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Abstract—The electromagnetic scattering of the synthesized three-
dimensional (3-D) breaking wave crests which are formed by
azimuthally aligning the individual 2-D breaking wave profiles has
been numerically studied at the low-grazing angles (LGA) by using
the multilevel fast multipole algorithm (MLFMA) with adaptive
higher order hierarchical Legendre basis functions. Different from
the specular (or quasi-specular) reflection and Bragg scattering, the
“sea-spike” phenomenon which is characterized by that horizontally
polarization (HH) signals greatly exceed vertically polarization (V V )
signals has been demonstrated by analyzing both the backscattering
of 3-D LONGTANK series and a plunging breaker. For the time-
dependent evolution of the plunging breaker, the Doppler shifts and
Doppler splitting effects are investigated by applying the fast Fourier
transform (FFT) with a moving Hamming window. The spectrum of
HH scattering has the feature of concentration, while the spectrum of
V V scattering shows the Doppler splitting effects.

1. INTRODUCTION

Electromagnetic (EM) scattering of sea surface is very important
in microwave remote sensing. The scattering of breaking waves is
regarded as one of the most difficult problems in this field. Numerous
studies have been performed on breaking waves [1–4]. When the jets
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form, the backscattering from the breaking wave crests is considered
as the main contribution of the “sea-spike” phenomenon which is
characterized by that horizontally polarization (HH) signals exceed
the vertically polarization (V V ) signals by as much as 10 dB or more
at the low-grazing angles (LGA). Therefore, the specular (or quasi-
specular) reflection and Bragg scattering are not able to describe
the mechanism. Multipath model was introduced by Wetzel [5] to
explain the “sea-spike” phenomenon. The main idea of this model is
that steep features on the crests of breaking waves are the dominant
scatterers, and some energy scatters directly back to the radar from
the front face, while some scatters toward the front face of the wave
and reflects toward the radar. Trizna [6] refined this model to the
finite conductivity of the sea surface. Near the Brewster angle of
the sea surface, the multipath of V V is greatly attenuated; leading
to HH cross-sections are greater than V V . West introduced another
model in [7]. The back reflections from the specular points on the
forming jet and within the cavity under the jet can simultaneously
add destructively at V V and constructively at horizontal, leading to
HH exceeds V V .

Two-dimensional (2-D) numerical investigation of breaking waves
has been investigated by West et al. [2, 3]. The scattering of 2-
D surfaces representing the time evolution of breaking waves was
calculated by using a 2-D hybrid technique combining the method of
moment and geometrical theory of diffraction (MoM/GTD). Doppler
shifts [8] of the 2-D plunging breaker were studied, showing the Doppler
splitting phenomenon around the portion of jets. However, all the
above simulations are based on the 2-D model which is regarded as
non-real in engineering. Compared with the 2-D model in the previous
work, the synthesized 3-D models will be more useful in engineering.

In the research of electromagnetic simulations of the breaking
water waves, how to build a reliable computational approach is
critical, especially for the scattering at the LGA. Some classical
analytical methods, such as the Kirchhoff approximation (KA) [9–
11], small perturbation method (SPM) [12, 13] and the two scale
model (TSM) [14, 15], cannot work well in the three-dimensional
(3-D) sea surface model. In this paper, a numerical method, the
multilevel fast multipole algorithm (MLFMA) [16–18] with adaptive
higher order hierarchical Legendre basis functions [19] is applied to
calculate the scattering at the LGA. The method has the advantages
of obtaining the accurate results with the low computational costs in
the electromagnetic simulations of the breaking waves.

Using the rigorous numerical method, the electromagnetic
scattering of two typical 3-D breaking wave crests, the LONGTANK
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series [20] and the measured 2-D plunging breaker [21], is studied
by azimuthally aligning the individual 2-D breaking wave crest to
synthesize the 3-D sea surface model. It needs to be noted that this
method of generating a 3-D model is different from the method used by
West [22], where a 3-D model was formed by combining all profiles in
the azimuthal direction with a specific spatial interval. In this paper,
we synthesize the 3-D model by uniformly extending the each 2-D
profile in the azimuthal direction, and each of which represents the
evolution history of the breaking waves.

In this paper, the backscattering of 3-D breaking waves is obtained
at different incident angles from 60◦ to 90◦. The backscattering data
of the 3-D models demonstrate the special “sea-spike” phenomenon
for the V V and HH polarizations during the breaking wave process.
Moreover, the activity of the synthesized 3-D breaking wave crests is
more energetic than the 2-D cases, which can be found in the previous
work [21]. The Doppler shifts of the backscattering from the 3-D
models in the whole evolution history are studied by applying the fast
Fourier transform (FFT) with a time-moving Hamming window. The
features of the spectrum for HH and V V are analyzed.

