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Abstract—We address the performance analysis of the natural
frequency-based radar target detection in this paper. We show
how to calculate the detection performance recursively by making a
polynomial approximation of the probability density function (PDF)
of the standard normal distribution. Why we make a polynomial
approximation of the PDF of the standard normal distribution is
that the PDF of the standard normal distribution is not analytically
integrable but that the polynomial is definitely analytically integrable,
which makes it possible to calculate the detection performance without
look-up table. The Taylor polynomial is used for an approximation of
the PDF of the standard normal distribution. We derive the error
of the approximation, the bound of the error of approximation, and
the optimal polynomial approximation in the sense that the bound of
the error of the approximation is minimized. We validate the derived
expressions via numerical simulation.

1. INTRODUCTION

There have been many studies on radar target recognition [1-9] and
detection [10-23]. In natural frequency-based radar signal processing,
accurate estimation of natural frequency is quite important [24—26].
Radar has been one of the classical applications of array signal
processing [27-32].

The performance of the natural-frequency-based radar target
detection scheme has been analyzed in time domain [10] and
in frequency domain [20]. In this paper, we consider recursive
implementation of the LRT-based detection scheme in [10].
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2. LATE TIME RESPONSE IN TERMS OF THE
NATURAL FREQUENCY

The late time response with sampling interval At can be written as (1)

m=1
where g; is zero-mean Gaussian-distributed with variance of o2 [9)].
If we define

Yo=[n w2 - v (2)

a=la ag ... ay, (3)
(1) can be written as

yq=Ba+g,=u,+g (4)

where {B};, is defined as

{B}zm = m’ (5)
and g, and u, are similarly defined as y,.

3. LIKELIHOOD RATIO TEST

Detection problem can be formulated as
P
Hliyi:uri-gz‘:zamzfn‘*‘gi (6)

Hy:y = gi. (7)

The ratio of two likelihood functions is calculated:
Hy
p(y(]‘av Hl) >

L(y,) =
e = "yl Ho) H0<77

The probabilities of detection and false alarm are defined as
the probabilities that quuq is greater than -, under H; and Hy,

respectively [10]:
Pp, = Prob(quuq > ,) under H; (9)

Vor /w, uuqn2 77dt (10)

ollugll

Pr, = Prob( yq u, > 'yq) under Hy (11)

= f/ e dt, (12)
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where 7, is defined as

1
10 = o+ g (13)

4. RECURSIVE IMPLEMENTATION OF THE LRT
DETECTION SCHEME

Let v, and v44n be defined as

1 2
=0ty + - [lu| (14)
1 1 qg+N
Yt N=0"Inn + 3 [ugsn|? = o®Inn+ 3 lugl>+ > i | . (15)
i=q+1

For calculation of Pp 4, Bp 4 and Bp 44N are defined as

2oy — gy’

— |lug|l
Bpq = . (16)
2 2
g ]|
q+N
2
| || o2ln —% (HuqH + > 1“12)
N —|[|Ug+N 1=q+
Bogn =1 ”2 (1)
||uq+NH g, IEN
HuqH + X uf
i=q+1
Pp for q data is given by
Pp,=— ez 18
va= 75z ), (19

For recursive evaluation of Pp g4y from Pp,, Ppg+n can be
written as, for 8p 1N > Bp.q,

2
_z_
e 2dx

/ /BD N 2 ( )
de — — T2 dx. 19
~Ver BD.q Bp

Similarly, for 8p ¢+~n < Bp,q, the recursive expression is

1
Pp N:/
ar V21 Jgp JFN

1 22
Pp N:/ e zdx
ar V2T BD,q+N
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1 /00 Pp.q =
=— _de + /= / -
V2T JBp.q V2T JBp.gin

1 o0 d ﬁD q+N z
— 2 dr — —— - . 20
ous /@D’q ous /g (20

Note that, from (19) and (20), whether Bp 44n is greater then 8p,
dose not matter in recursive expression of Pp 44y from Pp 4.
Brq and Br 44N are defined as

o? Inn + § [|ug|*

5
Brq = = (21)
2 2
o/ gl o/ gl
1 9 g+N
o?lnn+g [ ugll"+ X u
N 1=q+1
Brary = ——L = . (22)

gl
o { lugl? + E
i=q+1

Pr, is given by

1 P
Prpy=—= / e 2dx (23)
I V2 Jgp,

Following the same strategy to get (19) and (20) from (18), we
can show that, from (23), Pr 44N can be written as

