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Abstract—In this paper, the performance analysis of the natural
frequency-based radar target recognition in the time domain is
considered. We investigate the dependence of the probability of correct
classification on a specific threshold value, and determine the optimum
threshold value for two targets, and the sub-optimal threshold for
multiple targets to maximize the probability of correct classification.
Based on the probability density function (PDF) of some quantity
consisting of the projections of the late time response onto the column
spaces of the matrices constructed using the natural frequencies of the
specific targets, we propose how to determine an optimum threshold in
the sense that the probability of correct classification of two targets is
maximized. By extending the scheme for two targets, we show how to
determine a threshold value close to the optimal threshold for multiple
targets. The scheme is validated by comparing the performance using
the analytic method with that using the Monte-Carlo simulation.

1. INTRODUCTION

Radar [1-25] has been widely used as a sensor for detection [26-46] and
tracking [17,47-49] of radar target. The range to the target and the
velocity of the target can be measured using radar. Doppler shift can
be used to estimate the velocity of moving target [26-28,50,51]. The
radar cross section (RCS) [52-59] of radar target can be estimated from
the strength of the signal reflected from the target. The reflected signal
of the radar target can be simulated using scattering analysis of the
radar target [60-69]. In addition to radar detection and tracking, there
have been many studies on radar target recognition [70-80, 159-166].
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There are many radar signatures which can be used for radar
target recognition: Natural frequencies of radar target [159-166], high
resolution range (HRR) profiles [72, 75-80] of radar target, microwave
image [101-123] of the radar target [1,26,31,50,55,70,73,81-100],
and inverse synthetic aperture radar (ISAR) [55,86-100,125,126]
image proved to be useful features for target recognition. Jet engine
modulation and helicopter modulation [127,128] have also been known
as useful features for target recognition.

It has been shown that the performance of radar target recog-
nition can be improved by exploiting the polarization characteris-
tics [1,31,71,84,129]. In the viewpoint of the anti-stealth technol-
ogy, detection of low RCS target has been an interest. Multiple-input
and multiple-output (MIMO) radar, bistatic radar and multi-static
radar [51,84,85,124,130-137] have been employed to detect low-RCS
target. Pulse compression proved to be an effective way to enhance
the performance of radar target detection and recognition [138-140].
In addition, ultra-wideband (UWB) radar [71,89,141-146] has been
employed to improve the performance.

There have been many studies in the literature about radar target
detection [148-155,169] and recognition [70,159-166]. The first set of
works presents how different techniques have been successfully applied
to detect radar targets in different environments such as sea [152, 153]
and ground [154,155]. The typical techniques are neural-network
based detectors [148,149] and constant false alarm rate (CFAR)
detectors [150, 151]. The works of the second set [148-164] present how
the above-mentioned or other techniques have been successfully applied
in radar target recognition tasks. Natural frequency is a commonly
used radar signature for radar target recognition [159-162,163-167].

In [160, 161], the authors presented the natural frequency-based
radar target recognition scheme in the time domain [160] and in the
frequency domain [161]. In [162] and [168], performance of natural
frequency-based target recognition has been analyzed in the time
domain and in the frequency domain, respectively. The schemes are
based on the binary hypothesis testing and a numerical evaluation of
a probability density function (PDF).

In this paper, based on the results in [162], we consider how to
improve the probability of correct classification by properly selecting
the threshold value used for the classification.
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2. LATE TIME RESPONSE AND NATURAL
FREQUENCIES

Let y,;, represent a sampled response with sampling interval of At,
and define 2, = exp[s,,,At], where sy, ..., sy, |, are the natural
frequencies of the k-th target. M}y is the number of the natural
frequencies of target k. It can be easily shown that, based on the
late time representation using the natural frequencies, the late time
response can be written as [160], for the k-th target,
My,
Yn|k = Un|k + Inlk = Z Cm|kzm\kn + 9njk M= L2,....,N (1)
m=1
where N is the number of the sampled frequency response.
gnjk is the zero-mean Gaussian distributed with variance of o2,

associated with yp, . Syk, m = 1,..., My, is the natural frequency of
the k-th target. wy,g, n=1,..., N, is the noiseless late time response
of the k-th target.
If we define
T
Ye = Vik Yo - YN (2)
T
cr = [k Cok oo CMlk | (3)
T
g = |9k G2k - INIk | (4)
T
u, = [[we ugp - unk |, (5)
Equation (1) can be written as
Yk = Bicr +8r = up + 8k (6)
where {By}, . is defined as

