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Abstract—This paper presents a simple mathematical model to
determine the force, stiffness and moment parameters in Permanent
Magnet (PM) bearings made of radial magnetized ring magnets using
Coulombian model and vector approach for five degrees of freedom.
MATLAB codes are written to evaluate the bearing characteristics for
three translational (x, y and z) and two angular (ξ and γ) degrees
of freedom of the rotor magnet. The results of the mathematical
model are compared with the results of Finite Element Analysis (FEA)
using ANSYS and experiments for a PM bearing with one ring pair,
thereby the presented mathematical model is validated. Furthermore,
the PM bearing with three ring pairs with alternate radial polarizations
is analysed by extending the presented mathematical model and also
using ANSYS. Finally, the 5×5 stiffness matrix consisting of principal
and cross coupled values is presented for the elementary structure as
well as for the stacked structure with three ring pairs.

1. INTRODUCTION

This paper discusses the work which is the extension of the work
presented in [1] by Bekinal et al., wherein the performance of the radial
magnetized PM bearings was evaluated for three translational degrees
of freedom of the rotor magnet. PM bearings are contact free bearings
wherein the rotor is levitated by exploiting the forces generated by
the magnets. These are used in many high speed applications like
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turbo molecular pumps, energy storage flywheels, gas turbines and
turbo compressors, etc. [2–4], wherein the frictionless and lubrication
free operation, low maintenance and long life are the preliminary
requirements. The basic analytical design relationships for magnetic
field [5–9], force and stiffness [10–19] in PM bearings made of axially,
radially and perpendicularly polarized ring magnets were presented by
the many authors for the parametric study. In presenting the analytical
equations authors have considered the following points: first, PM rings
are concentric but it is not the case in actual practice (due to the
presence of air gap between the stator and rotor). Secondly, most of
the analytical equations are expressed in terms of elliptical integrals
(first, second and third kind), Heuman’s lambda function and special
functions, which are tedious to deal with for five degrees of freedom of
the rotor. Third, the effect of radial and angular displacements of the
rotor on the force and stiffness was not considered (only one degree of
freedom of the rotor was addressed). Fourth, the moment acting on
the rotor due to radial and angular displacements was not addressed.

According to Earnshaw’s theorem [20], the summation of bearing
stiffnesses in Cartesian coordinate system must be equal to zero.

KX + KY + KZ = 0 (1)

For circular rings, KX = KY = Kr, Eq. (1) leads to

KZ = −2Kr (2)

The radial PM bearing designed to support a radial load, will be
unstable in the axial direction and vice versa. To provide stability
to a bearing, calculation of moment acting on the rotor magnet
over a wide working range is necessary. The effect of axial, radial
and angular displacements of the rotor on force and stiffness in an
axially magnetized PM bearing is presented by Jiang et al. [21, 22] and
Bekinal et al. [23]. This paper presents the complete analysis of the
performance characteristics of the radial magnetized PM bearings by
considering the axial, radial and angular displacements of the rotor
using Coulombian model and vector approach. The results of the
mathematical model are validated by the results of 3D FEA using
ANSYS and experiments for a PM bearing with one ring pair. Finally,
the stiffness matrix (Eq. (3)) representing principal and cross coupled
values for five degrees of freedom is presented for an elementary
structure and also for a stacked structure with three ring pairs.

K =




KXX KXY KXZ KXξ KXγ

KY X KY Y KY Z KY ξ KY γ

KZX KZY KZZ KZξ KZγ

KξX KξY KξZ Kξξ Kξγ

KγX KγY KγZ Kγξ Kγγ


 (3)
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The stiffness matrix consists of principal as well as cross coupled
values in the axial, radial and angular directions. Only 15 stiffness
values out of 25 have to be evaluated due to the symmetry of the
matrix.