BF, q+N

P *de— da: 24
i = m/[3Fq \/ﬂ BF,q 2

both for ,BF,q—l—N > ﬁ}«jq and /BF,q+N < 5F7q-

5. BOUND OF ABSOLUTE VALUES OF THE
DERIVATIVES

In Fig. 1, we specify the expressions of the derivative functions of

f(z) = L efé. (25)

Ly and L’M are defined as

[FOD(E(@)| < Lo min(Bp, g4 00.) <@ <max(Ap g o) (26)

‘f ‘<L’ — 00 < x < 00. (27)
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Figure 1. The derivatives of f (z) = \/%?efé, g =10, ¢+ N = 20,
Bpg = —0.2552, Bpgin = —0.6173, By = 2.3412, Brgyn = 24077,
(a) f'(2). (b) f"(2). (c) fP(2). (d) fD(@). (e) fO (). (£) fO(a).
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Let xpr41,; denote the i-th x value satisfying FMHD (1) = 0. Note
that Lys and L), in (26) and (27) can also be written as

Ly =max | FOD (2ar41,) (28)

Lyg=max (| max | FO0(@anad]| ][O0 (8|, [ £ (Besn] | (29)
bary1,i=1
where byr11,; is defined as
o 1 min (ﬁtpﬁq—i—N} < Tymy1; < max (ﬁqa Bq—i—N)
bars1i = {0 otherwise . (30)

In Fig. 1, we illustrate how the derivative functions of f(x)
behave. Bpg, Bpg+N, Brq and Brg4n, which are associated with
Ly, correspond to the specific example in Section 9.

From Fig. 1, it is easy to see that L), L5, L and L/ are given by

w2

Li=|fa = -1)| = |7 = )] = | e (31)
L=| =0 = |- (32)
el o) | )
L= |79 < |19 (2 = V3 - vI0) | = |2 31

6. RECURSIVE UPDATE USING POLYNOMIAL
APPROXIMATION

There exists £(x) between = and a4 n with [33]
f (@) = fram (x309N) + Bram (3098) = fram (T3a48)  (35)

where

M f CL
fram (x5 a9 N Z q’ (z — agn)" (36)
k=0
and (M41)
Rygn (x309N) = f—(ﬁ(:v)) (x — aq7N)(M+1) : (37)

(M + 1)
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Let apgn and apgn denote a,n values for Pp and Pp,
respectively. The recursive expression of Pp 44y from Pp , based on
the Taylor series approximation of f(x) with frq am(z;apgn) is

BD,q+N
Pogi=Pog— [ " fla)da (39)
IBD,q
BD,q+N
%PD,q — / fTa,M (JZ, aD7q7N) (.T) dﬂ? (39)
D,q

=Pp,q Z kj_qu v) (ﬁD,q+N—aD,q,N)k+1—(ﬁD,q—aD,q,N)kH)- (40)

Note that the error in approximating (38) with (39) is

BD,q+N
/ RTa,M (.’L‘; CLD7q7N) dr. (41)
ﬁD,q
Similarly, the recursive evaluation of the probability of false alarm
is
BF,q+N BF,q+N
Prgyn=Prq — / f(@)dx ~ Prg — / fram (z3ar,4,N) do
BF.,q BF,q

(k)

=Prq— Z d G iqu),N (ﬂF,q+N*aF,q,N)kH*(ﬂF,q*aF,q,N)kH)~ (42)

7. ERROR BOUNDS

The Cauchy-Schwarz inequality can be written as

_quWm/@uwa (43)

where f(x) and g(x) are real-valued functions.
The upper bound of the polynomial approximation is

/max(ﬁq :ﬁq+N)

min(ﬂq 7ﬁq+N)

Rro (25 a9,N) do

e preeta
— min (G 1) (M +1)! N

1 max(8q,84+N) 2
< oo /m o) (O (¢ (2))) e

[NIES

/mr::;ﬁ:ﬁqu)ﬁ <(x B aq,N)MH)Q dw] (44)
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where the last inequality follows from the Cauchy-Schwarz inequality.