3. MOTIVATION

In [162], the authors chose zero for the threshold for the classification.
Assume that we try to recognize target 1 and target 2 based on the
PDF of

target 2

kazHszkH?—HPlka?:yEszk—y}fPlykt ztlo k=1,2 (8)
arge

where k denotes that the noisy late time response is from the k-th
target and the projection matrices P; and P4 are defined as

P, — B, (BYB,) BY 9)
P, — B, (B/B,) ' BI. (10)
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Eigendecomposition of Py — P results in
Py — Py = VA, VL (11)

wy, is defined from

Wi = [w1|k wNM = Viy,. (12)
The mean of wy, is denoted as
mean(wy) = [,u”k MNIk] = Viy,. (13)
Zy )k in Eq. (8) can be written as [162, 170]
Zoik = Forpp + Gorpp (14)
where
MQ*Ml 2]\41
o= > wy® and  Gayp = Y Nwas,— a4y’ (15)
=1 =1

The characteristic functions of Fy|, and Gy are [162]

Mo— My

1 e 121 b
) jw) = = 16
F21|k(.7w) (1—j2w0'2)(M2_M1)/2 eXp 1—j2w02 ( )
2
. 2My Al JCOH N — Ny 41 k)\l
(I)G21|k(]w) = 1II ] T €Xp 1 2.2 )1\ |2 (17)
=N (1= j2whio?)? A
Finally, the PDF of Zy;, is
P20 (2) = FH { @, (10) B, ()} (18)
The cumulative distribution function (CDF) of Zy|;, is obtained from
z
FZQlUc(Z) :/ PZy i (z') dz. (19)
—o0

The performance analysis of the natural frequency-based radar
target recognition in the frequency domain is considered in this paper.
In the scheme presented in [162], the authors set the threshold for the
classification to zero. In this paper, we propose to change the threshold
value to see what threshold value results in the maximum probability
of correct classification.

In addition, we show how to determine the optimum threshold
from the analytic PDF’s and CDF’s for two targets. For more than
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two targets, we propose how to choose a threshold value which is very
close to the optimum threshold yggfgul maximizing Eq. (25).

Poy should be a vector on the column space of By since Poy is a
projection of y onto the column space of Bo. Similarly, P1y should be
on the column space of Bj.

For M7 < Ms, the dimension of the column space of B is greater
than that of the column space of B;.

Note that the ranks of B; and By are M and M, respectively.
For My, < M, the constraint that the projection should be on the
column space of By is less demanding than the constraint that the
projection should be on the column space of B;.

For My < Ma, |P2y]|| tends to be larger and ||P1y| tends to be
smaller both for y =y; and y = yo.

IP2y || gets smaller for smaller My, and vice versa, and ||P1y|| gets
smaller for smaller M7, and vice versa.

The constraint that the projection should be on the column space
of By gets stricter resulting in smaller |Poy|| as My gets smaller, and
vice versa. Similarly, the constraint associated with P,y gets stricter
resulting in smaller ||P1y|| as M; gets smaller, and vice versa.

Prob(|P2y]| > ||P1yl||) for Mz > M; becomes larger than
Prob(||Pa2y|| > ||P1y||) for My = M;, and Prob(||P2y|| < ||P1y]||) for
My > M; becomes smaller than Prob(||Pay| < [|P1y]||) for My = M;.

