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Abstract—The effect of graded permittivity profiles, filling factor
and incident angles on the dispersion characteristics and reflectivity
of binary one dimensional plasma photonic crystals having linearly
graded dielectric materials are investigated by using the transfer matrix
method. It is observed that position, width of band gap and high
reflectance range can be improvised to desired level by proper choice
of filling factor and graded permittivity index. The incident angle is
found to affect the band gap and high reflectance range. Our analysis
also shows that this plasma photonic crystal may be used for sensing
applications.

1. INTRODUCTION

The photonic crystals or photonic band gap materials are the
periodically arranged dielectric materials (or metals) which have ability
to control electromagnetic waves [1, 2]. These photonic crystals have
forbidden frequency regions in which the electromagnetic waves cannot
propagate. These forbidden frequency regions are called photonic
band gaps. The photonic crystals have gained archival interest
during the past decade because of novel optical properties. These
properties can be utilized in the several scientific and technical areas
such as filters, optical switches, waveguides, cavities and design of
more efficient layers, etc. The concept of a photonic crystal has
been rapidly extended to other materials such as negative index
materials, plasma, etc. Moreover, plasma has got much attention
due to its technical applications in many new devices such plasma
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lens [3], plasma antenna [4], plasma stealth aircraft [5], etc. It
is a well-known fact that when electromagnetic waves are launched
near the plasma slab, then the electromagnetic waves with angular
frequency (ω) smaller than plasma frequency (ωp) are attenuated
while those having higher frequency than plasma frequency get
transmitted. But these behaviors get modified when we have spatially
periodic plasma structures. These periodic structures are called
plasma photonic crystals (PPCs), in which one unit cell consists of
homogeneous unmagnetized (magnetized) plasma and homogeneous
dielectric (vacuum). Now, electromagnetic wave whose frequency is
outside the photonic band gaps even smaller than the plasma frequency
can also propagate through plasma. The electromagnetic waves with
frequency inside the photonic band gaps, even higher than plasma
frequency, is attenuated. The concept of PPCs was proposed by
Hojo and Mase [6] as a plasma version of photonic crystal in 2004.
They studied the dispersion characteristics of one dimensional (1D)
PPCs. Subsequently, lots of theoretical, simulated, and experimental
studies have been done in one and two dimensional PPCs [7–11].
Guo [12] studied obliquely incident electromagnetic wave propagation
in 1D-PPCs and concluded that plasma density, collision frequency,
plasma width, dielectric constant of background materials and incident
angle have marked influence on dispersion. Prasad et al. [13, 14] have
investigated the modal propagation characteristics of ternary 1D-PPCs
and shown that the plasma frequency, plasma width and dielectric
constant of dielectric media have influence on band gap, group index,
group velocity and phase velocity.

In most of the above studies, researchers have analyzed the
properties of the plasma photonic crystals, which have a series of
unit cells having homogeneous plasma and homogeneous dielectric
layers. The effect of different parameters, such as plasma frequency,
plasma density, width of plasma, dielectric constant of dielectric
layer on the band gap or optical properties of PPCs by replacing
homogeneous dielectric with graded dielectric materials, have not
studied yet. However, the concept of functionally graded material
was proposed in 1987 by Nino to develop high performance heat-
resistant materials [15, 16]. Thereafter, many researchers [17–21] have
investigated the change in physical properties of graded materials.
These studies show that the change of physical properties of graded
materials has very different behaviors from the homogeneous materials
and conventional composite materials. Sang nd Li [20] have
studied the optical properties of one dimensional photonic crystal
containing graded materials and found that the gradation profiles
of permittivity have marked influences on band gaps. They also
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studied the properties of defect modes in one-dimensional photonic
crystals containing a graded defect layer [21] and found that the
introduction of a graded defect layer in one dimensional photonic
crystal provides possible mechanism for tuning the defect modes
including the position, intensity, and number of modes. Recently, some
research groups [22, 23] have analyzed the property of 1D-PPCs by
replacing homogeneous dielectric layer with exponentially graded layer
and found very interesting and novel results.