Due to [fMHV(¢(2))dx| < Laryr for min(By, Bpan) < x <
max(fy, Bq+nN), we get the inequality :

max(Bq,5g+N) 2

/ (£ € @) do < Lugaa® Bysr — Bl (45)

min(ﬁq,,ﬁq_HV)

The last integral in (44) can be easily evaluated:

/maX(ﬁq,5q+N) ((m . N)M+1)2 dm
min(Bq,B0+ ) o
1

— (min (B, By ) — agn) %) (46)
From (44), (45) and (46), we get

(ot )

/min(gq,ng) Rran (w5 0q,n) d
= [(J\41+1)!L]‘4+12 |Ba+1 — B4l

8 2M1+ 3 <(max (Bas Basn) — agn )23

— (min (Bq, Bern) — aq, N)2M+3)} .
= [(MlJrl)!LIMH2 |Bg+1 — Byl

X 2M1+ . <(max (Bys Bosn) — agy) M+

— (min (8, Bg4n) — aqu)2M+3)} . "

8. OPTIMIZATION OF ERROR BOUND

Since fﬂrii)({éi)quﬁiintvj\;) [FMFD (g(z))]2dx is not a function of a, v, the

minimization of (44) with respect to a4 n reduces to the minimization
of the following function:

maX(ﬂq,ﬁq+N) 2
flagn) = / (z — aq7N)M+1) dx
min(,@q 7ﬁq+N)
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1
=575 (e (B, Bpen) — ag )™M+

~ (min (8. Byin) = ag) ). (49)

For Byin > Bq, f(agn) in (49) becomes

ﬂq-&-N 2 Bq+N
f(agn) E/ <(m—aq7N)M+1> dw:/ (2—aqn) 2 +2 dz
ﬂq ﬂq
1

= oM <3 <<ﬁq+N — agn)*M (B, ~ aq,N)2M+3> - (50)

The bound of error is minimized when the derivative of the cost
function f(aqn) in (50) with respect to aq n is equal to zero:

df (a
fd(q,N) _ [(/8q+N _ CquN)2M+2 . (/gq . aq,N)2M+2] -0 (51)
ag,N
The real roots of (51) are given by
Be+N — agn = £ (Bg — aq,n) - (52)

Since Bg4N — ag,N = By — aq,n implies By4n = (B4, which is not
possible, ;4N —aq,n should be equal to —(8; — aq n), from which ag N
is given by

1
Aq.N = 5 (Bg+n =+ Bq) - (53)
To confirm that the cost function is actually minimized, not

maximized, at the value of a4 n specified in (53), we check the sign
of the second derivative function of f(aqn).

d*f (ag,n)
danV

By substituting (53) in (54), it can be shown that the second
derivative of (50) is positive, for B4 n > Gy

d2f (aq,N)
daq7N2

= @M +2) [(Brrn = a)* = (8 = ag)™ ] (54)

:(2M+2)22LM(5Q+N—5(1)2M+1>0 (55)

aq,N:% (ﬁquNJDBq)

Using the same strategy to get (55) we have, for 8,4 n < Gy,

d 1
f(aq’N> =0 at Qg N = 5 (ﬁq-ﬁ-N + ﬁq) ; (56)
daq,]v ’ 2
d* f(aq,n) 1 M
- a1 1 =(2M+2) 57 (B Barn)™M 1 >0. (57)
q’N aq,NZE(ﬂq+N+/@q)
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Figure 2. (Pr20, Pp20), (Pr30.Ppso)s (Prao, Ppao) and
(Pr50, Ppso) based on repeated use of (40) and (42) with M =1

_ BQ+/6q,N
and Clqu =5 -

9. NUMERICAL RESULTS

The radius of the wire of the target is equal to 0.5 cm, and the length
of the wire is 1 meter. The noiseless frequency response is obtained
via the method of moments (MoM). We calculate the back-scattered
field. The frequency response is obtained in increments of 7.8 MHz.

The frequency response up to 500 MHz is used, and the number
of the natural frequencies of 1 meter long wire for that bandwidth is
six [2]. Therefore, the total bandwidth used in the numerical results is
500 MHz.

To get the late time response for the target, the frequency response
is inverse Fourier-transformed.

g and N values are set to ¢ = 10 and N = 10. Bpg, Bp,g+N
Brq and Bp g4 n values are calculated using (16) and (17), and given
by 8pq = —0.2552, Bp g+n = —0.6273, Bry = 2.3412 and Brg+n =
2.4077. Ly and L'y, values can be obtained from Fig. 1.

