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Abstract—We present an empirical mixing model for rectangular
cuboid metal inclusions in a host dielectric, suitable for replacing
the detailed structure of a layer of on-chip interconnects with a
homogeneous dielectric slab. Such an approximation is required
to facilitate the accurate and efficient package-level electromagnetic
modelling of complicated miniaturised systems, such as System-in-
Package. Without such an approach, the direct inclusion of large
areas of on-chip interconnect structures often results in intractable
computation times. Our model allows us to predict the reflection
(transmission) coefficient of impinging plane waves to within 3.5%
(0.2%) error for incident angles up to 30◦ off-normal, aspect ratios
0.6–3, metal fill factors 0.3–0.6, and host dielectric constants 1–11.7,
over the frequency range 1–10 GHz.

1. INTRODUCTION

It is computationally demanding to directly simulate large areas of
on-chip interconnects with full vector electromagnetic solver tools, due
to the amount of memory required to hold the detailed mesh, and
numerical penalties associated with small mesh cell sizes relative to
the wavelengths of the signals being modelled [1]. Though such large
simulations can be done on isolated structures [2] the high resolution
and computational demand is not desirable when they are part of a
large scale simulation [3–5]. The ongoing miniaturisation of large,
complex systems into single packages, such as System-in-Package, is
expected to lead to a requirement for the on-chip interconnects of
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each of the constituent chips to be accounted for in package-level
electromagnetic simulations. From a package-level point of view, the
on-chip interconnects can be seen as a mixture of metal inclusions
located in a host dielectric. In other applications, it has been shown
that the macroscopic properties of dielectric-only mixtures can be
represented by a homogeneous dielectric with an effective permittivity
that is determined using an empirical mixing model [6]. Metal-
dielectric mixtures have been less thoroughly explored, with work
limited to treating spherical or ellipsoidal metal inclusions [7, 8]. In
this paper, we extend the approach to cope with rectangular cuboid
metal inclusions representative of on-chip interconnect structures. We
retain the use of a single fitting parameter, which is calculated for a
wide range of aspect ratios, dielectric host materials, metal fill factors
and signal frequencies that are likely to be of interest to System-in-
Package designers.

2. METHODOLOGY

Interconnects often form regular gratings (e.g., bus structures), hence
an infinite metallic grating in a homogeneous dielectric host, as shown
in Fig. 1, represents a straightforward but broadly applicable model.

We considered a wide parameter space for the dimensions, as
follows. Design rules often specify interconnect pattern density can
be in the range of 20%–80% metal fill [9], but often the maximum
pattern density in actual metal layers does not exceed 60% [10]. Thus
we consider metal fill factors f in the range 0.2–0.6. While metal
layer height is fixed for any given layer in any given process, track
width is less restricted. Aspect ratios (xAR) are continuing to increase
as technology develops [11], hence we studied structures with 0.6 ≤
xAR ≤ 3. Due to the growing use of low-k dielectrics we considered
host materials with permittivity εe in the range 1 ≤ εe ≤ 11.7. The
interconnect pitch Λ is often measured in micrometres or nanometres,
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Figure 1. Diagram of studied 2-D grating structure with dashed line
indicating the boundaries of the homogenised equivalent.
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whereas the wavelength λ of the clock signal is typically measured in
centimetres. Thus, we can expect to successfully apply an appropriate
effective medium approximation because the condition Λ ¿ λ/4 is
met [12]. Here, we fix Λ = 100µm for the sake of clarity in illustrating
our method. While we include the effect of the interlevel dielectric, we
omit the bulk substrate and all but the top layer of interconnects from
the homogenisation process in order to reduce the complexity of this
initial study. We use a modified Maxwell-Garnett mixing rule

εeff = εe + Ψfεe
εi − εe

εi + 2εe − f(εi − εe)
, (1)

where εi and εe are the dielectric functions of the inclusion and host
material respectively (here, a metal and a dielectric), Ψ is a constant
relating the fields inside and outside the inclusions (typically Ψ = 3
for spherical inclusions), f is the filling factor or ratio of the volume
of the inclusion to the total size of the unit cell [13]. In earlier work
we presented a limited example of our approach for a fixed value of Ψ
applicable to a single structure [14, 15]. Further we have significantly
expanded our approach by developing a compact equation to calculate
the appropriate value of Ψ for a broad range of parameters [16] and
here we provide more detailed analysis of the distribution of Ψ values.