What we suggest in this paper is to improve P;(y) by defining

Py () = Prob ((HPQyHQ— HP1y||2> <7|1st target is present) (20)

Pya(7) = Prob (<||P2y||2—\|P1y||2) >~|2nd target is present) (21)

2
Pr(y) = Z Py, (7y)Prob(k-th target is present)
k=1

The simulation performance can be written as
Pii () = Prob ((IPay1 | ~ [Paya?) <) (23)

Piigl(y) = Prob (([Pays|? = [Pry2 ) > ) (24)

2
primul~y — Z PIS‘ianI('y)Prob(k:—th target is present)
k=1
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k
=3 [Prob <<||P2y1||2 - ||P1Y1||2> < ’Y)

+Prob (([Paya | ~ [Prya]?) > 7)) (25)

where | P2y1]/?, [|P1y1]|?, ||P2y2||? and |P1ys2||? are obtained from the
Monte-Carlo simulation in the sense that the noises in y; and yo are
Gaussian random vectors.

By setting v = 0 in Eq. (23) and Eq. (24), we get Prj; and Py
defined in the scheme presented in [162].

4. DEPENDENCE OF P; ON v FOR TWO TARGETS

Let Prj2(7y) be the probability of correct classification with the specified
threshold value of v given that the second target is present and P (7)
be the probability of correct classification with the specified threshold
value of v given that the first target is present.

The probability of correct classification with threshold value 7 is
obtained from the PDF as follows:

P (4) = Prob(Zy, < v [k =1)

I11
= /7 pZQI‘l(Z)dZ = FZ21\1(7) (26)

—00

PR3 (y) = Prob(Zyyy, > v |k = 2)

1)2
= / p321|2(z)dz =1- FZQW(v) (27)
”
P;maly () = Z P;T,jly )Prob(k-th target is present)

= *ZPm Fzmm +1-Fy,,(7) (28

where Fz,, | (z) and FZ21\2 (2) represent the CDF of Zy;,—; and Zyy|p—2,
respectively. Refer to Section 3 to see how to numerically evaluate the
PDEF’s and the CDF’s of Zy1); and Zypp [162].

As we change v in Eq. (28) with respect to ~, the optimum
threshold value, 7v,py can be determined from the threshold value at
which Pr() is maximized.
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From Eq. (26) and Eq. (27), Pla‘rllaly (v) and Pﬁgaly(v) are monotonic

increasing and decreasing functions of +, respectively. Since analy(fy)
is a sum of monotonic increasing and decreasing functions, it is quite
intuitive to see that Pr(vy) tends to have a local maximum at v = Yopt.

Yopt can also be analytically found by differentiating Pr(vy) with
respect to :

d _an
%PF W(y)y=0

d 1 anal anal Ld
dy (2 (Pl\l Y(7)+ Py y(v))> T 2dy (liFZm'Q(”)JrFZ”“(V)) (29)

1
= 5 (_pZ21|2('Y) +p221|1(’7)) =0

PZy115(7) = PZyy1(7)-

Therefore, yopt can be found from v value satisfying Eq. (29).

Let (4 and (o denote the limit above which the values of PZoyy
and D7y, AN be practically set to be zero, respectively, which can be
given, for k = 1,2, [162]

G = HZgyy, t 60Z21\k7 HZyypy > 0
(30)
G =— (luzznk - 60Z21\k) ) K Zoypy, < 0.

Using Eq. (30), the range of ~ over which Pr(y) should be
calculated is given by

—max((1, (2) <7 < max((1, 2). (31)

5. DEPENDENCE OF P; ON v FOR THREE TARGETS

For simplicity, we assume that there are three targets. We can extend
the results to more than three targets.

For three targets, we tabulate the decision strategy for nonzero
threshold ~ in Table 1: Notation I is the convention used for two
targets and Notation II and Notation III are the conventions used for
more than two targets.

Note that in Table 1, for derivation of Notation II from Notation I,
we use the fact that, for example, Z3;); < 7 is equivalent to Z3; > —v
due to Zglfjl = —Zy3)1- In general, Zy;,,, < is equivalent to Z;, > —v
because of Zi i, = —Zpijx-

If we define
, k>1
b () = { Z% k<1, (32)
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Table 1. Decision strategy for three targets.

targets | Notation I | Notation II Notation III
1 92 Zowa > | Zap > | Zoe > tarp(y
Zon <7 | Zion > = | Zigp > tigp (v
1 9 | Dap > | Zauz > | Zaz > ty3(y
Z311 <7 | Zizp > = | Zigp >ty
(
(