It is clear from above discussion that the propagation character-
istics of photonic crystals can also be controlled by the gradation pro-
file of graded materials. Therefore, in the present analysis, a linearly
graded material in the unit cell of PPCs in place of homogeneous dielec-
tric layer is chosen for the first time in our knowledge. The objective
is to get extra degrees of freedom to control the dispersion characteris-
tics and reflectivity preserving the plasma behavior of photonic crystal.
Also, this linearly graded material can easily be solved in term of well
defined standard special functions, such as Airy function and Bessel
function. The organization of the paper is as follows. In Section 2, the
dispersion relation and reflectivity of the proposed structure is given.
The other necessary formulas used in this paper are also presented.
Section 3 is devoted to result and discussion. A conclusion is drawn in
section 4.

2. THEORETICAL FORMULATION

The structure having plasma and linearly graded dielectric material in
one unit cell is shown in Fig. 1. The plane electromagnetic waves are
injected obliquely onto the binary one dimensional plasma photonic
crystals from the vacuum at a certain angle θ0. The plasma layer is
characterized by frequency dependent permittivity (εp), and the graded
dielectric layer is characterized by linear spatial dependent permittivity
profile (εg). The linear variation in permittivity profile index is taken in
z-direction which is normal to the interface. The TE mode of electric
field is considered in x-y plane. The collisions in the plasma layer
and absorption in the linearly graded materials are neglected. It is
assumed that plasma and graded dielectric materials are non-magnetic
in nature. The permittivity profiles are given below:

ε(ω, z) =





εp = 1− ω2
p

ω2
; nΛ− a < z < nΛ

εg = lz + m; (n− 1)Λ < z < nΛ− a

(1)

with condition that ε(ω, z) = ε(ω, z + Λ), where ωp =
√

e2np
/
ε0me

is
the plasma frequency, me the rest mass of electron, np the density of
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Figure 1. Schematic representation of the unit cell of 1-D BPPC
having linearly graded material.

plasma, m the permittivity at z = 0, l the linear gradation parameter
for controlling permittivity in the graded layer (l = 1

b (εg − m)),
Λ = a + b, and a and b the width of plasma layer and graded layer,
respectively. The wave equation for the electric field is

∂2Ex(y, z)
∂y2

+
∂2Ex(y, z)

∂z2
+

ω2

c2
ε(ω, z)Ex(y, z) = 0 (2)

Since the variation of permittivity is only in z-direction, the wave-
vector ky is conserved. By using Snell’s law of refraction, it can be
written as ky = ω

c ng sin(θ) = ω
c n0 sin(θ0), where ng and n0 are the

refractive indices of the graded layer and vacuum respectively and given
as: ng = √

εg, n0 =
√

ε0.
The wave equation for both layers in the nth unit cell can be

written separately as:

d2E(z)
dz2

+
ω2

c2

(
1−ω2

p

ω2
−sin2 θ0

)
E(z) = 0; nΛ−a<z<nΛ (3)

d2E(z)
dz2

+
ω2

c2

(
lz+m−sin2 θ0

)
E(z) = 0; (n−1)Λ<z<nΛ−a (4)

Solutions for electric field in both regions in nth unit cell for
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ω > ωpe are given:

E(z) =
{

aneikp(z−nΛ) + bne−ikp(z−nΛ); nΛ− a < z < nΛ
cnAi(−zi1) + dnBi(−zi1); (n− 1)Λ < z < nΛ− a

(5)

where kp =ω
c

√
1−ω2

p

ω2−sin2(θ0), zi1=(ω2

c2
l)1/3(z−nΛ+a+1

l (m−sin2(θ0))),
Ai and Bi are well documented Airy functions [24]. When ω < ωp,
kp in above equation becomes imaginary, thus, electromagnetic waves
will not propagate in the plasma medium. Hence the above solution
for ω < ωp is written as:

E(z) =
{

aneκ(z−nΛ) + bne−κ(z−nΛ) nΛ− a < z < nΛ
cnAi(−zi1) + dnBi(−zi1); (n− 1)Λ < z < nΛ− a

(6)

where κ = ω
c

√
ω2

p

ω2 − 1− sin2(θ0). Since we are interested only in
propagating waves in plasma medium therefore, we consider ω > ωp.
By making use of continuity condition of electric field E(z) and its
derivatives at the interfaces and using transfer matrix method [25],
the following matrix relation is obtained:

(
an−1

bn−1

)
=

(
m11 m12

m21 m22

)(
an

bn

)
(7)

The unit translation matrix elements m11, m12, m21 and m22 for
ω > ωpe are given below:

m11 =
1
2

exp
(
Ai(−zi2)Bi′(−zi3)t1 −Ai(−zi2)Bi(−zi3)

+t21Ai′(−zi2)Bi′(−zi3)− t1Ai′(−zi2)Bi(−zi3)t1
−Bi(−zi2)Ai′(−zi3)t1 + Bi(−zi2)Ai(−zi3)
−t21Bi′(−zi2)Ai′(−zi3) + t1Bi′(−zi2)Ai(−zi3)t1

)

/
((

Ai(−zi2)Bi′(−zi3)−Bi(−zi2)Ai′(−zi3)
)
t1

)
(7a)

m12 =
1
2

exp(ikpa)
(
Ai(−zi2)Bi′(−zi3)t1 + Ai(−zi2)Bi(−zi3)

+t21Ai′(−zi2)Bi′(−zi3) + t1Ai′(−zi2)Bi(−zi3)
−Bi(−zi2)Ai′(−zi3)t1 −Bi(−zi2)Ai(−zi3)
−t21Bi′(−zi2)Ai′(−zi3)− t1Bi′(−zi2)Ai(−zi3)

)

/
(
(Ai(−zi3)Bi′(−zi3)−Bi(−zi3)Ai′(−zi3))t1

)
(7b)
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m21 =
1
2

exp(−ikpa)
(
Ai(−zi2)Bi′(−zi3)t1 −Ai(−zi2)Bi(−zi3)

−t21Ai′(−zi2)Bi′(−zi3) + t1Ai′(−zi2)Bi(−zi3)
−Bi(−zi2)Ai′(−zi3)t1 + Bi(−zi2)Ai(−zi3)
+t21Bi′(−zi2)Ai′(−zi3)− t1Bi′(−zi2)Ai(−zi3)

)

/
(
(Ai(−zi3)Bi′(−zi3)−Bi(−zi3)Ai′(−zi3))t1

)
(7c)

m22 =
1
2

exp(ikpa)
(−Ai(−zi2)Bi′(−zi3)t1 −Ai(−zi2)Bi(−zi3)

+t21Ai′(−zi2)Bi′(−zi3) + t1Ai′(−zi2)Bi(−zi3)
+Bi(−zi2)Ai′(−zi3)t1 + Bi(−zi2)Ai(−zi3)
−t21Bi′(−zi2)Ai′(−zi3)− t1Bi′(−zi2)Ai(−zi3)

)

/
(
(Ai(−zi3)Bi′(−zi3)−Bi(−zi3)Ai′(−zi3))t1

)
(7d)

where t1 = (ω2

c2
l)1/3 1

ikp
, zi2 = (ω

cl )
2/3(m− sin2(θ0)− lb), zi3 =

(ω
cl )

2/3(m− sin2(θ0)), Ai, Bi, Ai′, Bi′ are Airy functions and its
derivatives. According to Floquet theorem, wave propagating in a
periodic medium is of form Ek(y, z) = Ek(z)eikzzeikyy, here Ek(z) is
periodic with period Λ, namely, Ek(z + Λ) = Ek(z). The dispersion
relation [25] for the proposed structure can be written as:

K =
(

1
Λ

)
cos−1

[
1
2
(m11 + m22)

]
(8)

Here K is Bloch wave number. Suppose there are N unit cells in the
proposed structure, then we can write Equation (7) as:

(
a0

b0

)
=

(
m11 m12

m21 m22

)N (
an

bn

)
(9)

Now, the coefficient of reflection of the structure can be derived by
using the relation:

rN =
(
b0/a0

)
bn=0

(10)

Here a0 and b0 represent the complex amplitudes of incident and
reflected waves, and the condition bn = 0 implies the boundary
condition that to the right of the periodic structure, there is no wave
incident on the structure.