2. FORCE, STIFFNESS AND MOMENT
CALCULATIONS

The basic configuration of a PM bearing with radial polarized rings
and the positions of the rotor magnet with respect to translational
degrees of freedom are presented in [1]. The angular movement ‘ξ’ of
the radial magnetized rotor magnet about X-axis is shown in Fig. 1.
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Figure 1. Positions of rotor with elements on the magnet faces.
(a) Position of the rotor when it is concentric with stator. (b) Position
of the rotor when it is displaced by an angle ξ about the X-axis: φ is
the angle made by the element A1 with the Z-axis in Y Z plane and
S1 is the distance between the element A1 and the origin O1 in Y Z
plane.

The force ~FA1B1 exerted by the surface element ‘B1’ on the surface
element ‘A1’ and the vector distance ~rA1B1 can be expressed as [1]:

~FA1B1 =
J2SA1SB1

4πµ0r3
A1B1

~rA1B1 (4)

~rA1B1 = (XB1 −XA1) i + (YB1 − YA1) j + (ZB1 − ZA1)k (5)

The positions of the elements A1 and B1 in terms of radius, mean
distance from the respective centers and the angles α, β, φ and ξ are
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expressed as (Fig. 1):

tan(φ) =
(

R2 sin(β)
L/2− LAm

)
S1 =

√
(R2 sin(β))2+(L/2−LAm)2

relA = S1 sin(φ− ξ) rerA = S1 sin(φ + ξ)
LelA = S1 cos(φ− ξ) LerA = S1 cos(φ + ξ)

For 0 ≤ LAm ≤ L/2, For L/2 ≤ LAm ≤ L,

~XA1 = (x + R2 cos(β)) i ~XA1 =(x+R2 cos(β)) i
~YA1 = (y + relA) j ~YA1 =(y+rerA) j
~ZA1 = (z + L/2− LelA)k ~ZA1 =(z+L/2+LerA)k

For 0 ≤ LAm ≤ L, ~XB1 =(R4 cos(α))i
~YB1 =(R4 sin(α))j
~ZB1 =LBmk

(6)

where α and β are referred in XY plane (Fig. 2 of [1]), and φ and ξ are
in YZ plane (Fig. 1). relA is the equivalent vertical distance (parallel
to Y -axis) of element A1 from the axis of the rotor magnet, LAm the
mean axial distance (parallel to Z-axis) of element A1 from the inner
magnet centre ‘O′,’ and LBm the mean axial distance (parallel to Z-
axis) of element B1 from the outer magnet centre ‘O’.

R1

R2

R3

R4

h

Figure 2. Cross-section view of radial magnetized PM bearing
configuration with one ring pair: R1 = 10 mm, R2 = 20 mm, R3 =
22mm, R4 = 32mm, height of inner and outer ring h = 10mm.

Combining Eqs. (4), (5) and (6), the elemental force in terms of
components in the XY Z coordinate system can be written as:

~FA1B1 = FA1B1X i + FA1B1Y j + FA1B1Zk. (7)

Similarly, elemental forces ~FD1A1, ~FB1C1 and ~FC1D1 due to
elements on the rotor and stator magnet surfaces A, B, C and D can
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be written by considering the respective vector distances as follows
(Eqs. (8)–(10)):

~rD1A1 = (XA1 −XD1) i + (YA1 − YD1) j + (ZA1 − ZD1)k (8)
~rB1C1 = (XC1 −XB1) i + (YC1 − YB1) j + (ZC1 − ZB1)k (9)
~rC1D1 = (XD1 −XC1) i + (YD1 − YC1) j + (ZD1 − ZC1)k (10)

where XC1, YC1, ZC1 are the coordinate of element C1, and XD1,
YD1, ZD1 are the coordinate of the element D1. The positions of
the elements C1 and D1 in terms of radius, mean distance from the
respective centers and angles α, β, η and ξ can be written as:

tan(η)=
(

R1 sin(β)
L/2− LCm

)
S2 =

√
(R1 sin(β))2+(L/2−LCm)2

relC =S2 sin(η − ξ) rerC =S2 sin(η + ξ)
LelC =S2 cos(η − ξ) LerC =S2 cos(η + ξ)