2. BREAKING WAVE CRESTS

In the oceanic engineering, usually the breaking wave crests are
obtained through two ways, numerical simulation and experimental
measurement. In these studies, the LONGTANK series obtained
by numerical simulation and the plunging breaker obtained by
experimental measurement are considered as typical models and have
been widely used in the electromagnetic analysis of breaking waves.
Therefore, they are briefly introduced and discussed in this section.
Meanwhile, in order to obtain the 3-D models, the necessary treatments
for the original 2-D models have also been presented.

2.1. LONGTANK Series

Wang et al. have developed a two-dimensional numerical wave tank,
called LONGTANK wave (it is also called Tulin wave) [20]. The
complete time evolution process of the crest is shown in Figure 1.
A total of 18 profiles are plotted to describe the gradually developing
water breaker. At the beginning, there is no evident breaking portion
in the first profile, whereas in the last stage, there is already a jet
formed in the 18th profile. These profiles exhibit a gradual steepening
of the wave and the formation of a jet.
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Figure 1. LONGTANK wave profiles.

Figure 2. Plunging wave profiles.

2.2. Plunging Breaker

Figure 2 shows a plunger breaker. The wave was mechanically
generated in a deep wave tank in the Univ. of Maryland. A total
of 222 frames (profile 90 to profile 311) are corresponding to a time
history from 190 ms to 659ms. There are two overturning jets (point 1
and point 2 in this figure) which impact at approximate 360ms and
460ms. Smaller steep features have appeared around the jets. After
the beginning of breaking, turbulent cells are shed from the crest that
is carried by the orbital motion of the wave, which is called as the
turbulent “scar”. More details about how to obtain the profiles were
described in [21].

Considering the edge effects induced by artificially truncation,
some specific edge treatments are applied. The 3-D model of the
sea surface is developed from the 2-D model as shown in Figure 3.
Here, take the 14th profile of the LONGTANK series as an example.
First, the planar sections of surfaces angled at 30◦ down from the
horizon are joined at the end of each profile, so that all the points
on the extension are shadowed from all points on the rough surface.
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(a) Original profile (b) Extended profile

(c) The 3-D surface model 

Figure 3. The generation of 3-D surface (the 14th profile of the
LONGTANK series).

The planar sections provide regions for adding resistive loading area.
Second, the 3-D profiles used here are formed by extending the 2-D
profile uniformly 6λ in the azimuthal direction, so that illumination
windows can be added in this direction.

Gaussian window and Thorsos window [23] are two typical
illumination windows commonly used to suppress the edge diffraction.
Zhao and West introduced a resistive loading approach in the study
of 2-D and 3-D breaking waves [24]. The resistive loading method
is suitable for plane wave illumination at the LGA. In this paper,
two different edge-treatment approaches are used to suppress the edge
effects. The resistive loading [25] is applied to the forward and trailing
edges of the surface in the range direction, while Gaussian illumination
weighting is applied in the azimuthal direction.

3. ELECTROMAGNETIC APPROACH

For electromagnetic scattering, the sea water is considered as dielectric
medium. The equivalent impendent boundary condition [19] is used
to deal with the boundary scattering. The electric equivalent surface
current J and equivalent magnetic current M satisfy n′ ×M = ZsJ,
where Zs is the surface impedance of the sea water. Zs relates to
the electromagnetic frequency, the temperature and the salinity of the
ocean water. At 10 GHz, Zs = 43.92 + i ∗ 13.29Ω (i =

√−1), when
the temperature is 20◦C and the salinity is 32.54‰.

For the scattering of the rough sea surface, the electric field
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integral equation (EFIE) in the Cauchy principal value sense is
considered.

Ei
tan =

[
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where Ei
tan is the tangential element of incident electric field, n′ is the

outer normal vector of the sea surface, k is the wave number, η is the
intrinsic impedance (120π for free space), and G is the Green’s function
of free space e−jkR

/
R with R = |r− r′|.

The MLFMA has been widely used to solve above equation
efficiently. In the process of MLFMA, the interactions between the
elements are classified as near-region and the far-region. The near-
region matrix elements are calculated directly using MoM, while the
far-region elements are solved by using MLFMA.

∑
n

Zmnan =
∑

n∈NR

Zmnan +
∑

n∈FR

Zmnan, (2)

where NR represents the near-region and FR represents the far-region,
n and m are the number of the testing basis function and source basis
function, respectively. an are the expansion coefficients needed to solve
using the linear matrix equation, and Zmn are the elements of the
impedance matrix.

Based on the geometrical feature and electromagnetic property,
the higher order hierarchical Legendre vector basis functions has been
applied to solve the problem, which can greatly reduce the unknowns
and sparsification of the impedance matrix and improve the condition
number of the matrix, thus leading to a further reduction of memory
and CPU time [19]. In modeling the backscattering from the 3-D
breaking wave profiles, this adaptive higher order basis functions can
be very effective.