Simplifying this equation, the coefficient of reflection can be
expressed as:

rN =
(

CUN−1

AUN−1 − UN−2

)
(11)
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where UN = sin(N + 1)KΛ/sinKΛ.
Hence, the reflectivity of the proposed structure can be expressed

as

Rf = |rN |2 =
|C|2

|C|2 + (sinKΛ/sin(N + 1)KΛ)2
(12)

3. RESULT AND DISCUSSIONS:

The effect of filling factor, permittivity profile index of the graded
dielectric layer and incident angles on the band gaps and reflectivity
are analyzed by using Equations (8) and (12). The unit cell of the
proposed structure consists of the plasma layer having thickness a and
graded dielectric layer with width b (b = f × a, for f = 1, a = b).
The parameters which are used in numerical calculations are: a, f
(filling factor, f = b/Λ), θ0 (angle of incident), p (normalized plasma
frequency, p = ωpc/a), normalized frequency (ωc/a), total number of
unit cells N and the permittivity εb at x = b. Here m (the value of
permittivity at x = 0) is designated by ε0. For p = 0.2, the plasma
frequency ωp is 1.2 × 1011 /sec. In all the numerical calculations,
different permittivity profile indices are taken in such a way that
average volume permittivity remains fixed at 3.5.

Figure 2 shows the effect of filling factor on the band gap for
a = 500µm, θ0 = 0, p = 0.2, εb = 4.0 and ε0 = 3.0. It is observed
that for f = 0.5, there is no band gap obtained in the considered
frequency range. The first band gap for f = 0.5 is obtained at the
normalized frequency 13.38 which is not shown in the figure. As
the filling factor increases from 0.5 to 1.5, band structure formation
takes place in considered normalized frequency range and position of
band gap shifted towards lower frequency range. For f = 1.0, the
first band gap is at normalized frequency ∼ 4.65, and for f = 1.5,
it is approximately at 1.8. Hence the width of band gap decreases,
and number of band gaps is increased with an increase in the filling
factor. It is also observed that the phase velocity highly depends on
the filling factor and becomes slower with an increase of filling factor.
These results can be explained as: a number of continuous interfaces
can be considered to exist in the graded layers profile which leads
to modifying the reflection due to these interfaces. Fig. 3 shows the
effect of graded permittivity profiles on the band gap for a = 500µm,
f = 1.0, θ0 = 0 and p = 0.2. Here the graded permittivity profiles
εb = 6.0, ε0 = 1.0 (solid lines) and εb = 4.0, ε0 = 3.0 (dotted lines)
are taken in such a way that average volume permittivity remains fixed
at 3.5. A comparison is made by replacing graded dielectric material
with a homogeneous dielectric material having constant permittivity
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Figure 2. The band gap for a =
500µm, θ0 = 0, p = 0.2, εb = 4.0
and ε0 = 3.0 for different values
of f .
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Figure 3. The band gap for
a = 500µm, f = 1.0, θ0 = 0 and
p = 0.2 for different permittivity
profiles index.

3.5 (dash line). It is found that for εb = 6.0, ε0 = 1.0 (solid line),
the width of first band gap is much wider than those for εb = 4.0,
ε0 = 3.0 (dotted line), and the position of band gap is different. This
implies that by choosing a suitable graded permittivity profile, we can
tune the width as well as the position of band gap at any desired level,
which is a novelty of the present study. By comparing these different
graded permittivity profiles with a homogeneous dielectric εm = 3.5
(dash line), it is observed that band gap width and phase velocities are
larger in the graded profiles. Fig. 4 shows the effect of incident angle
on the band gap for a = 500µm, f = 1.0, θ0 = 0, p = 0.2, εb = 4.0
and ε0 = 3.0. It is found that with an increase in the incident angle
θ0 from 0 to π/3, the band gaps shift towards lower frequencies range,
and the width of band gap is increased. Hence, it can be concluded
that incident angle also affects the position, width of the band gap and
phase velocity.