For 0 ≤ LCm ≤ L/2, For L/2 ≤ LCm ≤ L,

~XC1 =(x + R1 cos(β)) i ~XC1 =(x + R1 cos(β)) i
~YC1 =(y + relC) j ~YC1 =(y + rerC) j
~ZC1 =(z + L/2− LelC)k ~ZC1 =(z + L/2 + LerC)k

For 0 ≤ LCm ≤ L, ~XD1 =(R3 cos (α)) i
~YD1 =(R3 sin (α)) j
~ZD1 =LDmk

(11)

where LCm is the mean axial distance (parallel to Z-axis) of element
C1 from the inner magnet centre ‘O′’ and LDm the mean axial distance
(parallel to Z-axis) of element D1 from the outer magnet centre ‘O’.

Considering ‘n’ number of discrete elements on inner magnet
surfaces and ‘m’ number of discrete elements on outer magnet surfaces,
the resultant forces in X, Y and Z axes, are evaluated by using the
equations (Eqs. (13)–(15)) presented in [1]. The bearing stiffnesses are
obtained by the method of numerical differentiation after evaluating
the resultant forces. The stiffness equations presented in [23] are used
to determine the principal axial and radial, cross coupled radial and
radial-axial stiffnesses.

The moment due to elemental force ~FA1B1 about the centre of
gravity of the inner magnet can be written as:
For L/2 ≤ LAm ≤ L,

MA1B1X = −FA1B1Y × LerA + FA1B1Z × rerA

MA1B1Y = FA1B1X × LerA − FA1B1Z ×R2 cos(β)
MA1B1Z = −FA1B1X × rerA + FA1B1Y ×R2 cos(β)

(12)
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For 0 ≤ LAm ≤ L/2,

MA1B1X = FA1B1Y × LelA + FA1B1Z × relA

MA1B1Y = −FA1B1X × LelA − FA1B1Z ×R2 cos(β)
MA1B1Z = −FA1B1X × relA + FA1B1Y ×R2 cos(β)

(13)

Similarly, the moments due to elemental forces ~FD1A1, ~FB1C1

and ~FC1D1 about the centre of gravity of the rotor magnet can be
written by following the proper sign convention. The net moments
acting on the rotor magnet are evaluated by using Eqs. (28)–(30)
of [1]. The equations of force, stiffness and moment due to the angular
displacement of the rotor γ about the Y -axis can be derived similar to
the Eqs. (4)–(13).

3. ANALYSIS OF RADIAL MAGNETIZED BEARING
CONFIGURATIONS FOR FIVE DEGREES OF
FREEDOM

3.1. Elementary Structure

The elementary configuration made of one ring pair (Fig. 2) is analysed
for force, moment and stiffness parameters. This configuration can be
used as a radial bearing as it develops positive radial force and stiffness
(negative axial force and stiffness).

The axial force and stiffness parameters of the elementary
configuration are calculated as a function of axial offset of the rotor
magnet at different radial offset values (0.5, 0.75 and 1 mm in the
positive X direction) and results are plotted in Fig. 3. Fig. 4 shows the
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Figure 3. Characteristics of a configuration as a function of axial
offset for different radial offset values of the rotor in X-axis. (a) Axial
force and (b) axial stiffness.



Progress In Electromagnetics Research B, Vol. 52, 2013 313

(a) (b)

 

 

0 deg.

5 deg.

7.5 deg.

10 deg.
 

 

0 deg.

5 deg.

7.5 deg.

