniaturizing resonant cavities [11-13] and for making
small resonant absorbers [14]. Another major application is material
characterization, in which the measured scattering from a metamaterial
slab under test is used to infer the effective medium parameters of the
composite itself [15-18].

Of course, a metamaterial slab is not really an ideal continuum
with well-defined boundaries, but a number of planar arrays of
scatterers cascaded along the array axis. Treating such a structure
as an effective medium requires careful consideration. For one, the
effective thickness t; of the slab is seemingly ambiguous, even though
a common and intuitive choice is to simply assume the effective
thickness is t; = d x N, where d is the lattice constant along
the array axis and N is the number of lattice planes. Also, due
to the inherent structural asymmetry at particle positions near the
surface, the local electromagnetic fields and currents at these positions
naturally differ from those in the bulk of the medium. Consequently,
the polarization distribution of the discrete scatterers can vary rapidly
and even oscillate within a thin transition layer near the surface [19-
23].  Various models for the air-metamaterial interface have been
proposed to account for surface effects, such as a thin effective Drude
transition layer [16] and a pair of electric and magnetic effective
surface susceptibilities, which lead to the generalized sheet transition
conditions [24].

Besides the surface effects, there still seems to be no clear
consensus on how to properly assign the effective parameters Por eff
and €, o to the bulk itself. In the long-wavelength limit, the classic
Clausius-Mossotti relations relate the polarizabilities of the scatterers
to the effective medium parameters. However, at higher frequencies in
which the inhomogenieties become sizable compared to the wavelength
inside the medium, the simple Clausius-Mossotti approximation can
break down, and a nonlocal (i.e., spatially dispersive) characterization
of the bulk response may be required. For such a case, a variety of
homogenization schemes have been proposed (e.g., see Refs. [16, 25—
27)).

It is therefore important to examine the electromagnetic response
of a metamaterial slab in an analytical way that is independent
of the effective medium description altogether. Analytic solutions
are useful as a benchmark to compare with the myriad of effective
medium and surface models proposed in the literature. For design
purposes they promote a better understanding and insight into the
scattering problem. In this paper, we formulate an analytic solution
by employing the point-interaction model in which each individual
scatterer is considered as a simple responding point-dipole. This model
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(also sometimes called the “microscopic model”) has been a useful
and popular tool for analyzing scattering problems for decades. For
example, Ewald employed the model in is his pioneering work on X-
ray diffraction [28] and Sivukhin used it to systematically study the
properties of clean crystalline surfaces [23].

The point-dipole interaction model was also utilized in an
influential 1969 paper by Mahan and Obermair [29], in which the
reflectivity of a crystalline half-space in the case of normal incidence
was solved for by expressing the discrete polarization distribution as
a superposition of the infinite crystal polarization eigenmodes. Later,
Philpott extended this work to the case of oblique incidence for both
semi-infinite crystals [30,31] and slabs of finite thickness [32]. In
more recent years, the eigenmode approach has been expanded and
adapted to the analysis of artificial crystals and metamaterials (e.g.,
see Refs. [16,25,33-42]).

In this paper, we apply the eigenmode approach to the specific
problem of scattering from a metamaterial slab in the case of normal
incidence. In some sense, this can be considered as an expansion of
Philpott’s work on purely-dielectric slabs [32] to the more general
case of a magnetodielectric slab. In our analysis, we consider only
nearest-neighbor near-field interactions, which offers a good balance
between numerical accuracy and simplicity. With this, we shall find
that the dispersion relation contains three roots, which characterize
the propagation of an ordinary mode and two extraordinary modes.
More recently Simovski et al. derived the dispersion relation for a
magnetodielectric crystal (akin to what we are considering here) in
two alternative equivalent forms [16,40]. However, in these works the
authors ignore all near-field interactions between neighboring planes.
While this is adequate for investigating bulk properties, we include
nearest-neighbor interactions, because, as Berman demonstrated for
the purely-dielectric case [22], such near-field interactions are crucial
for accurately capturing the detailed surface effects.

2. PROBLEM FORMULATION

Consider a transverse electromagnetic (TEM,) plane wave with wave
vector k = kga, normally incident from free-space upon a metamaterial
slab composed of a periodic arrangement of scatterers arranged in the
nodes an a X b X d orthorhombic lattice, as shown in Fig. 1. The lattice
is of infinite extent along the z- and y-directions but contains a finite
number of periods N along the z-direction. The sites of the lattice are
taken to be

Ras,bhdn = ajas + éybl + a.dn (1)
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n=N-1

(a) (b)

Figure 1. Metamaterial slab excited by a normally incident plane
wave. Shown here are views of the (a) xz-plane cross section and (b)
one point perspective in the transverse plane.

where s,l = 0,+1,£2,..., and n = 0,1,2,..., N — 1. Since we are
interested in the structure’s response at frequencies below the Bragg
diffraction regime, we restrict the dimensions of the lattice to be smaller
than a wavelength in free-space, i.e., ko max (a, b, d) < 27. Note that in
the more general case of oblique incidence (not considered here), which
my involve angles of incidence approach grazing, the dimensions of the
lattice would have to be smaller than a half wavelength in free-space
to avoid Bragg diffraction.