1 9 | D> | Zaus >y | Zszpz > ey
Z3gp <5 | Zazja > =7 | Zazj2 > tagp(y

)
)
)
)
)
)

we get Notation III from Notation II in Table 1.
From Table 1, the probability of correct identification can be
written as

Pri1(y) = Prob {Zyg;1 > t191(7), Zisn > tign(7)} (33)

Prio(7) = Prob {Za1a > to112(7), Zogja > tagie(7)} (34)

Pri3(y) = Prob {Zsy3 > t313(7), Zsaj3 > ta23(7) } - (35)
Using Eq. (32) in Eq. (33)-Eq. (35), we have

Pr1(y) = Prob {Zl2|1 > =7, Zigp > —’Y} (36)

Prio(y) = Prob {Zsy > v, Zogpp > —7} (37)

Pri3(y) = Prob {Zsy3 > v, Zso3 > 7} - (38)

6. DEPENDENCE OF P; ON v FOR MULTIPLE
TARGETS

Equations (33)—(35) are valid for three targets. It is straightforward
to extend Eq. (33)-Eq. (35) to more than three targets. Assume that
there are () targets.

Assuming that the k-th target is present, the probability of correct
classification can be written as, for k =1,...,Q,

Prp(v) = Prob (Zpak >t (V) - s Zipmk > trp—1u(7) 5
Zi gk > o1k (V)s - Zrok > tow(r) - (39)
Using Eq. (32) in Eq. (39), we have
Pri(y) = Prob (Zpe > 7, -+ Zg1ji >
Zk,k+1‘k > _77'~-7Zk,Q\k > —")/) . (40)
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Zik and Zy are defined as
Ziae = |Pryell” — Pyl (41)

Zige = Pyl = IPryll - (42)

Note that Eq. (41) and Eq. (42) are consistent with Eq. (8).
Using Eq. (41) and Eq. (42) in Eq. (40), the probability of
classification can be expressed as

Prx(v) =Prob [y"Pry > y"Piy +7,...,y"Pry

>y Pr 1y + 9,5 Pry >y Py — 7,y Pry
> yHPgy — v |kth target] . (43)

Since evaluating Eq. (43) is quite challenging, we try to get
the upper bound and the lower bound of the probability of correct
classification.

Assuming that the correct target is the k-th target, the upper
bound and the lower bound of correct classification are given by [137]

Pju\pk (v) = Igélil {/tkilk(’y)kaik (Z)dz} :Iln?élil {1—FZki|k(tki|k<7))}(44)
P}("k (7) = max <0, I—ZQ: /tklkw) pzkilk(z)dz
=
Q
= max 0,1*ZFZki‘k(tki|k(7)) : (45)
i
where szilk(z) denotes the CDF of Z;;.

Note that, the PDF’s and the CDF’s in Eq. (44)-Eq. (45) are
evaluated using the scheme in Section 4.
Simulation performance based on the Monte-Carlo simulation is

Pi(y) = Prob [yl Pryk > YEP1yk + trak(7); - - yie Py
> yePro1yk + =11k (7); YePryi>Yi Pri1yi
k1 (7)s - YRPRYK > Y Py + trok(7)] - (46)

The upper bound and the lower bound of correct classification,
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considering all () targets, are given by [162]

PO = 52 Z Prf () (47)

Z e (Y (48)

Simulation performance COHSlderlng all ) targets is

Is1mu1 Q Z 51mu1 ] (49)

Using Eq. (45) in Eq. (48), we can plot P;”(v) as we change 7.
From the plot, we can easily identify the optimum threshold, vé%t, at
which P[°(v) is maximized:

Ty = argmax PP (7). (50)

Similarly, using Eq. (44) in Eq. (47), we can calculate P;'?(«y) for
various v values and the optimum threshold value, 73&7 can be found
from the threshold value at which P;"(v) achieves the maximum.

