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Abstract—This paper presents two simple analytical models of the
switched reluctance motor. The first model is constructed on two flux
linkage-current characteristics: the aligned position one, calculated via
finite element analysis (FEA), and the unaligned position characteristic
calculated by using motor geometry data. The second model is based
on three flux linkage-current characteristics: the aligned, unaligned
and average one, obtained by employing the FEA. In both cases the
direct and inverse models are defined. The models consider the core
nonlinearity and the influence of the rotor position on the motor
behavior. The estimated magnetizing and torque characteristics are
compared with that calculated via two dimensions FEA for a switched
reluctance motor (SRM) sample and with the test bench obtained ones.
The merits and the drawbacks of the models are evinced.

1. INTRODUCTION

The switched reluctance motors (SRM’s) advantages, like their
simple and robust construction, wide speed range capability, high
starting torque and low cost make them attractive alternative to the
conventional motors [1, 2].

The SRM’s drive performance is strongly dependent on its
design and control, which allows for torque ripple reduction [3], or
for improving of the torque-speed characteristics. Therefore, it is
important to develop an accurate and simple mathematical model of
SRM, which facilitates the real-time control of the SRM drive system,
or the design process. A key factor for all SRM models are the
flux linkage versus current characteristics, which can be calculated
analytically, numerically, or by combining the analytic and numeric
methods.
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Many valuable works dealing with the SRM’s mathematical
models were published in the past years. Some of them, as [4-7]
discussed analytical models based on motor geometry data, while
others were dedicated to the SRM models which employ magnetic
equivalent circuits [8,9]. Other models are based on finite element
analysis (FEA) [10-25].

In [10], the data obtained via FEA are stored in a lookup-table
and any flux linkage-current-position characteristic is calculated by
an interpolation procedure. This method is simple but is not very
accurate. Recently, magnetic characteristics calculation based on fuzzy
logic or artificial neural network (ANN) techniques [11-15], have been
reported. The accuracy of these models strongly depends on the
amount of given flux linkage-current-position data and on the fuzzy
rules or the existing knowledge. Training fuzzy logic and ANN model
requires more time and a large amount of initial data. A usual approach
is based on the analytical fitting of the previously obtained magnetizing
characteristics [16-25].

An accurate analytical model offers advantages in the real-time
control of the SRM drive system, or in SRM design process. One,
often used, analytical model is obtained by fitting previously given
magnetizing characteristics via Fourier series [20-23]. While the model
introduced by Chi [22] uses three flux linkage-current characteristics,
the one presented in [23] uses five characteristics. Such models are
accurate.

In this paper, two mathematical models of SRM are introduced.
These models are direct ones, when the flux linkage values are
calculated as function of phase currents, and inverse ones, when the
current is obtained function of the flux linkage values. A comparison
between the estimated magnetizing and torque characteristics and the
calculated ones via 2D-FEA, for a sample SRM which was designed,
constructed and tested in the laboratory, is given in order to evince
the merits and the drawbacks of the models.

The second part of the paper is dedicated to SRM’s coupled
analytic model which uses geometry data and aligned flux linkage
versus current characteristic obtained via 2D-FEA. The direct and
inverse models are developed and some calculated results are given
for steady-state. This model is an original one, as far as the authors
know.

In the third part, an analytical model based on three flux linkage
versus current characteristics, obtained via 2D-FEA (unaligned,
average and aligned rotor position) is fully developed. The model
basics, concerning the two functions which define the rotor position
and respectively the core saturation influence, are discussed. The
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inverse model is also developed in this case, and some comparisons
between the calculated and obtained via 2D-FEA characteristics are
given to sustain the accuracy and the consistency of the method. The
model initially proposed in [24, 25], is further improved in this paper by
adding the procedure to construct the inverse model. Both models are
checked on a constructed SRM which is tested in laboratory [26]. The
conclusions regarding the accuracy, the simplicity and the usefulness
of the discussed models are ending the paper.

2. COUPLED GEOMETRY DATA — FEA
MATHEMATIC MODEL

2.1. Model’s Basics

The magnetic field analysis via a numerical method, via usually finite
element method (FEM), in two or three dimensions, is a compulsory
step in SRM’s design process. The flux linkage, torque versus current
and rotor position characteristics are calculated during the design
process employing a 2D-FEA. Once the flux linkage characteristics
calculated via 2D-FEA are available, they can be used to develop
analytic models. The model presented here is based on motor geometry
data and 2D-FEA results obtained for aligned rotor position. The
general equation of the flux linkage function of current and rotor
position is:

A(Ig,0) = Luly + (Aa — Luly) - f(0) (1)
where the unaligned inductance L, is calculated function of geometry
data [4,5], and I¢ is the phase current.