In the point-dipole approximation the response of a given scatterer
is characterized solely by its electric and magnetic polarizability
dyadics, denoted ap (w) and ayy (w), respectively. In this work, we
focus on biaxially anisotropic particles exhibiting no magnetoelectric
coupling, which corresponds to polarizability dyadics with non-zero
elements exclusively along the diagonal, i.e., ap = 48,05 +a,a,a% +
a,a,a% and ay = a,a,a%7 —i—éyéya]y\?j—i—ézézaf\j. These polarizability
dyadics characterize scatterers with geometries exhibiting mirror
symmetries about the three principle planes (i.e., the zy-, zz-, and yz-
planes). The consideration of more complicated particles such as split-
ring resonators which exhibit cross-polarization and magnetoelectric
coupling are beyond the scope of this work. In Ref. [15], we showed how
to extract the elements of the polarizability dyadics from the measured
or simulated scattering parameters of a single planar array of such
scatterers.

With no further loss in generality, let us assume that the incident
plane wave is polarized along the z-axis, such that the incident electric
field E;,. and incident magnetic field H;,. take the form:

Eine = éinnc,:pe_jkoz (2)
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E; .
H;,. = éy o 67]]{02 (3)
o

where Ejp. . is the amplitude of the incident electric field and ny =

Vlo/€o is the wave impedance of free space. In the point-dipole
approximation, the incident wave excites a distribution of oscillating
point-electric and point-magnetic dipole moments situated at the nodes
of the lattice, denoted ps;, = p(as,bl,dn) and my;,= m(as,bl,dn),
respectively. Because the system obeys translational invariance in the
xy-plane, the electric and magnetic dipole distributions take the form
Psin = P, and mg;, = my,, where p, = p, oo and m,, = my o
denote the electric and magnetic dipole moments of the particle located
at the origin of lattice plane z = dn, respectively.

To find the distributions {p,,} and {m,}, we take the local-field
approach and write the following system of equations, which govern
the response for each scatterer positioned along the z-axis:

Py = 50&E 'Eloc,n/, A n’ = 0,1,2,...,N— 1 (4)
m, = g ar  Bloew, VYn'=0,1,2,...,N—1, (5)

where Ejy. s and By, denote the local electric and magnetic fields
acting on the scatterer at site (0,0,n'); this site corresponds to the
origin of the a x b array in plane z = dn/. The local electric field Ejoc s
is found by superposing the incident electric field at site (0,0,n’) and
the induced electric fields at that site produced by all other scatters
with indices (s,l,n) # (0,0,7n); a dual statement holds for the local
magnetic field By, /. Taking a planewise summation approach (akin
to that taken in Refs. [29-32,39,43]), the above statements can be
expressed as the following:

N-1 N—-1
1 ~ TEM, 1 — TEM,
EZOC,”'ZM (7;) Cn—n’ 'pn_% 7;) Dn—n’ 'm77>+Emc,'rL’ (6)
HTEMZ HTEMZ
Bloc,n’ < Z Dn n’ pn+z Cn n' T>+Binc,n’ (7)
where ¢g is the speed of light in vacuum, Ej,c, = Eine (0,0,dn’),
EMZ — TEM,
Bincw = Binc(0,0,dn’), and C and D, _,, denote the co-
field and cross-field planar 1nteract10n dyadics, respectively. By
~TEM,

definition, the co-field planar interaction dyadic C,,_,, quantifies
the contribution to the local electric (magnetic) field at site (0,0, n")
produced by an a x b array of electric (magnetic) dipoles located in



6 Scher and Kuester

plane z = dn:

3/2 ) 0o (1) ,
TEM @)= > X G (Raspdmn), n#n
= z 8$=—00 [=—00
non’ = 3/2 =1 (®)
(a’b) Z G (Ras,bl,O)a n=mn
(s,)7#(0,0)
where the symbol »>  (-) denotes a double infinite sum over all
(s,)7(0,0)

~ (1
indices (s,l) # (0,0); and G( ) (Ryy,2) is the normalized dyadic
Green’s function of free space describing the electric (magnetic) field
evaluated at position R; , . = a,x 4 a,y +a.z as produced by a single
electric (magnetic) dipole located at the coordinate origin:

& (R L (127 4 wv) ] 9
(x,y7z)—ﬂ<o + >!nyz 9)
where I = aa, + a,a, + a.a,. In our notation, the terms

- -

G( )(Ras’bl,d(n,n/)) and G( )(Ras’bm), which appear in Eq. (8), imply
that the differential operation given by Eq. (9) is performed before
the specified change of variables; (x,y,z) = (as,bl,dn —dn’) and
(x,y,2z) = (as,bl,0), respectively. The cross-field planar interaction

z

dyadic ann’ quantifies the contribution to the local magnetic
(electric) field at site (0,0,7n') produced by an a x b array of electric
(magnetic) dipoles located in plane z = dn:

~ TEM, 2 aspld(n—n’))s M F T
Dn—n’ = 3/2 T l__io(Z) (10)
(ab) Z G (Ras,bl,0)7 n=mn
(5,1)#(0,0)

o (2
where G( : (Ry,y,2) is the normalized dyadic Green’s functions of free
space describing the magnetic (electric) field evaluated at position
R, ,.=a,r + a,y + a,z as produced by a single electric (magnetic)
dipole located at the coordinate origin:

- (2) —jko =\ e~ Jko|Ra.y.-]
G (Ry, ,Z)zi(vu)i
v v Ry |

— TEM. — TEM.
By definition, both C,,_,, and D

The multiplying factors, (ab)73/ ?eytand (ab)f?’/ % 19, on the right sides
of Egs. (6) and (7), respectively, serve as normalization factors.