In Fig. 2, approximate (Prg20, Pp2o) is obtained from
(Pr.10, Pp.10) using (40) and (42) with ¢ = 10 and N = 10. Note
that (Pr10, Pp,10) are exact values, rather than approximate values.
In evaluating approximate (Pp30, Pp3o), (40) and (42) are also used
with ¢ = 20 and N = 10. Note that Pp 4 in the right hand side (RHS)
of (40) and P4 in the RHS of (42) is the approximate (Pp 20, Pp,20)
what we have obtained in the previous step. The same procedure is
repeated to obtain approximate (Pp 40, Pra0) and (Pp 50, Prs0)-

That is, in recursive implementation, Pp , and Pg, on the RHS’s
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Figure 3. Actual error and two error bounds of Taylor series
approximation for M = 0,...,4 (SNR = —10dB). (a) Detection,
+ + :
apg = PD.qtPD.g+N (b) False alarm, ap, = Prgtlrern (c) Detection
4 2 ’ q 2 ! )
apg = PBpgq- (d) False alarm, apy = Brq. (e) Detection, ap, =

Bp.g+n- (f) False alarm, apg = Brg4n-
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of (40) and (42) are the exact values in the first step. From the
second step, Pp, and Pr, on the RHS’s of (40) and (42) are the
approximate values obtained in the previous step. Therefore, as we
recursively evaluate (Ppq, Ppg) using (40) and (42), the error due
to an polynomial approximation of the standard normal distribution
accumulates.

But, the amount of error accumulation is negligible, which is
quite clear in Fig. 2. Since the results in Fig. 2 is for M = 1, the
error accumulation for larger M values gets smaller than the error
accumulation for M = 1 shown in Fig. 2.

In Fig. 3, the actual error itself and the bound of the error are
shown for various a, n values both for the probability of detection
and the probability of false alarm. For detection, the error for
apgN = %(ﬁpyq + Bpg+nN) is obtained from the difference of (20)
and (40) with ap 4N = %(ﬂp,q + Bp,g+N). The error for ap ¢ v = Bp 4
is the obtained from the difference of (20) and (40) with ap ¢~ = Bp.q,
and the error for ap gy = Bpg+n is calculated from the difference
of (20) and (40) with ap,g,N = ﬁD,q—i—N-

For false alarm, the error for ap g v = %(ﬁ Fq+ BFq+nN) is obtained
from the difference of (24) and (42) with ap g n = %(6F7q+ﬁp7q+N). The
error for ap g N = frq is obtained from the difference of (24) and (42)
with ar g N = Brg, and the error for ap 4 N = Br ¢+ is calculated from
the difference of (24) and (42) with ap N = Brg+n-

The error bounds in Fig. 3 are obtained from (47) and (48).
For detection, (B, and Byyn are B; = Bpg and Byyn = Bpg+N
n (47) and (48), and for false alarm, §, and foyn are By = Org4
and ﬁq_,_N = Orqg+n in (47) and (48). a4 N in (47) and (48) can be
Qq,N (@1 + Ba+N), ag,N = BgrN Or ag N = fq.

From all the results in Fig. 3, for SNR = —10dB, it is quite
clear that the error itself is actually less than the bound of the
error. It is quite clear that the error and the bound of the error at
apgnN = %(/BD#Z + Bp,g+nN) are smaller than those at ap g n = Bp,q or
those at ap ¢ v = Bp,g+n. To more clearly illustrate the effect of noise
on the detection performance, the results for SNR = 0dB are shown
in Fig. 4.

Errors and their bounds of the Taylor polynomial approximation
are shown in Fig. 5. In Fig. 5, actual error is calculated using (40)
for B, < agn < By+n, and the error bound is obtained using (47)
and (48). From (53), (55), (56) and (57), the error bounds should
be minimized at apg,n = %(,BD7Q+,8D7Q+N) for detection, and at

aFpgN = %(ﬂp,q + Brg4+n) for false alarm, which is consistent with
the results in Fig. 5.
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Figure 4. Actual error and two error bounds of Taylor series
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Figure 5. Actual error and two error bounds of Taylor series

approximation at various ap 4 values and a4 values (SNR = —10dB).
(a) M =1, detection. (b) M = 1, false alarm. (c) M = 3, detection.
(d) M = 3, false alarm.

Note that we cannot derive analytically the value of a, y at which
the error itself is minimized, but that we can determine the value of
aq,N at which the error bound is minimized. From Fig. 5, it is shown
that these two values turn out to be coincident.

In Section 8, it is shown that, in the case of the Tayor series
approximation, the error bound is minimized for ag v = (84 + Bg+n)
for all M values.