73& = arg m;;tx P}lp (). (51)

7. PROCEDURE ON HOW TO DETERMINE THE
OPTIMAL THRESHOLD

7.1. Two Targets

What makes the scheme in this paper very useful in practical
implementation of radar target recognition is that the optimal
threshold yglmul for practical implementation of Eq. (25) can be
calculated analytically from v = fyglr?m using Eq. (28) or Eq. (29).

The procedure for getting the optimal threshold for two targets
can be summarized as follows:

(i) Given o? of gy, in Eq. (1), calculate v/ ¥ from ~ value satisfying
Eq. (29) or 7 value maximizing Eq. (28).

simul analy

(i) Use v = %opt" = Yopt . in Eq. (25) to get the maximum
probability of identification in practical implementation.
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The procedure is essentially based on the fact that the simulation
performance in Eq. (23), Eq. (24) and Eq. (25) do agree with the
analytic performance in Eq. (26), Eq. (27) and Eq. (28) respectively,
for all  values in Eq. (31).

Accordingly, v = ’yggﬁul maximizing Eq. (25) can be found from

analy analy

Y = Yopt . Maximizing Eq. (28) or v = v, satisfying Eq. (29).
Note that the PDF’s and the CDF’s in Eq. (28) and Eq. (29) can
be analytically obtained, given the variance of o2 of Inlk in Eq. (1).
We do not have to know specific realization of g,; and y to get the
PDF’s and the CDF’s in Eq. (28) and Eq. (29), from which we can get

analy

the optimum threshold v = v,

That is, we do not have to perform the Monte-Carlo simulation in

Eq. (25) to get v = 'yg;fly. v = 'yggﬁly from Eq. (28) or Eq. (29) can be
simul __ .analy

used in direct evaluation of Eq. (25) with v = 455" = 7, ° via the
Monte-Carlo simulation.

7.2. Multiple Targets

For more than two targets, we can not calculate P;maly () analytically,

and only get the upper bound P;P(y) and the lower bound P°(y) of
the probability of classification [162]. The threshold values, at which

P;®(v) and Pp°(7) are maximized, are denoted as vy} in Eq. (51) and

Yo in Eq. (50), respectively. We define 7" ¥ using Yoo, and b as
follows:

analy _ { e PR (yige) > PRiml(y58) 52)

opt Yoptr PRI (Vept) < PR (vops)
where 419 and 7} are obtained from Eq. (50) and Eq. (51),
respectively.

Note that 72 and v, should be obtained for each signal-to-noise

ratio (SNR), which results in different 7 Y for each SNR.

8. NUMERICAL RESULTS

We use two straight wires of length = 1.0m and 1.2m for two targets.
For three targets, the three straight wires of length = 0.8 m, 1.0m and
1.2m are used.

When we only consider two targets, we compare the analytic
results in Eq. (28) with the simulation-based performance. For multiple
targets, the analytic results in Eq. (48) and Eq. (47) are compared
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Figure 1. Dependence of pZ21|1(Z), pZQ1\2(Z)7 PI|1(’7)7 PI|2(’7) and

Pr(vy) on the value of v for two straight wires of length = 1.0m and

1.2m (SNR = —20dB).



Progress In Electromagnetics Research, Vol. 135, 2013

539

-7 -7
x10  Target=1, SNR=0dB x10  Target=2, SNR=0dB
5 5
4r 4+ 1
T 3 T o . f
= [Jsimulation = [ISimulation
I : N .
N 2t = = = Analytic N o = = =Analytic
o o
1r 1
0 0 . ;
-1.5 -1 0.5 1 1.5 15 1 -0.5 X
7
z x10 z <10
(a) (b)
x10" SNR=0dB Target =1, SNR = 0 dB
5 1
4 @ 0.8F
211
E 3 T 221\2(2) ? 061
N ) o L - - - Analytic
N2 R 0.4
1 . 0.2}
0 0
15 -1 05 0 0.5 1 15 -5 1 05 0 05 115
z x 107 Y x 10
(© (d)
Target =2, SNR = 0dB SNR = 0dB
’
0.8
—~ 06
= —Simulation
o 0.4 H-~-Analytic
0.2
0 0.4
15 -1 05 0 05 1 1.5 45 1 05 0 05 1 15
y x10 Y x10”
(e) ()
Figure 2. Dependence of PZy1) (2), pZmQ(z), PM('y), PI‘Q(V) and

Pr(7y) on the value of v for two straight wires of length = 1.0m and
1.2m (SNR = 0dB).
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Pr(7) on the value of v for two straight wires of length = 1.0m and
1.2m (SNR = 20dB).
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with the results based on the Monte-Carlo simulation. In getting the
simulation-based performance, the probability of correct classification
is obtained from 10,000 repetitions.