(11)

n_ns are dimensionless quantities.
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In matrix form, the planar interaction dyadics can be written in
terms of their components:

[ ~TEM,,zx TEM,,z TEM,,zz
TEM Cnfn’z Cnfn’z Y Cn n' :
o z _ TEM, ,yz CTEMz’yy CTEMz,yz (12)
n—n' n—n' n—n' n—n’'
TEMZ,Z:E TEM;,zy TEMZ,ZZ
| Cn n' Cnfn/ Cn n'
TEMz,x:c TEM;,xy TEMz,xz
TEM Dn n' ann’ Dn
H # TEM, ,yz TEM.,yy TEM,,yz
D, , = | DIEM-vz pTEM.yy  pTEM. (13)
DEE%IZ,ZI Dgﬁz//{z%y DEE?};//IZ,ZZ

where,

CIPN= (kg a,b, d)

R = 1) R
( )3/2 Z Z G ( as,bl,d(nfn/)) Ay, N 7& n'

§=—00 [=—00

- = (1 (14)
(ab)3/2 é.u . Z G( : (Ras,bl,(]) : éva n=mn'
(5,1)#(0,0)
DN (ko a,b, d)

. 2) .
( )3/2 Z . Z G ( (zs,bl,d(n—n’)) Ay, M 7& n/
= T (15)
(ab)3/2 a, - Z G (Ras,bl,()) “ay, N = n’
(s,0)#(0,0)

for u, v = z, y, or 2. Using Eq. (14), we find that out of the

nine components of én ;, which appear in the right-hand side of

TEM

Eq. (12), the following six components are equal to zero: C, =" =

CnTETI;/Iz,yx _ CTEMZ,zy _ CTEMz,yz _ CTEMZ,xz _ CEET?I;/IIZ,Z:U - 0.
_TEM,

z
We can therefore rewrite ,as the following symmetric matrix in
theref te C,,_, the foll y t t
terms of only CTEMZ’M CTEMZMI and CTEszzZ

? n—n'
R I N
P z TEM.,
Cop = 0 C, o 0 (16)
0 0 CTENL= 22

We leave the details of CEEIY,IZ’M and Cgf:iv,{z’yy to the next section

(C’Ef]};/,[ #*% is not needed for our purposes, since, as will be shown, the

polarization distribution has no z-component). Using Eq. (15), we find
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— TEM,
that out of the nine components of D,,_,, which appear on the right-

hand side of Eq. (13), the following seven components are equal to

TEMz,a:x _ TEMZ,ZZ _ TEM.,yy __ TEM;,zzx __ TEM;,xz __
ze;(l)aMDn o TEMDH =D, =D, " =D, " =
D, =" = D, """ = 0. From the remaining two components,

~TE,
only one is independent; allowing us to rewrite D,,_,, as the following
skew-symmetric matrix in terms of only D TEMZ’W
TEM.,yx
— TEM, TE(I)\/I _ann’ 0
R I 0 0 (17)
0 0 0

We leave the details of Dgil\fz’ym to the next section.

By substituting Egs. (6), (7), (16), and (17), into Egs. (4) and (5),
we find that the only non-zero vector components of p,, and m,, are
those that lie along the same directions as the incident field vectors,
E;.» and B; respectively. Hence, we may write p,, = a p(x)

mce,n mec, n’ I n T/T

()

and m,, = a,m,;”. Consequently, it follows from Egs. (6) and (7) that
the local electric and magnetic fields, Ey,.,s and By, ,/, must also be
polarized along the same directions as the incident field vectors E;,.

and By, ., respectively, i.e. Ejy.pr = éxEl(:c) ., and Bioe s = ayBl(gc) -
Substituting Egs. (2), (3), (6), (7), and (16)—(17) into Egs. (4) and (5)
yields the following set of 2N coupled local-field equations, which are
to be solved for the 2N unknowns, pgf) and mﬁf’); n=0,1,2,....,N—1:

() aF _NZ_I () ~TEM 1= (y) yTEM
— 2z, LT 2, YT
Ppr = (ab)3/2 pnx Cn—n’ + % z : mny Dn—n’

Ln=0 n=0
+a%%0Emme*ﬂ“0d”’ vn’zo,l,z N -1 (18)
() _ agy | Z TEMZ,yx +Z (y)CTEMZ,yy
e (ab)®/? 02 Pn My
E. ) .
FalyZImet p=jkodn’ -y ! —0,1,2,... N — 1 (19)
o

3. THE PLANAR INTERACTION CONSTANTS

A key to solving Egs. (18) and (19) resides in calculating CTEMz,:mc7

CnT E,I;/I =¥ and DTEMZ7Iy. In Section 4 of Ref. [44], we examined a

metamaterial of mﬁmte extent (as opposed to a slab of finite extent
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in one direction, as we are doing here), which involved considering
the same interaction terms. In this reference, it was found to be

useful to expand these interaction terms into their short-range (SR)
and long-range (LR) components. For instance, the term C’TEMZ’M

can be expanded as:
CrEN= (ko a,b, d) = CpENEET (Ko, a, by d) + Cp PN E (Ko, a, b, d)
(20)

TEMZ LT .
are given by:

where the respective SR and LR components of C
ko (ab)'/?