The estimation of the aligned flux linkage characteristics is done
by a polynomial ratio [24]:
1
= (2)
a-I ¥ +b-1 Ftc

a, b, c coefficients being calculated via a curve fitting procedure applied
on the aligned flux linkage characteristic calculated via 2D-FEA.
The position function f(6) is [4]:

Aa

f(0) =m(1 — cosb) (3)
where the constant m results from the condition:
AL f30) 1 =L 0=00 = Aa,Tp=Inax (4)
The torque developed by a single phase is:
Iy
79 / NI (5)
00

0
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The inverse model is given by:
a* A +b A1
I¢(\,0) = .
where a*, b*, ¢* and d* are calculated via a curve fitting procedure for

the current-flux linkage characteristic in aligned rotor position.
The position function f*(0) is:

fX(0) =m- (1+ cosh) (7)

2.2. Results

The proposed analytical models were applied on a SRM in order to
check them for viability and accuracy. The main characteristics of a
sample 6/4 SRM with 400 W rated power and 2500 rpm are given in
Table 1.

Table 1. Main geometric dimensions and parameters of sample SRM.

Parameter Signification Units | Value
Dout Outer diameter mm 100
g Air-gap length mm 0.4
hps/hpr Stator/rotor pole height mm | 17/28
Lt Axial stack length mm 50
Ny Number of series turns per pole - 174
In Phase current A 2.2
Uy Phase voltage \Y% 220

The characteristics calculated based on 2D-FEA results are
compared with the ones obtained by employing the discussed model.
The flux linkage characteristics for the considered sample are compared
in Figure 1. The phase current was incremented by 0.5 A from 0 to
5 A while the rotor position was changed from unaligned position to
aligned one. The mechanical rotor position angles are o = 0° (aligned
position), 9°, 15°, 18°, 23°, 27°, 30° and 45° (unaligned position).

The torque characteristics of the SRM, Figure 2, are calculated
for five phase current values: from 1 A at the bottom to 5 A at the top,
the current increment being 1 A.

It is clear that this model, characterized by Equations (1)—(5), is
not very accurate but it is simple and has an important advantage
since an inverse model can be constructed using the same 2D-FEA
calculated characteristics.

The inverse model characteristics are given in Figure 3, while the
estimations and functions used for the above presented analytically
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Table 2. Calculated characteristics for direct and inverse models.

Coupled model

Direct Inverse
: _ Ly _ A2 .
Aligned Aa (If) - 0.152241?70.267<If+4.463 Ia ()\) = %
ANIf,0) =Lyl + (Mo ({ « .
Flux-current d5.0) £+ (Gally) If (N, 0) = “Ci\f\# oy
Position . 1
. f(0)=0.5- (14 cos0) I(0) = 55y
function

obtained characteristics in the case of sample SRM are presented in

Table 2.
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3. DIRECT AND INVERSE MODEL BASED ON
MAGNETIC FIELD ANALYSIS RESULTS

3.1. Model’s Basics

The model introduced in this part uses only three flux linkage-current
characteristics: aligned, average and unaligned, calculated via 2D-
FEA. The flux linkage characteristics are given by:

lOr
A=A 8
akST’ ( )
The aligned flux linkage characteristic A, is estimated via a
polynomial function (2). The unsaturated inductance function lo,,
which does not depend on current and the saturation function kg, that
depends both on current and rotor position, are defined as:

lor(0) = a; + by cos(6) 9)
ks (If,0) = as(Iy) + bs(Ly) cos(8) (10)

The coefficients a;, b and the polynomial functions as(Iy), bs(I)
should be obtained via a specific curve fitting procedure, applied step
by step.

Three values of unsaturated phase inductance are necessary to
obtain the inductance function ly,.(6): aligned Lg,;, average Log, and
unaligned Lgyy,. The three known values of [y, () function are:

Loun Loaw o (1 1)

lOun =

The Iy, (0) coefficients, respectively a; and by, can be calculated
through a curve fitting procedure while the [y,.(f) approximation
slightly varies with the number of flux linkage characteristics used.

The saturation function kg is calculated through a similar
procedure that can be applied in two steps.

First, a saturation function depending on the rotor position
is calculated at constant current for each considered flux linkage
characteristics. If Iy is a given value of the phase current, then the
corresponding function kg, is:

ks
ksrl(e) - Lk 11

= ag1 + bs1 cosd (12)

The coefficients as; and bg; are obtained through a curve fitting
procedure by considering three values of the saturation function kg1
as follows:

kslav X

Estun
lun, 5 ksrlal =1; (13)
kslal

ksl al

y ksrlav =

ksrlun =
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where the suffix notations un, av and al stand for unaligned, average
and aligned flux linkage versus current characteristic.

A set of saturation functions for different currents, Iy, I, ..., Iy,
resulted by using this approach. Finally, the saturation function ks, (9)
is obtained as:

k
ks (If,0) = ksl =as(Iy) + bs(I)cosb (14)
sa
The coefficients as(If) and bs(If) are polynomial estimations of the
existing values ag1, Gs2, ... and bg1, bsa ..., respectively.

The way in which the saturation functions are calculated, at
different currents, are given in Table 3. The resulting polynomial
saturation coefficients as(I¢) and by(Iy), estimated as explained above,
are given in Table 4.