The noiseless frequency response is obtained via the method
of moments (MoM). We calculated the back-scattered field. The
frequency response up to 0.5 GHz is obtained in increments of 7.8 MHz.
The incident angle for all the numerical examples is § = 30°. The
frequency response is inverse Fourier transformed to obtain the time
domain response.

The numbers of the natural frequencies for two targets

1
0.9f
0.8}
=
= 0.7f :
o e F,|3|mul (y: O}
0.6 —~P" W (y=0)
simul —simul _  analy
05f P (o = Yo )
analy .. analy_ , simul
04 P =Y =T )
20 15 10 -5 0 5 10 15 20
SNR (dB)
: : _ .analy __ simul
Figure 4. The performance improvement at v = 7y, ° = Yop¢ Over

the performance at v = 0 for two straight wires of length = 1.0 m and
1.2m.

Table 2. The optimal threshold values in Fig. 4 for various SNR
values.

SNR (dB) Yopt = Vopt"

—20 2.97 x 107
—15 0.72 x 107
—10 0.25 x 107
-5 0.11 x 10°

—0.79 x 105 < 72030 = ysimul < 9 95 x 106

5 —1.66 x 105 < 420 = ysimul < 4,07 x 106

10 —2.14 x 100 < A28 = ysimul < 474 x 10

15 —2.39 x 105 < 42030 = ysimul < 517 x 106

20 —2.53 x 105 < 7200 = ysimul < 5,35 x 106
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corresponding to the frequency range up to 0.5 GHz are M; = 6 and
M, = 8 [162).

In Figs. 1-3, we illustrate how psz(Z)v PZoy) (2), PI|1(7), PI|2(7)
and Pr(7) look for various SNR’s.

In Figs. 1(a)-3(a) and Figs. 1(b)-3(b), we confirm that the
analytic PDF’s p221|1(z) and pzm‘z(z) agree quite well with the
empirical PDF’s obtained from the histogram using Z;|; values and
Z1)2 values in Eq. (8) from the Monte-Carlo simulation for each SNR
value. Refer to Section 3 to see how to obtain the analytic PDF’s of
pZ21\1(z) and pZ21\2(Z) [162].

In Figs. 1(c)-3(c), we overlap the analytic PDF’s of Zy); and Zys
to graphically check at what « value Eq. (29) holds. Pyj;(7) in Eq. (26),
Pra(v) in Eq. (27) and Pr(y) in Eq. (28) are shown in Figs. 1(d)-3(d),
Figs. 1(e)-3(e) and Figs. 1(f)-3(f), respectively. Note that v values
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Figure 5. Analytical and simulated results as a function of  value for
=2.84x107).

three targets (SNR = —20dB, 'yg;fly = 1.28 x 107, H5imul
(a) Pri(7), (b) Pra(v), (c) Prs(v) and (d) Pr(y).



Progress In Electromagnetics Research, Vol. 135, 2013 543

SNR=0dB SNR=0dB
1 — Simulation 1 — Simulation
- --Upper bound ---Upper bound
0.8 - - Lower bound 0.8 - - Lower bound
= 0.6 E‘ 0.6 .
= o
o 0.4 a 04
0.2 0.2
0 0
-3 -2 1 1 2 3 -3 2 1 2 3
Y x 10° Y x 10°
(a) (b)
SNR=0dB SNR=0dB
1 — Simulation 1 — Simulation
---Upper bound ---Upper bound
0.8 - - Lower bound 0.8 - - Lower bound
=~ 0.6 0.6 :
= = I
o _ 1A
o= 0.4 0 04 )/\\
02 0.2
0 5 0
-3 -2 -1 0 1 2 36 -3 -2 -1 0 1 2 36
Y x 10 Y x 10
() (d)