Moreover, the High Reflectance Range (HRR), where Rf ≈ 1,
is optimized by changing the filling factor and graded permittivity
profiles. The effect of incident angle on HRR is also investigated. The
variation of the reflectivity for a = 500µm, θ0 = 0, p = 0.2, N = 3,
εb = 6.0 and ε0 = 1.0 at different values of filling factor is shown in
Fig. 5. It is observed that HRR is maximum when f = 1.5 in the
frequency range 1.75–3.0. Fig. 6 shows the variation of reflectivity for
a = 500 µm, f = 1.5, θ0 = 0, N = 3 and p = 0.2 for different graded
permittivity profiles keeping volume average permittivity constant at
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a = 500 µm, f = 1.5, θ0 = 0,
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Figure 7. The reflectivity for a =
500µm, f = 1.5, θ0 = 0, p = 0.2,
N = 3, εb = 5.0 and ε0 = 2.0 for
different angle of incidence.

3.5. It is found that HRR is maximum for εb = 6.0 and ε0 = 1.0,
which is consistent with band gap analysis (Fig. 3). It is observed
that HRR can be tune by taking different graded permittivity profiles.
For the comparison purpose, we have also plotted the reflectivity by
replacing graded dielectric layer with a homogeneous dielectric layer
having permittivity constant εm = 3.5 (dotted line). In this case no
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θ0 = 0, p = 0.2, N = 3 and ε0 = 1.0 at different values of εb.

HRR is found in the considered frequency range. From the above
analysis of reflectivity (Figs. 5 and 6), it can be concluded that HRR
is maximum when a = 500µm, f = 1.5, θ0 = 0, p = 0.2, εb = 6.0
and ε0 = 1.0, due to the fact that the sharp varying permittivity of
graded dielectric layer increases the Bragg’s reflection. The effect of
incident angle on the reflectivity for a = 500µm, f = 1.5, θ0 = 0,
p = 0.2, N = 3, εb = 5.0 and ε0 = 2.0 is shown in Fig. 7. It is
observed that when incident angle increases from 0 to π/3, HRR is
enhanced. The shift of dip in the reflectivity for a = 500µm, f = 2.0,
θ0 = 0, p = 0.2, N = 3 and ε0 = 1.0 by varying εb is also studied,
which is shown in Fig. 8. Here graded profile ε0 = 1.0 and εb = 6.0
is taken because it shows the sharp reflection dips. It is observed
that for a small increment (0.01) in the εb, these dips of reflectivity
are shifted towards lower frequency. This shift of position of reflection
dips is the sensor signal and may be utilized for sensing purpose, where
the slope of the curve will give the sensitivity while the shift of dip
gives the concentration/amount which causes to change in dielectric
permittivity.

However, to understand the propagation of wave in the proposed
structures we plot the electric field distribution. The upper half of
Fig. 9 shows the electric field distribution in one unit cell having
graded profile of permittivity and plasma while the lower half of Fig. 9
shows the electric field distribution in one unit cell having constant
permittivity and plasma. Here both unit cells considered in Fig. 9
possess the same volume-average permittivity (3.5). It is observed that
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Figure 9. The electric field distribution of proposed PPC structures
having same volume average permittivity.

the electric field distribution obtained in graded profile is different from
the non-graded profile, although the volume average permittivity is the
same. The amplitude of electric field is continuously decreasing with
increasing propagation depth in the graded profile. The decrease of
amplitude occurs due to the presence of inhomogeneity in graded layer
which may be explained by considering many continuous interfaces
within the graded layers.

4. CONCLUSIONS

The dispersion characteristics and reflection spectra of binary one
dimensional plasma photonic having linearly graded materials are
being investigated in the present study. The equations for dispersion
relation and reflectivity are derived by solving Maxwell equations
employing the continuity conditions of electric fields and its derivative
using transfer matrix method. It is found that the position and
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width of the band gap can be improvised by filling factor and the
proper choice of graded permittivity profiles keeping average volume
permittivity constant. Also, it is observed that the angle of incidence
affects the band gap. By the analysis of reflection spectra, high
reflectance range (Rf ≈ 1 ) is found to be tuned by filling factor,
varying graded permittivity profile and incident angle. It is observed
that high reflectance range is optimized to maximum for a = 500µm,
f = 1.5, θ0 = 0, p = 0.2, εb = 6.0 and ε0 = 1.0, and with increase
in incident angle, high reflectance range is enhanced. Also, the sharp
reflection dips obtained in the present analysis may be utilized for
sensing or other applications.
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