Table 3. Saturation function.

Current ksal | Ksav Ksun ksr(0), I = ct.

I1 =5A 1 0.951 | 0.791 | 0.9152 + 0.1038 cos(6)
I, =45A 1 0.966 | 0.854 | 0.9408+0.0.07252cos(0)
Is=4A | 1 | 0981 | 0.924 | 0.9688 + 0.03776 cos()

Table 4. Calculated characteristics for direct and inverse models.

Model based on FEA-three flux-current characteristics

Direct Inverse

T 2
: _ i _ —51.45:A2455.42:)
Aligned Aar (I7) = 0.1522:13—0.267-1; +4.463 I (V)= T 1641 NF14.77

Flux-current | A(Ij, 0) = Aot (I)- Lo (0) /ksr (I5, 0) | T(X, 0) =Tar(N) - k2 (X, 0) /15,.(6)

Inductance
ratio lor(0) = 0.521 4 0.453 - cos(6) 15-(0) = 0.521 4 0.453 - cos(6)

function

ker(If,0)=as(If)+bs(Ir)-cos(0)| k%.(A\, 0)=as(A)+bs(A) - cos(0)

as(If) = 0.0048 - I} as(\) = 0.0048 - \?
Saturation
—0.0968 - Iy +1.279 —0.0968 - A +1.279
function ) )
bs(Iy) =—0.00969 - I5 bs(A) =—0.00969 - A
+0.1287 - Iy — 0.365 + 0.1287-\ — 0.365

The saturation function dependence on rotor position for different
current values is presented in Figure 4. As expected, the saturation
function has a lower significance at smaller phase current values.
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Figure 4. Saturation functions versus rotor position.

The aligned flux linkage characteristic is estimated by a
polynomial ratio given by Equation (2), while the torque is calculated
via the Equation (5) with a numerical estimation technique that
employs the Newton-Cotes method with interpolating Lagrange
polynomials of the first degree [27].

The inverse model requires the same three flux linkage-current
characteristics, but with an inverse relationship. The inverse equation
(with current as the dependent variable) is obtained via a similar
procedure as in the case of the direct model.

The flux-current-angle characteristics are given by:

o Ial()‘) ) k;k'r(Ave)
[, (6)
where the functions k},. and [j, are identical to that defined in

Equations (9), respectively (10). The phase current I,; in aligned rotor
position is:

(15)

Ir(N,0)

c-N4d- A\
e-A+f
¢, d, e, f being obtained through a curve fitting procedure.

Ial<)‘) = (16)

3.2. Results

The resulting characteristics of the sample SRM are given in
comparison with that obtained from 2D-FEA, in Figures 5, 6, while
the estimations and functions are presented in Table 4. The rotor
position and the current values are the same as in the previously given
characteristics.

The inverse characteristics: current versus flux linkage and rotor
position, are given in Figure 7.

As resulting from the case analyzed, the proposed model is quite
accurate and the inverse model is at hand, by using two of direct model
functions.
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4. CONCLUSIONS

This paper presents two classes of analytical models, one based on
geometry data and 2D-FEA calculations while the other one only on
flux linkage characteristics calculated via 2D-FEA.

The flux linkage and torque characteristics are calculated using
the discussed models for a sample SRM, designed, constructed and
tested in the laboratory. The calculated results are compared with the
ones obtained for the motor via 2D-FEA, which are compared in the
Appendix with the tests.

The comparison between the sample SRM flux linkage-current
characteristics obtained via 2D-FEA and by testing the motor on
the test bench, Figure A3, evinced the fact that they are in good
agreement, as seen in Figure Al from the Appendix A. Since
the 2D-FEA calculated characteristics are smoother than the test
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obtained ones, and so are the torque characteristics (Al and A2),
the characteristics calculated via given mathematical models were
compared with 2D-FEA characteristics.

A simple model based on geometry data and on flux linkage
characteristic, calculated via 2D-FEA in aligned rotor position, is
introduced in the paper. The model is obtained in both direct and
inverse form.

The model based on three flux linkage characteristics (unaligned,
average and aligned rotor position) calculated via 2D-FEA is presented
in both direct and inverse form. It is obvious, from the given results,
that such a model has an adequate accuracy and covers well the steady
state regime of the SRM. A similar model was developed for a linear
transverse flux reluctance motor [28] and it can be extended basically
on other variable reluctance linear or rotating motors.

The first model is very simple and less accurate than the other one.
Its applicability is quite limited to the motor characteristic calculation
in the design-sizing stage. The second model is more complicated than
the first one, but it is more accurate and it clearly evinces, through the
inductance and the saturation functions, the motor nonlinearities. In
both cases the inverse model can be constructed quite easy once the
direct model is known.

The models presented in the paper are valuable alternative to
other similar models, with the same degree of complexity.

APPENDIX A. CONSTRUCTED AND TESTED SRM
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Figure A3. SRM’s test setup.
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