Figure 6. Analytical and simulated results as a function of v value for
three targets (SNR = 0dB, 720" = 0.15 x 105, 4giml = 0.22 x 10°).
(a) Pri(7), (b) Pra(v), (c) Prs(v) and (d) Pr(y).

maximizing Eq. (28) coincide with v values satisfying Eq. (29) for all
SNR’s, which can be graphically checked by comparing v value at which
the PDE’s of Zy|; and Zy)5 in Figs. 1(c)-3(c) overlap with « value at
which Pj(7) is maximized in Figs. 1(f)-3(f). The optimal values of the

thresholds are A20™ = 2.97 x 107, —0.79 x 100 < 20 < 2.95 x 106

and —2.53 % 10° < 72%% < 5.35x 10° for SNR = —20dB, SNR = 0dB,
and SNR = 20 dB, respectively.

For SNR = 0dB, since pz,, () is almost zero for z > —0.79 x 10%,

and pzmp(z) is nearly zero for z < 2.95 x 10%, the probability of
correct classification is nearly constant for the threshold value of
—0.79 x 10% < v < 2.95 x 10%. Similarly, the optimal threshold for
SNR = 20dB can be expressed as —2.53 x 105 < v < 5.35 x 106,

It is also shown in Figs. 1(d)-3(d), Figs. 1(e)-3(e) and Figs. 1(f)-

3(f) that analytic Pfﬁaly (7), Pf‘galy(’y) and P; "4lY (1) show agreements
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with simulated Pfﬁnul(’y), Pjslgmﬂ(w) and Pfmul() for all 4 values in
Eq. (31).

In Fig. 4, we illustrate how much improvement we can get by
adopting the optimal threshold v = ’yggfly = fygipr{m in comparison
with v = 0. In Table 2, the optimal threshold values are explicitly
shown. Note that the 5" ¥ value should be calculated using Eq. (28)
or Eq. (29) for each SNR value. Since we have more performance
improvement at low SNR than high SNR, the proposed scheme is
useful at low SNR. It is also shown that analytic performance shows an
excellent agreement with simulation performance at v = 'yggf ly — ygi;gul
as well as at v = 0.

In Figs. 5-7, we illustrate the results for three targets. The
three targets are straight wires of length = 0.8 meter, 1.0 meter, and

. SNR =20 dB SNR =20 dB
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= =
Qo4 Qo4
0.2 0.2
0 0
2 1 0 1 2 5 2 1 0 1 2 5
Y x10 Y x 10
(a) (b)
SNR =20 dB SNR =20 dB
1 1
— Simulation \ [—Simulation
---Upper bound W [---Upper bound
0.8 - - Lower bound 0.8 4\ [ =~ Lower bound
!
i
|
E 0.6 _ 06 .
> R
o = B
0 04 O 04
0.2 0.2
0 0
2 1 0 1 2 5 -2 1 0 1 2
Y x10 Y x10
(c) (d)

Figure 7. Analytical and simulated results as a function of v value
for three targets (SNR = 20dB, 0.10 x 10* < A22Y < 2.13 x 10%,
0.10 x 10* < 72}?8“1 < 2.08 x 10%). (a) Pri(7), (b) Pra(v), (¢) Ppz(v)
and (d) Pr(7).
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1.2 meter with My = 4, My = 6 and M3z = 8, respectively [162].
In Figs. 5-7(a), we show PIS‘I{““l('y), Pfulrf(v) and P}‘l)l('y) as vy
varies for various SNR values. Note that, in Figs. 5—7, the simulation

performance is actually between the lower bound and the upper bound
for all ~ values:

Pp(v) < PR (y) < PRR(y)- (53)

Similarly, the results assuming that the true targets are target 2
and target 3 are shown in Figs. 5-7(b) and Figs. 5-7(c), respectively.
The results from Eq. (44) and Eq. (45) are used for an upper bound
and a lower bound in Figs. 5-7(a), Figs. 5-7(b) and Figs. 5-7(c). The
simulation performance in Figs. 5-7(a), Figs. 5-7(b) and Figs. 5-7(c)

1

simul .
—— — ., Simul
Po(r =y

simul |
0.8 +P| (v :y::tay)

simul

——P"™ (1=0)

P

0.4

0.2

20 15 10 5 0 5 10 15 20
SNR (dB)

Figure 8. The performance improvement at v = *yggltml and vy = 733? ly

over the performance at v = 0 for three straight wires of length = 0.8 m,
1.0m and 1.2m.