We illustrate the error values and the bound of the error in Fig. 5,
for various aq N values, between 3, and B,yn. It is easily checked
that both the error value and the bound of error are minimized for



Progress In Electromagnetics Research, Vol. 137, 2013 233

x10°% P=6,M=1,2p,3=0.5(Bo.q+Bo.+). 8r.q =0.5(Br.q +Br.a+n) x103 P=6,M=2,80,4=0.5(Fo.q*fp.asn): @rq =0.5(Be.q +Brasn)
8.06 8.027 ~Bound n 48)
-~ Bound in (47)

L 8.05 , 30268 o ExactPp and Pp
o a N

- Approximate Pp, and Py
£ - 8.0266 °
£ 8.04 %

s T 8.0264
o 8.03 R 8
8 o h <
e N & 80262
5 =
E 8.02 ;

é —Bound in (48) % 8.026
o 801 ---Bound in (47) ©
E o Exact Pp and P g 8.0258
8 o Approximate Py and Pr o 8.0256
8.0254
0.726 0.728 0.73 0.732 0.734 0.736 0.738 0.7308 0.731 0.7312 0.7314 0.73160.7318 0.732 0.7322
Probability of detection, P Probability of detection, Py,
@ (b)
8.06 )(10'3 ’J:GYNI::LaD‘q:[5 Dg ! aF‘q :BF,Q 8.027 x10 3 p:SVM:ZYaD,q:B Dg aF,q :B Fq
—Bound in (48)
- - Bound in (47)

uw 8.05 o 8.0268 o ExactPpand Pe
o )

3 - Approximate P_and P
13 £ 80266 ° o F
T 804 s
s ©

——————————————————— 8.0264
2 803 ! o 8 I ,
8 i ° i 8 | |
= = 8.0262 ! !
° ! ! S i ° i
> 802 . i > | . |
£ £ ' '
el ——Bound in (48) I B
o 801 -~ Bound in (47) B
e o ExactPyand P S 8028
8 o Pp and Py 8.0256
. . . . . 8.0254
0.726 0.728 0.73 0.732 0.734 0.736 0.738 0.7308 0.731 0.7312 0.7314 0.7316 0.7318 0.732 0.7322
Probability of detection, Py Probability of detection, PD
(©) (d)
8.06 X0°  P=BM=LapBoon 8o Bro B0y K07 PTOM280Bogn 18 g o
: —_Bound in (48)
- - Bound in (47)
- 8.05 i 8.0268 o ExactPy and p

£ 804 o 80266 o Approximate Py and P|
g g
s e T 80264
2 8.03 i . i % CTTTTTT T
% eor ! ! £ soezp | . !

. i i
£ - z so6l [ 1
5 —Bound in (48) 3
g 8.01 -~ Bound in (47) 2 80258
£ o ExactPpand p g -
8 o Approximate P, and P 8.0256
8.0254
0.726 0.728 0.73 0.732 0.734 0.736 0.738 0.7308 0.731 0.7312 0.73140.7316 0.7318 0.732 0.7322
Probability of detection, P, Probability of detection, P,

(e ()

Figure 6. Pp vs Pr of the Taylor polynomial approximation (SNR
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ag N = %(ﬁq + Bg+n). That is, the actual error as well as two error
bounds is minimized at agn = 5(8; + Byn) over min(By, Bgin) <
ag,N < max(fy,By4+n). Remind that aqn is the value at which the
Taylor series expansion is defined.

It turns out, from Fig. 5, that the value of a4 n at which the error
itself is minimized can be found from the value of a4 n at which the
error bound is minimized.

Although we cannot derive analytically at what a,n value the
actual error itself is minimized, we can verify empirically that a, n
value, at which the actual error is minimized, actually coincides with
aq,N value at which two error bounds are minimized. Note that a, n
value at which two error bounds are minimized is derived analytically
and is equal to aq N = %(ﬁq + By+N)-

In Fig. 6, Pp vs Pr of Taylor series approximation is shown. Two
rectangles specify the error bounds in (47) and (48). It is clearly shown
that (Pp, Pr) using the Taylor series approximation is actually within
two rectangles.

10. CONCLUSIONS

We consider recursive implementation of the performance analysis
of the natural frequency-based radar target detection using the
likelihood ratio test (LRT) scheme. By making the Taylor polynomial
approximation of the PDF of the standard normal distribution, we
can make a recursive implementation of the performance analysis. We
derive expressions of the error of the integration and the bound of
the error of the integration. It is shown that, by adopting higher
order polynomial, we can reduce the error of the integration due to
a polynomial approximation. We also show how to determine the
optimal polynomials. It is analytically proved that the bound of the
error for the Taylor polynomial approximation is minimized when the
Taylor series expansion at the center of the integration interval is
adopted, regardless of the order of the polynomial.
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