3. RESULTS

Rigorous coupled wave analysis (RCWA) [17] was performed for the
TM polarization with the electric field vector ETM coplanar with
the grating vector K as shown in Fig. 1. The metal inclusions were
assumed to have a frequency dependent dielectric function εi(ω) that
is represented by a Drude model [18]

εi(ω) = 1− ω2
p

ω(ω + jγ)
, (2)

where ω is the frequency of interest, ωp is the plasma frequency
and γ is a damping term representing energy dissipation. Despite
wide spread use of copper interconnects for the intermediate levels of
the interconnect stack, aluminum is often used for the global wiring
with which we are concerned, and has ωp = 15 eV and γ = 0.1 eV.
Note that the energy is related to the free space wavelength λ0 by
ω = 1.24 × 10−6(λ0)−1. This model was used in both the analytical
and numerical calculations. The structure was illuminated by a plane
wave with incident angle −90◦ < θ < 90◦ and free-space wavelengths
λ = 30 cm, λ = 10 cm, λ = 6 cm, and λ = 3 cm. In results not shown
here, we studied the effect of adjusting the height h of the homogenised
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Table 1. Coefficients αmn and βmn, where m,n = {1, 2}, for Ψ
calculation.

α11 −0.0054 β11 0.0191 γ11 −0.0370 δ11 0.0026
α12 3.0965 β12 −6.3175 γ12 −1.0792 δ12 −0.0558
α21 0.0188 β21 −0.0086 γ21 0.0231 δ21 −0.0015
α22 3.1421 β22 −1.1014 γ22 2.5738 δ22 −0.0513

layer, but did not find any advantage in doing so. Hence, we kept
the height of homogeneous equivalent layer the same as the grating.
The reflection coefficient for the homogenised structure was calculated
using an analytical formula defined for a stratified medium comprising
a stack of thin homogeneous films [19].

It is not necessary to make Ψ dependent on the host dielectric
as this is already accounted for explicitly in Eq. (1). We verified this
by numerical experiment. The scaling factor Ψ was observed to have
an exponential dependence on aspect ratio, as illustrated in Fig. 2,
therefore we have chosen the general form of our empirical model to
be the sum of two exponentials:

Ψ(xAR) = α · eβ·xAR + γ · eδ·xAR (3)

where the coefficients α, β, γ, δ are determined by linear regression
from data obtained from nearly 7000 simulations spanning a four
dimensional parameter space. The coefficients are represented as a
linear function of metal fill factor by

k(f) = k1 · f + k2, k = {α, β, γ, δ} (4)

where k1, k2 are well approximated by

k1(ν) = k11 · ν + k12, (5)
k2(ν) = k21 · ν + k22, k = {α, β, γ, δ} (6)

where ν is the frequency (in units of GHz), and factors k11, k12, k21, k22

are presented in Table 1.
The model can be applied by choosing values of the four

parameters within the specified range of validity and substituting them
into equations Eqs. (3)–(6). Since the electromagnetic performance of
the interconnect grating structure is frequency dependent, in order to
implement the equivalent parameters into a Finite Difference Time
Domain (FDTD) model with broadband excitation, the ability to
define frequency dependent materials, such as [20, 21] is required.