Table 3. The optimal threshold values for three targets.

SNR (dB) Yopt oo™
—20 1.28 x 107 2.84 x 107
—-15 0.40 x 107 0.53 x 107
-10 0.12 x 107 0.21 x 107
-5 0.40 x 10° 0.74 x 10°

0.15 x 10° 0.22 x 10°
0.05 x 10° 0.08 x 10°
10 0.03 x 10° 0.02 x 10°
15 0.01 x 10° 0.01 x 10°
%0 0.10 x 10% < A2 0.10 x 10% < Aimul
< 2.13 x 10* < 2.08 x 10*
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Table 4. The performance improvement at v = ygg*gul and v = 7(?;3 ly

over the performance at v = 0 for three straight wires of length = 0.8 m,
1.0m and 1.2m (Numerical values).

SNR (dB) —-20| =15 =10| =5 0 5 10| 15| 20

Psimul

s | 0.440.43 | 0.43 | 0.44|0.47|0.58 | 0.77|0.97 | 1.00
(v =15t")

Psimul

anaty, | 0-38 [ 039 0.38 | 0.40 | 0.44{0.55|0.77 [0.96 | 1.00

(’Y_fYOPt )

Pslmul

( 0) 0.34] 0.33 | 0.35 | 0.35|0.36|0.43|0.60 | 0.83 ] 0.98

"Y:

are obtained from Eq. (46).
The upper bound and the lower bound in Figs. 5-7(d) are obtained
from Eq. (47) and Eq. (48). The simulation performance in Figs. 5-

7(d) are from Eq. (49). vopt ¥ and ~simul values are also specified in
the captions of Figs. 5-7. . .
In Fig. 8, we illustrate Pi™il(y = 0), Pimul(y = Asimul) and
e %) for various SNR values. In Table 3, we also tabulate
nal i . .
Pmmul(,y ,ygg?ul) Psnnul(,y ,.ngJ?Y) and Ps1mul( — 0) in Flg. 8.
Although we get ’yop and vop; from Eq. (50) and Eq. (51),
respectively, using the PDF’s and the CDF’s without the Monte-Carlo
simulation, we can not get ’ysmul analytically. We do have to perform
the Monte—Carlo simulation as ~ value varies to see what v value results

in the maximum P§mu(y).

How to choose the sub-optimal threshold without exhaustive
analy simul

search over 7 value is given in Eq. (50)-Eq. (52). 7~ and gp¢
values in Fig. 8 are indicated in Table 4. In Fig. 8, we illustrate
how close Pjmul(y = 4308 YY) is to pyimul(y = ~simul) “and how much

primul(y — 73;1: ¥) has improved in comparison with Pyimul(y = 0).

9. CONCLUSIONS

We considered the dependence of the probability of correct
identification on the value of the threshold in the radar target
recognition using the natural frequency. We illustrated how to
determine the optimum threshold for use with the natural frequency-
based radar target recognition of two targets. For multiple targets, we
show how to determine the sub-optimal threshold.
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We extended the formulation in [162] by adopting a nonzero
threshold. How the probability of correct identification is dependent on
the threshold value is addressed by numerical evaluation of the PDF.

The derivation is validated by comparing the analytical
performance with the performance based on the Monte-Carlo
simulation. To show the agreement between the analytic results
and the simulation results for nonzero threshold value, the late time
responses of simple targets are used. The results for two targets show
that the scheme presented in this paper can be used to determine the
optimum threshold for use with the performance analysis of the natural
frequency-based radar target recognition in the time domain. For more
than two targets, we show how to choose the threshold which is very
close to the optimum threshold.
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