CE%L’}”{” (ko,a,b,d) = o—iln—n’lkod (1)
CENSET (Ko, a,b, d)
ab) /22 s/a B , —
(b)“[k20 (j /a) » ol =iy (222) 5 i
_ JisaiA00) 2/ (222" (3) -8 (22)

Re {CTEMZ’M} +7 (ab)g/2 Ig—;’r, n=mn'

The double sum in Eq. (22) for n # n' (describing short-
range interplanar coupling) is rapidly convergent and convenient for
numerical calculation. Assuming that komax (a,b) > 2w, this sum
quickly decays to zero with increasing interplanar distance |n — n/|d.
Physically, the terms in this sum are associated with the cut-off
(evanescent) free-space modes produced by a planar array of oscillating
dipoles that exist only in the near-field. For large interplanar distances
|n — n'| d, the long-range term given by Eq. (21) is dominant. The
intraplaner term Cg EM=.72 1) the second expression in Eq. (22) can be

numerically calculated using the series given by Eq. (13) in Ref. [44].
By the symmetry of the problem, CTEMZ’yy is related to CTEMZ’M

by interchanging the variables a and b:

CTEMW (ko a,b,d) = CTEM= (g, b, a, d) (23)

n—n' n—n'

TEM
Hence, we may also expand C, =Y as a sum of two components, de-

scribing separately short-range (SR) and long-range (LR) interactions:

CTEM Y (1 a0 b, d) = CTEiL\?ZS%y (ko,a,b,d) + CTEN,{ZL’%Z’ (ko,a,b,d)

n— TL n
— CEE%I? (ko, b, a,d) + CTEI‘?;’”I’;’{“’ (ko, b, a, d) (24)
TEMz,zm

From Eq. (21), we see that the long-range component of C "
is invariant with respect to the interchange of variables a and b, i.e.,

Cg?%fﬂgx (ko,a,b,d) = C’Ef]g,[zﬁz (ko,b,a,d). Hence, the long-range
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TEMz,yy and CTEMzJCﬂE CTEM21yy _

n—n/,LR

CEE%ZL;? From Eqs (22) and (24), we see that the short range

components of C are equal, i.e.

TEMz,yy and CTEMZ,zx

components of C are only equal in the case of a

square lattice (a = b)
Finally, we expand DTEMZ’W as a sum of two components, de-

scribing separately short-range (SR) and long-range (LR) interactions:
TEM., pTEM:, TEM.,
D, %" (ko,a,b,d) =D, " n/78%x (ko,a,b,d) +Dn7n,7L3’}’§ (ko,a,b,d)

(25)

where the respective SR and LR components of DTEMz’yI are given
by [44]:

iko (ab)?
DIEML (o, 0,b,d) = sn (n — ') P IL et (o)

DYENEvT (k0. b, d)

n—n’,SR
_ n dko (ab)'/? =/l (222 )2 (22 )2k
_sgn(n—n)f Z e \/(a) (%) k3 (27)
(s,)#(0,0)
where sgn(z) denotes the signum function (sgn(z) = 1 for x > 1,

sgn(z) = —1 for z < 1, and sgn(x) = 0 for x = 0).

TEM,,xx TEM.,yy
In general, the short-range terms, C’n_n,SR , C’n_n,SR and
TEM . . . . . .
D =¥%%  decrease rapidly in magnitude as a function of increasing

n—n’/,SR
separation distance |n —n’|d, while the long range terms, C’Ef:g[ TR

CE:ES,[ 2% and DEETI\L/,IZI;%E, simply change phase. Guided by the results

and discussion of Section 4 in Ref. [44], we find that to a good

approximation, the SR co-field terms, C’E?iv,lzsﬁz nd C’g Eyzsjl%y, are

negligible and can be set equal to zero for |n—n'| > 2. This
nearest-neighbor approximation drastically simplifies our problem at
the expensive of only a small loss in accuracy, and is independent on

the exact nature of the scatterer. Additionally, the SR cross-field term,

TEM. yz . - TEM.,yx o
Dn—n’,SR , is negligible compared to ‘Dn_n,’LR ‘ for all planar indices,

and can thus be set to zero altogether. In general, we find that these
approximations hold valid so long as the lattice period along the normal
is equal to or larger than the period along the transverse directions (i.e.,
d > max(a,b)). This condition is assumed throughout the rest of the
paper. Applying these approximations to Egs. (18) and (19) results in
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the following form of the local-field equations:

() o [= (2) /TEM o CTEM
z 2,TT 2,TT
P = b)3/2 Z Pn nn’LR+ Z nn’SR
(a’ ) n=0 n=n’'—1
N-1
DTEM., e
Zm nen IR | T OF €0Eincae Thodn’
n:O
vn'=0,1,2,...,N—1 (28)
N—-1
(y) . (z) TEM,,yx (y TEM,,xx
T (ab 3/2 [co an D, —wir + Z el IR
n'+1 B
- 5 i) oo
it 0
Vo' =0,1,2,...,N — 1 (29)
where in writing Eq. (29) we substituted C’TEI\/,[‘Z%J = C’EEI;//IEJ’?

4. EIGENMODE EXPANSION

Equations (28) and (29) constitute a linear system of 2Nequations

for the 2N unknowns: p,(f) and m(y) =0,1,2,...,N — 1. One
way to solve this set of equations is simply by direct numerical
computation, which involves numerically inverting the corresponding
2N x 2N matrix of the coeflicient of variables. Such an approach
was taken by Berman [22] for the all-dielectric case and Shore and
Yaghjian [45] for the case of magnetodielectric spherical particles. Here
we take an alternative approach and solve the system of equations using
the following expansion of polarization by eigenmodes:

) — Zp;ie*jqz,idn + P£i6+jqz,idn (30)
= ZMthie—jQz,idn + M;ie-i-jqz,idn’ (31)

where P; ; and M; ; are the amplitudes of the eigenmodes traveling

in the +z-direction with wavenumbers g, ;; ; ; and M are the
amplitudes of the eigenmodes traveling in the —z- dlrectlon with
wavenumbers —q.;; and ¢ = 1,2,...,1, where I is the number of

modes as determined by the number of roots of the dispersion relation.
Each eigenmode (or Floquet wave) constitutes a “natural” solution
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which can independently propagate through the corresponding infinite
periodic structure with wavenumber +g. ;.
Substituting Eqgs. (30) and (31) into Eqgs. (28) and (29) yields:

§ + =gz ian’ — +iqz an’
(Pm,ie + Pm,ie

%

0T N-1 n'+1
. E + —7¢z,:dn ATEM; xz —7¢z,:dn A TEM; xz
 (ab)3 DB e O, Y e
1

j n=0 n=n'—

N-1 n'+1
E : - E : +7qz,idn ~ATEM; zx § : +Jqz,idn ATEM; 2z
+ Px,i € o Cn—n’,LR + € o Cn—nﬂSR
i n=0

n=n/—1

1 ‘N —1
- + —jqz,;dn 7 TEM; ,yz
+CO Z My7i Z e ann/,LR
) n=0
1 N—-1
. - +7qz,idn TEM;,yx
+CO z :My,i z : € o Dn—n’,LR
) n=0
—q /
00 Eipe pe 70 N/ =0,1,2,...,N — 1 (32)
+ ,—jgz.ian’ — gz ian’
3 (Mwe saon’ 4 N eI

i

_ oy + —jqe.idn HTEM. yz
=T 32 )% Z P Z e V=D TR
(ab) 7 n=0

N-1
j : — 2 : iq, ;dn A TEM; yx
+co Pm,’i < e+]q ’ nDn—n’fL%i)
% n=0

N—-1 n'+1
+ —7qz,:dn ATEM; zz —jqz idn ~TEM. yy
D M Do e O R+ Y e e, B
i 1

n=0 n=n'—
N-1 n/+1
— iq. TEM —iq. ; TEM
+2Myi Z e+]qz,zdn0n_n/i§$+ Z e qu,zdncn_n/zs,%{y
i n=0 7 n=n’'—1 7
B e—jkodn’
+af = ¥n'=0,1,2,...,N-1 (33)
7o

We proceed next by evaluating one-by-one in closed-form the finite
planewise sums over n which appear in Egs. (32) and (33). First, let
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us expand the sums involving short-range interactions:

n'41
j:]qz ldnCTEMz,xm
E : n—n’,SR
n=n'—1
_ tjq.dn’ | ATEM; zx TEM,,zx N TEM. 22 Fjq, id
—e CQSR +201,SR cos (¢z,id) 5N’OCI,SR e
5 CTEMZW/'E'T Fiq.,:d (ab 3/2 kg +jq. idn’ 34
O (N-1)Cigr € + j (ab) 6r (34)
n/4+1
§ : +35q..idn ~TEMz,yy
e = Cn n/,SR
n=n/—1

_ ,tjq.sdn’ | ATEM:,yy TEM:,yy . TEM:,yy _Fjq.,d
=e Cosr 7 +2C  gg " 08 (¢z,id) —00Cy gg e

kS L /
- 1)CT§§42,yyeﬂF]qzz }+j(ab)3/2 G&eiJQZ,idn (35)
where 0;; is the Kronecker delta function (§;; = 1 for ¢ = j and

dij=0fori# j)and C’TEMZ’mj nd C[)ng[z’yy are defined to be the
respective interaction constants minus the radiation damping term:

Cogn™™" = Chgn="" = j (ab)*/* I [67 = Re (7™M (36)
Cosn= = Chgy™™ = j (ab)*” Ik /6m = Re (™) . (37)

Next, let us evaluate the planewise sums over n that appear in

. . TEM, ,zx .
Eqgs. (32) and (33) involving the long-range component C wIR

N-1 k b 1/2 N-1
+jq- zdnCTEszxI _ -0 ( ) :i:]qz idn —]|n n/|k0d
€ n LR — —J 9

n=0

— ko (ab)'/? o—ikodn’ 1
2 1— ej(:tQZ,i"Fk'O)dn

+€:|:jqz 2,dn/ jSln (k‘od) —‘rjkodn/ e ](kO_(:t)QZ z)Nd (38)
cos (kod) — cos (gz,:d) 1 — eJ(£4z,i—ko)d

where we substituted Eq. (21) for C’TEN,[ZL’?;C Note that the final

expression has been purposely expressed as a sum of terms proportional
to e—jkgdn/7 e—l—jkgdn/’ and etje=dn’

Next, let us evaluate the planewise sums over n that appear in
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TEM. ,yz

Egs. (32) and (33) involving the long-range component D, ~ 5™

N-1

+7q ’-dn TEM,,yx
Z € o ann’,LR
n=0

_ ko (ab)'/*
= Sl 7

o o
sgn (n _ n/) e:l:]qmdne jln—n'|kod

n=0

— M etz adn’ jsin (q.d)
2 cos (kod) — cos (gz,:d)

e/t : T i | TS
1 — ej(iq,z,rf—ko)dn 1—ej(:th,i—k0)d

where we substituted Eq. (26) for D:E\ffﬂ%m, and, as in Eq. (38), the
final expression has been expressed as a sum of terms proportional to
e—jk‘odn” e—&-jkodn” and e:l:jqzdn"

Substituting Eqgs. (34), (35), (38), and (39) into Egs. (32) and (33)
yields a rather cumbersome set of local-field equations (not shown)
governing the response of each plane in the system. In general, each
equation involves a superposition of terms proportional to e‘jkod”/,
etikodn’ - g=jazdn’ “and e+i%=9"" Since both ¢, ; and ko are independent
of both the planar index n’ and the number of planes N, each of these
terms in the equations must separately equal zero. Performing this
grouping leads to the following “decoupled” set of equations which, all
together, completely characterize the slab’s electromagnetic response:

~ , 1
P;:z {C(;I:]SEQ/IZ7$$ + QCEgll%/thx cos (qz’zd) _ (aEw.’E> (ab)3/2

ko (ab)'/? sin (kod)
+ < 2 > <cos (kod) — cos (qzﬂ-d)> }
+ )1 ko (ab)l/2 sin (g.,id) B
My {co ( 2 (cos (kod) — cos (qzyid)> =0 (40)

o P (ab)*/? sin (¢2,id)
P { 0 < 2 <cos (kod) — cos (qz,id)>

- , -1
+M;:i {OgsEadz,yy + QCEgPlzﬁz,yy cos (qz,id) _ (a]g[y> (ab)3/2

ko (ab)"/? sin (kod) B
" < 2 > (cos (kod) — cos (QZ,id)> } =0 (41)
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~ ;N1
P { R 4 2CTE - cos i) — (o) ()

ko (ab)'/? sin (kod)
+ ( 2 ) (COS (koa) — cos (qz,id)> }
{1 ko (ab)*/? sin (g ,:d) B
My, {co ( 2 > (COS (kod) — cos (qzﬁ-d)) } =0 (42)

_ ko (ab)'/? i1 (¢z,d)
_Pa:,i {CO < 2 ) <COS (kod) — cos (‘h,id)) }

M, {oggyzw + 20T cos (g.d) — (o) (ab)*”
(

. ko ab)l/Q sin (kod) —0 (43)
2 cos (kod) — cos (¢ :d)

> Plietitid g premitid = (44)

Y PherdtdN g proetiaidN = g (45)

D Mlet 4 M eIt = 0 (46)

ZM;ie—jqz,idN + M;ie—l—jqz,idN -0 (47)

i

1
+ +
Z <PM + My’i/c()) (1 — e_j(QZ,i_k'O)d>

)

_ _ 1 . —j2ab€0Emc,m
+ <P$7Z + My,i/co) (1 _ ej(QZ,ikO)d> - ko (48)

—j(ko+qz,:)Nd

P e—J :

Z <Px7l My7i/co> <1 — e_j(qz,i+k0)d>
k»'O —qz, z)Nd

(7 o) (1_69 ) o o
where, in Egs. (40) — (43), we have defined

son—1
(aﬁa”) = (o —]k:o/67r (50)
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Independent of whether the scatterers are lossy or not, the imaginary
parts of (o) ™! and (a4%) ! each contain the radiation damping term

. N-1 1
+jk3 /6m [15,24,46]. In our definitions of (aﬁ‘”) and (a]&y)
given by Egs. (50) and (51), this radiation damping term is exactly

. . . / .
canceled with its negative. Hence, a5”* and o, o7 are recognized to be

the polarizations computed without radiation damping.

Equations (40)—(43) describe the natural response of the structure
and yield both the dispersion relation and the particular magnetic-
to-electric amplitude ratios, M; ; /(cOng,r ;) and M, /(coP, ), for each
mode (see Section 5). As an alternative, we could have derived these
same four homogeneous equations by analyzing the natural oscillations
of a corresponding crystal of infinite extent using the Bloch-Floquet
theory. Egs. (44)—(47) are recognized to be the boundary conditions,
and indicate that both the total electric and magnetic dipole moment
distributions equal zero at two “fictitious” planes in the air-regions
adjacent to the two boundaries of the slab (corresponding to fictitious
planar indices n = —1 and n = N). This perhaps hints at a “natural”
effective thickness to the equivalent continuous medium slab. Eqs. (48)
and (49) constitute the forced response, and result by grouping terms
proportional to e /509" and e 7509 oqual to zero in Eqs. (32) and (33).
As such, Eqgs. (48) and (49) can be regarded as the discrete analogs of
the Ewald-Oseen extinction theorem for a magnetodielectric material
slab. Eq. (48) tells us that in discrete space each eigenmode produces a
field traveling plane-to-plane in the 4z direction with wavenumber kg
such that the sum total over all such eigenmodes exactly cancels out the
incident field, which also travels in the +z direction with wavenumber
ko. Eq. (49) tells us that that each eigenmode also produces a field
traveling in the —z direction with wavenumber —ky such that the
sum total over all such eigenmodes exactly cancels to zero (there is
no incident field traveling in the —z direction to be canceled out).

5. THE DISPERSION RELATION

Equations (40) and (41) constitute a 2 x 2 set of linear equations for the
unknown amplitudes PJr and M *+, while Egs. (42) and (43) constitute

a 2 x 2 set of linear equatlons for P i and M . So that a nontrivial

solution exists, the matrix of the coefﬁment of varlables for both sets of
equations must each have a determinant equal to zero. By performing
this operation and simplifying, we find that both sets of equations lead
to the same dispersion relation as the infinite crystal (see Sections 6 in
Ref. [44]) as expected. This dispersion relation can be written in the
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form of a cubic equation with variable cos (¢, ;a):

Qsw® + Qow? + Qrw + Qo = 0;  w = cos (gz,d) (52)

where the terms Q1, Q2, Q2, and Qo are given by Egs. (46)—(49) in
Ref. [44]. By taking the inverse cosine of the roots of Eq. (52), the
eigenvalues ¢, ; are found within a plus or minus sign. For the lossy
case we choose the sign of ¢.; corresponding to a negative imaginary
component (Imlg,;] < 0). In this manner, the eigenmodes decay
as they travel along the z-axis. For the lossless case, we choose the
sign corresponding to positive energy transfer, such that dq, ;/0w > 0.
The dispersion relation given by Eq. (52) has precisely three roots
because we included only nearest-neighbor near-field interactions in
the analysis. In general, for magnetodielectric crystals in the case
of normal incidence, including L neighboring near-field interactions
results in a polynomial of degree 1 + 2L. This is in contrast to an
all-dielectric or all-magnetic structure in which the number of roots is
1+ L [29].