The higher order hierarchical Legendre basis functions are defined
on the curvilinear quadrilateral with a curved second-order nine-
node model in this paper. The scatterer is meshed using curved
quadrilaterals of arbitrary order with associated parametric curvilinear
coordinate systems defined by −1 ≤ u, v ≤ 1. r is the source vector
defined by the sub-coordinate systems u and v. And the surface current
on each patch can be described as

J(r) = J(u, v) = Iu ∂r
∂u

+ Iv ∂r
∂v

, (3)
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which can be expanded as
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where ηs (u, v) is the Jacobian factor, bu
mn and bv

mn are the unknown
coefficients, Mu and Nv are the basis orders along the u-directed
current flow direction and the transverse direction, respectively; Mv

and Nu are the basis orders along the v-directed current flow direction
and the transverse direction, respectively. P̃m(u) or P̃m(v) are the
modified polynomials, which can be defined as (taking the u variable
as an example),

P̃m(u) =

{ 1− u, m = 0
1 + u, m = 1
Pm(u)− Pm−2(u), m ≥ 2

, (5)

where Pm(u) and Pn(v) are the expansion polynomials, C̃m and Cn are
the scaling factors and are defined as
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3

4 , m = 0, 1
1
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√
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1
2
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Duffy transform is applied to tackle the singularity of integration
between the basis functions and the Green’s function.

4. ELECTROMAGNETIC CALCULATIONS

When the incident angle tends to grazing, the multipath effect in the
scattering will be evident. This is illustrated in Figure 4. The back
reflections from the specular points on the forming jet and within the

Figure 4. Multipath effect of the LONGTANK series (14th profile).
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cavity under the jet can simultaneously add destructively at V V and
constructively at horizontal, leading to HH exceeds V V .

As mentioned, the MLFMA with adaptive higher order
hierarchical Legendre basis functions introduced in Section 3 is applied
to calculate the backscattering of breaking waves. Flexible order
setting is an important factor in the higher order hierarchical Legendre
vector basis functions. The basic idea can be summarized as that once
the segmentation is set, the order of the basis functions at different
areas can be flexibly adjusted according to its current distribution,
which is very effective to analyze the scattering problem of the
asymmetric current distribution. Considering the geometry feature
and electromagnetic scattering property of breaking waves, different
orders of basis function are applied in different portions. The shadowed
area and the smooth area will be solved with the n order basis, while
the breaking portion will be calculated with the m order basis, which
is called as n m order basis strategy in the paper. Obviously, m is set
to be larger than n. How to choose the orders of the basis function
has a great impact on the efficiency of MLFMA. Subject to the length
of paper, the discussions about the basis strategy can be found in
the literature [19]. The 2 3 order is an optimal choice with respect
to breaking wave crests. Therefore, MLFMA with 2 3 order basis
functions is applied in the all the experiments of breaking waves.

4.1. “Sea-spike” Phenomenon

At the LGA, since the multipath effect between breaking portion and
the bottom of crests has occurred, the HH to V V radar cross section
(RCS) ratios become unequal or larger for the LGA cases. This
behavior is not consistent with the Bragg mechanism, which predicts
approximately constant scattering over time with V V significantly
exceeding HH. The following two examples of the backscattering of
breaking wave crests can verify this phenomenon.

First, the LONGTANK series representative of the whole
evolution history are taken into account. As shown in Figure 5, at
the moderate incident angles, the multipath effect is very weak, the
spike action is not obvious from the monostatic Radar echo with
electromagnetic simulation at 60◦ incident angle. As the incident angle
tends to grazing (e.g., 80◦), the multipath effect becomes dominate
in the scattering mechanism, leading to the HH polarization exceeds
the V V polarization, even up to 10 dB. Accordingly, the “sea-spike”
phenomenon becomes evident during the jet formation.

Then, the 3-D plunging breaker is studied as the second
experiment to demonstrate this phenomenon. There are two
overturnings (noted as point 1 and point 2 in Figure 2) in the evolution
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(a) 60° (b)  80°

Figure 5. The backscattering of the LONGTANK series.

(a) 60° (b)  80°

Figure 6. The backscattering of plunging breaker.

history. The backscattering of plunging breaker is also computed at
the incident angles of 60◦ and 80◦ respectively, as shown in Figure 6.
Through the experiment, “sea-spike” phenomena occurred, which can
be clearly distinguished during the formation of the two overturnings
at the two incident angles. In the beginning, the plunging breaker is
relatively smooth, the wave crest is round and the cross-sections are
small. The multipath effects are not dominated (where V V > HH).
As the crest getting steeper, the cross-sections become larger, at the
same time, the multipath effects become more serious than before. The
HH exceeds V V , and the “sea-spike” phenomenon appears. When
the first large overturning occurs around 360 ms, this phenomenon is
so obvious that the HH-to-V V ratio even is up to 20 dB. After the
first overturning, the surface turns to calm before the second large
overturning occurs, accordingly the “sea-spike” phenomena disappear,
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V V > HH once more. However, sea spikes are identified as soon as the
second overturning occurs (about at the time of 460 ms), giving HH-
to-V V ratios of 10 dB. After the breaking, the activity of the surface is
no longer energetic. Meanwhile, the multipath effects are not as serious
as before, the “sea-spike” phenomena disappear, and V V exceeds HH
again.