We assessed the fit of the model using a nonlinear least square
method. Fig. 2 illustrates the good agreement between Ψ obtained
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Figure 2. Plot of the scaling factor Ψ obtained for an example grating
structure. The fitted values (crosses) show good agreement with
approximated data (lines). Grating parameters: f = 0.5, Λ = 100µm,
ν = 5 GHz, εe = 6.25, 0.6 ≤ xAR ≤ 3.

from a ‘brute force’ fitting algorithm and that from our double
exponential approximation for an example grating structure. The
grating has f = 0.5, and the illumination frequency is 5GHz. The error
in the scaling factor Ψ that is predicted by the least squares method for
all background dielectrics, all metal fill factors f , and all frequencies ν
as a function of aspect ratio, has an error of 0%–2.5% compared to the
values obtained from the ‘brute force’ fitting algorithm.

In Fig. 3, we plot the reflection coefficient obtained using RCWA
and our homogenised model for a sample of 39 different structures.
For frequencies in the range 1 GHz ≤ ν ≤ 10GHz the error between
RCWA results for the detailed structure and those obtained for the
homogenised structure is less than 3.5% for reflection coefficient and
0.2% for the transmission coefficient (not shown here) when 0.3 ≤ f ≤
0.6 and θ ≤ ±30◦. The frequency dependent behavior of the calculated
error in reflection and transmission coefficients between grating and
homogenised layer with εeff calculated from given formulation for
an exemplar structure is shown in Fig. 4. In most of the studied
structures with aspect ratio from the middle of the considered range
the error in reflection coefficient estimation is less than 1% and it
tends to increase and reach the maximum value for an aspect ratio
bounding the considered set. This tendency in error distribution
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Figure 3. Plot of the reflection coefficient obtained from a subset of
the gratings studied, as a function of aspect ratio and host permittivity.
Results from the homogenised model are drawn as lines, while those
from detailed structure simulated with RCWA are plotted as markers.
Fixed parameters: f = 0.5, ν = 5 GHz.
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Figure 4. Plot of the frequency dependent error in reflection and
transmission coefficients between grating and homogenised layer. The
arrows point in the direction of the axis to which the curves belong.
Fixed parameters: f = 0.5, xAR = 2, ε = 6.25.
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is expected and is related to the curve fitting procedure applied in
order to analytically interpret the changes of each variable in the four
dimensional parameter space.

When we apply our method, without modification, to intercon-
nects with a trapezoidal cross section, sometimes found in fabricated
structures, the error remains below 5% for sidewalls with angles of up
to 5◦ and incident angle up to 30◦. Beyond incident angles of ±30◦, the
error rises, reaching 10% at ±40◦ and worsening as Brewster’s angle
is approached. Nonetheless Brewster’s angle is predicted to within 5◦
in the cases we studied, although qualitative agreement beyond Brew-
ster’s angle is poor. This arises due to the increased importance of
resonant phenomena that cannot be accounted for in a homogenised
model [22–24]. Hence our approach offers attractive performance sav-
ings over a fully detailed mesh in those cases where incident waves are
within ±30◦ of the normal, such for a Systen-in-Package subject to
interference from a distant source.

The computational time gain achieved by using this approach is
within 8–25% depending on the geometrical parameters of the grating
structure. The higher time gain is obtained for structures with lower
metal fill factors and high aspect ratio.

4. CONCLUSION

We report an empirical model for the homogenisation of a single layer
of on-chip interconnects that is intended to facilitate their inclusion
in package-level electromagnetic simulations. The model is applicable
to a wide range of interconnect dimensions (metal fill 20–60%, aspect
ratio 0.6–3 and host permittivity 1–11.7) and is accurate to better
than 3.5% (0.2%) error for reflection (transmission) when illuminated
by plane waves with frequency 1–10 GHz, incident at up to 30◦ off the
normal. Our approach allows the behaviour of on-chip interconnects
to be accurately captured in full vector electromagnetic simulations
without incurring the significant computational penalties associated
with a finely detailed mesh, for a range of incident angles. We expect
further developments to include extending the model to cope with
multiple interconnect layers, now that the feasibility of the approach
has been established.
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