Each eigenmode has a set of fixed electric-to-magnetic ampli-
tude ratios, denoted BTEMZ(JF)EML/(COPL) and BTEMZ(_)EM;Z»

yx,i YTl
TEM. (+),
YT,% )

/(coP, ;). Eq. (40) yields the following expression for B

CN’TEMZ’M+20ﬁ§¥z’x$cos(qz7id)

0,SR 1 ;
_(Jzz) 3/2 , (ko/2)(ab)'/? sin(kod)
BIEM:(+) _ (08) (a0 R (53)
Yz o (ko(ab)1/2> ( sin(q.,:d) )
2 cos(qz,id)—cos(kod)
Eq. (41) yields an alternative equivalent expression for ByTxEZM ()
Additionally, from Eq. (42) and/or Eq. (43), we find:
TEM.(—) _ TEM(+)
yx,i - _Bya:,i (54)
6. THE SCATTERING PARAMETERS
After substituting M;l = coP;fiByTEV[Z(H and M, ; = —COP;iByTEwZ(_)

into Egs. (46)—(49), we find that Eqgs. (44)—(49) form a complete set of
six linear equations, which can be solved for the six unknown ampli-
tudes, P;i and P, ;4 =1,2,3. For clarity, let us rewrite Egs. (44)—(49)
in the matrix form [A][x]=[b], where

~ T
[b] = [07 0,0,0,0, Einc,x (55)
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- T
[X]:_P;:17P;27P;37P23_,17Pa:27p;3] (56)
i ej‘Iz,ld 6j‘12,2d ejQZ,Sd 6_jQZ,1d e_j(Iz,2d e_jQZ,Sd-
efj‘JZ,ldN eiqu,QdN e*jq.z,BdN ej‘]z,ldN ejQZ,QdN ejQz,3dN
Ff Fyf By Fy Fy Fy
A= e e o o o |7
Hyf Hy Hy — Hy  Hy  Hy
| U upo U o Uy Uy
where, for compactness in notation, we have defined:
. —j2abeg E;
Binen = W (58)
0
+ _ TEM. _+jq. id
Fi = j:Byx,i e Iz, (59)
+ _ TEM. ,—(+3jq.:Nd
Gf = £B)1 M e~ (0N (60)
1
+ _ ( pTEM,
UF = (Bt 1) (1 _e—j&qz,i—ko)d) (61)
—j(ko%qs.i)Nd
L TEM, e—J(kotgs,
Hi = - (By“?vi * 1) (1 — e—i(Fazitko)d (62)
In practice, the matrix equation [A][x] = [b] can be solved by

numerically inverting the 6 x 6 matrix of the coefficient of variables,
[A], which is given by Eq. (57). For N > 3, this is a much more efficient

calculation than directly solving for the plane-to-plane distributions,
() (y)

pn’ and my’; n = 0,1,2,..., N — 1, via numerically inverting the
original 2N x 2N matrix described by Egs. (28) and (29). The exact
difference in computational time and memory is dependent on N and
the user’s particular numerical inversion scheme.

The total scattered electric field in the first air region (z < 0)
is a superposition of a reflected plane wave, which we denote E, =
ézSHEmwe*jkoM, and a combination of scattered evanescent waves
produced by the lattice. For observation points a sufficient distance
away (generally three lattice constants from the surface is adequate),
the evanescent fields are negligible and the total scattered field is simply
equal to that of the reflected plane wave E,.. The reflection coefficient,
S11, is found by summing the contribution from each discrete scatterer
in the array to the electric field amplitude of the scattered plane wave,
and normalizing the field by Fj,.,. Taking a planewise summation
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approach, the above statement can be expressed as follows:

N-1
1 TEM.ze 1 TEM. ,yo
S = (=) EM:, _AaWwp M.y
3 N—1
= _j(QZ,i+kO)dn ( BTEM )
mc :6502ab Z Z YT i
i=1 n=0
—J(=gz,itko)d TEM.
_|_p e J(—q +o)n(1+By“ )
—jdN(qs itk TEM,
_ —123:P+ (1 = iV a=itho)) (1 - pIEM:)
- ~inca; i—1 ot 1 — e—J(gz,itko)d
K 1=
(1- e_de(_QZ,i'f'kO)) (1 X ByTxEZM)
+Px,i 1 — e—J(=gz,itko)d (63)

The total scattered electric field in the second air region (z > dN — d)
is a superposition of a transmitted plane wave, which we denote
E; = ézSglEmc,xe_jkOM, and a combination of scattered evanescent
waves produced by the lattice, all of which decay rapidly to zero with
increasing distance from the structure. Taking a planewise summation
approach, we calculate the transmission coefficient, So1, as follows:

N-1
! —J - 1 TEM. ,zz
Sy; = ——— | Bipege doWN=-1 1~ p(®) OTEM:
Binew | " (ab)*? < 7;) n“n—(N-1),LR
1 TEM. ,yz
_%m%y)Dn—(N—leR
3 N-1
_ o—ddko(N-1) 1+ P+ —3j(gz,i—ko)dn (H_BTEM )
mc x502ab Zl 7;) Yy, i
- 1(qz,i+ko)d TEM,
+Px,i€ﬂ(q iitho)dn (1 B, )]
3 — 7de(qZ,’L ) ( TEMZ)
_ —jdko(N-1) —1 n (1-e o)) 1+B,,;
=e 1+ — + o
me,r j—1 ' 1 — e J\4zi—Fo
(1 — et9dN(azitho)) ( ngEiw )