4.2. The Doppler Analysis

Except the “sea-spike” phenomena aforementioned, in the time-
evolving plunging breaker waves, the phase velocity of the underlying
waves in the grow-up and destruction process is greatly different.
Therefore, the fast moving surface scatterers are associated with the
“fast” scattering, while the lower shifted sea surface scatterers are
referred to as “slow” scattering.

In our experiments, the backscattering echoes for the all
synthesized 3-D models are applied to analyze the Doppler shifts.
The time-dependent Doppler shifts of the plunging breaker are
demonstrated by applying a moving Hamming window (with equivalent
time resolution of 80 ms) to the continuous backscatter and applying
the fast-Fourier transform (FFT). Figures 7 and 8 show the results of
the Doppler shifts at the 60◦ and 80◦ for two polarizations.

For the HH polarizations at the two incident angles, the strongest
Doppler response occurs at 340ms and 440ms, with a shift of 220Hz.
They correspond to the maximum velocities of the tip of the two jets.
For the V V polarization, the first response occurs at the 300 ms, and
then this response quickly decreases to a minimum at the 340ms. The
second strong response is associated with the steep features appearing

(a) HH (b) VV

Figure 7. The Doppler shifts at 60◦ incident angle.
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(a) HH (b) VV 

Figure 8. The Doppler shifts at 80◦ incident angle.

from 360 ms to 430 ms. At the 80◦ incident angle, the strongest Doppler
response occurs from 410 ms to 460ms and gives the shifts ranging from
180Hz to 230 Hz. In all cases, the echoes with shifts correspond to the
velocities correlated with the steep or reentrant features in the grow-
up and destruction history of breaking waves. Within the simulations,
the maximum Doppler values for two incident angles are presented in
Figures 7 and 8. It is shown the HH polarization is higher (about
1.7 dB) than the V V polarization at the moment of sea spikes.

At the LGA (for example, 80◦), because the back reflections from
the convex jetting region of the wave and the concave cavity region
under the jet interfere destruct at V V polarization, the echoes for the
V V polarization become more sophisticate than that for HH cases
in the whole history. Therefore, the “Doppler splitting” effects have
appeared, its spectrum disperses at a much wider bandwidth frequency
ranging 150 Hz to 310 Hz. While for the HH cases, the Doppler
spectrum appears closer to the frequency associated with the phase
velocity of the breaking waves.

This is a little different from the 2-D simulation result given by
Zhao and West [24] that predicts Doppler splitting phenomenon using
MoM/GTD. It mainly due to that in the 2-D simulation, it can be
divided into forward and backward part of each profile, as a result,
the received signals are classified as “slow signals” and “fast signals”,
that is why in the 2-D simulation it turns out spectrum splitting
phenomenon. However, for 3-D profiles, there is no distinct direction,
so the simulation result turns out spectrum spreading phenomenon.
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5. CONCLUSION

The “sea-spike” is a very special and important phenomenon in the
research of electromagnetic scattering of sea surfaces. The multipath
effects are introduced to explain this phenomenon. Different from the
Bragg scattering mechanism, the multipath mechanism considers that
some energy scatters directly back to the radar from the front face,
while some scatters toward the front face of the wave and reflects
toward the radar. In our research, the two typical breaking waves,
the LONGTANK profiles and the measured plunging breaker, have
been discussed after some treatments of aligning the 2-D profiles to
the 3-D models. From the results under the numerical electromagnetic
algorithm (MLFMA), the scattering characteristics in the breaking
wave crests are presented both for the LONGTANK series and for the
measured profiles. Meanwhile, the Doppler analysis for the plunging
waves is also discussed, which associate with the evolution of this wave.

Compared with the 2-D profiles, the synthesized 3-D models are
more likely true. Through the electromagnetic simulation in this
paper, the “sea-spike” and Doppler shifts for two polarizations have
been demonstrated, which are consistent with the conclusions of 2-D
cases. However, there is a little difference between them, the Doppler
frequency amplitude of 3-D models is higher than the 2-D case, as
discussed in the Section 4. On the other hand, the effectiveness of the
multilevel fast multipole algorithm (MLFMA) with adaptive higher
order hierarchical Legendre basis functions has been validated in the
analysis of breaking wave crests at the LGA.
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