+Px,’i 1— e+j(QZ,i+k0)d
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7. HFSS SIMULATION AND COMPARISON

In this section, we compare the reflection coefficient, S7;. and
transmission coefficient, So1, of a metamaterial slab calculated using
the method presented in this paper with that obtained by full-wave
simulation using Ansoft HFSS. Consider a metamaterial composed of
a cubic lattice of magnetodielectric cubes. The lattice period d = 1cm
and the edge length of the cube is 0.76 cm. As a hypothetical material,
we choose the relative permittivity e, and relative permeability u, of
the magnetodielectric cube to be Re(e,) = 65 and Re(p,) = 40 with
loss tangents of tandg = tan dyy = 5E — 4. Fig. 2 shows the geometric
model and boundaries of the HFSS simulation for a single planar array
of such cubes. Perfect electric conductor (PEC) and perfect magnetic
conductor (PMC) boundaries are placed at appropriate symmetry
planes such that the quarter-cube and its infinite number of images are
equivalent to a d x d square array of whole cubes with an excitation
corresponding to a normally incident plane wave. A stack of N arrays
is built by cascading N unit cells along the z-axis. For large IV, such
a simulation can require a considerable amount of computation time
and memory requirements. In contrast, our analytical approach is
much more efficient, because it requires only the electric and magnetic
polarizabilities; both of which can be found using the retrieval method
of Ref. [15] involving the simulated response of just a single planar
array.

0.76cm
PEC 0.380mF)EC
0.5cm! | (&) ;O'Sfcm e 04 |pwic fosem
B PEC ‘T_’z T_>y PEC '
REL Oscm
(a) (b)

Figure 2. (a) zy-cross section and (b) zz-cross section of the
HFSS model used to simulate the response of a planar array of
magnetodielectric cubes to a normally incident plane wave. A
metamaterial slab is modeled by cascading unit cells along the z-axis.

Figure 3 shows the extracted electric and magnetic polarizability
densities for the structure using the method of Ref. [15] in the frequency
range: 0.8 GHz—1 GHz. As can be seen, the first resonance is magnetic
and occurs around 0.905 GHz. The second resonance is electric and
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Figure 3. (a) Real and (b) imaginary polarization densities for a
metamaterial composed of a cubic array of magnetodielectric cubes
found via simulating a single array with HFSS and applying the
scattering parameters to the retrieval method presented in Ref. [15].

— Present theory
--— HFSS

— Present theory
--- HFSS

Angle (S11 ) [radians]
o

88 o085 09 095 1 408 085 09 095 1
Freq [GHZz] Freq [GHZ]
() (b)

Figure 4. (a) Magnitude and (b) phase of S1; for a slab composed
of seven layers (N = 7). The polarizability densities utilized in the
calculations are shown in Figure 3.

occurs around 0.912 GHz. Fig. 4 compares S11 for N = 7 as determined
using our method to that obtained by simulating the full seven-
layered structure in HFSS. As can be seen, our method agrees very
well with the HFSS results; similarly, we also find good agreement
for S21 (not shown). This case demonstrates the accuracy of our
method, and validates the use of the point-dipole interaction model
and nearest-neighbor approximation. This example demonstrated the
major benefit of our theory, which is to accurately calculate the S11 and
Sa1 response of a multi-layered slab (the particular number of layers
is arbitrary) by simply knowing the polarizabilites of the individual
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inclusions. If the polarizablities are unknown then they can be found
first using an electromagnetic solver like HF'SS in conjunction with a
numerical extraction technique such as that presented in reference [15].
In general, extracting the polarizabilities of an individual scatterer uses
much less memory and computation time than simulating a full multi-
layered slab.

8. SUMMARY AND CONCLUSIONS

In this work, we solved for the electromagnetic response of a
metamaterial slab in the case of normal incidence using the point-dipole
interaction model and an expansion of polarization by eigenmodes.
The problem was simplified considerably by assuming the lattice
dimensions to be smaller than a wavelength and invoking the nearest
neighbor approximation. In the future, we intend on expanding on
these results to the case of oblique incidence. For ease of reference,
below we summarize the steps developed in this paper for computing
the reflection coefficient, S71, and transmission coefficient, Ss1, given
the driving frequency, and the lattice dimensions, a, b, and d:

1. Compute the interaction constants C’TEMZ’m(ko,a,b) and

CN'({SE%\{AZ’W(I@O, a,b) ggglz’m(ko, b, a) using Eq. (36) in conjunction

with Eq. (13) given in Ref. [44]. Compute C’Egg[z’m(ko, a,b,d) and

CﬁSEﬁAz’yy(ko,a, b,d) = Cﬁg}gﬁz’m(ko,b,a,d) using Eq. (22). For high
accuracy, it is recommended to take at least twenty terms in each
series.

2. Compute the frequency-dependent polarizability dyadics of the
individual inclusions (ag and ayy). If a closed form expressions for the
polarizabilities don’t exist, an electromagnetic solver like HF'SS can be
used in conjunction with a numerical extraction technique, such as the
extraction technique presented in Ref. [15

3. Solve the dispersion relation Eq. (52) for the eigenvalues,

¢-4; ¢+ = 1,2,3, and compute the electric-to-magnetic amplitude
ratios, B;Fng“r) nd B;;ij == ) = 1,2,3, using Egs. (53) and (54),
respectively.

4. Find the amplitudes, P+A and P, ;¢ =1,2,3, by solving the
6 x 6 matrix equation [A][x] = [b] descrlbed by Eqs. (55—(57). For
convenience, set Emc’x = 1.

5. Evaluate Eq. (63) for S11 and Eq. (64) for So;.
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