10 deg.A
x
ia

l 
F

o
rc

e
 [

N
]

200

100

0

-100

-200
-0.03 -0.02 -0.01 0 0.01 0.02 0.03 -0.03 -0.02 -0.01 0 0.01 0.02 0.03

2

0

-2

-4

-6

+10 4

A
x
ia

l 
S

ti
ff

n
e

s
s
 [

N
/m

]

Axial Displacement [m] Axial Displacement [m]

Figure 4. Characteristics of a configuration as a function of axial
offset for different angular displacement values of the rotor about the
X-axis. (a) Axial force and (b) axial stiffness.
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Figure 5. Moments on the rotor magnet. (a) Moment about Y -axis at
various radial displacements in X-axis and (b) moment about X-axis
at various angular displacements about the X-axis.

axial force and stiffness values as a function of axial offset at different
angular displacement values (5◦, 7.5◦ and 10◦ about the X-axis) in the
configuration. The moments acting on the rotor due to its radial (0.5,
0.75 and 1 mm in the positive X direction) and angular displacements
(5◦, 7.5◦ and 10◦ about the X-axis) are calculated as a function of
various axial positions of the rotor in the elementary configuration
and results are presented in Fig. 5.

A finite element model of the elementary configuration (Fig. 2)
was created in ANSYS and meshed with solid 97 elements. The
maximum of number of elements considered for the analysis are 591488
(Fig. 6(a)). The properties of the magnetic material selected are:
Br = 1T, Hc = 796 kA/m and µr = 1.049. The force exerted by
the outer ring on the inner one is determined using a magnetic virtual
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(a) (b)

Figure 6. Results of finite element analysis. (a) Arrangement of inner
and outer ring magnets and (b) the maximum axial force exerted by
the outer ring on the inner ring.
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Figure 7. The axial force exerted by the outer ring on the inner ring
as a function of axial offset of the rotor using finite element analysis
in ANSYS. (a) Axial force at different radial displacement values and
(b) axial force at different angular displacement values.

displacement approach (Fig. 6(b)). The axial force is calculated as a
function of axial offset at different radial and angular displacements of
the rotor magnet and results are plotted in Fig. 7.

The results shown in Figs. 3(a), 4(a) and 7 explain that the results
of axial force calculated using 3D FEA using ANSYS for axial, radial
and angular displacements of the rotor match closely with the results
of the mathematical model. The mismatch between the results is less
than 10%.

A test rig shown in Figs. 8 and 9 is designed and fabricated
to measure the axial force exerted by the outer ring on the inner.
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Figure 8. Schematic representation of a test rig.

Table 1. Dimensions of PM rings: inner ring composed of six sectors
each of 60◦ and outer ring composed of eight sectors each of 45◦.

Grade R1 [mm] R2 [mm] R3 [mm] R4 [mm] h [mm]
N35 Nd-Fe-B

material:
Br = 1.2T,

Hc = 868 kA/m
and µr = 1.1.

20 25 29 34 5

The inner ring holder carries the inner ring and the outer ring is
fitted to the outer ring holder with non magnetic spacers. The
available magnets with the dimensions given in Table 1 are considered
for the experimental work. The linear motion bearing which is
provided between the inner ring holder and the vertical shaft allows the
movement of the inner ring holder in the axial direction. The radial
displacement of inner ring holder is achieved by displacing the vertical
shaft in radial direction with a suitable base plate. The S-type load
cell fitted between the inner ring holder and the support frame is used
to measure the axial force at different axial displacements of the rotor.
The dial gauge is used to record the axial displacements of the inner
ring with respect to the outer. Suitable base plates are used to arrange
the rotor concentric as well as at a radial offset of 2 mm with respect
to the outer ring holder.
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(a) (b)

(c)

Figure 9. Details of test rig for the measurement of axial
force. (a) Arrangement of rings on the inner ring holder (rotor).
(b) Arrangement of rings on the outer ring holder (stator). (c) Test
rig with load cell and dial gauge.

The variations of experimentally measured axial force at different
axial displacements of the rotor along with the results of 3D FEA and
mathematical model in the configuration at 0mm radial displacement
are shown in Fig. 10(a). The results of the experiments follow the same
trend as that of mathematical model and 3D FEA. The deviation of
results with respect to 3D FEA is less than 5% and with respect to
mathematical model is less than 3%. The axial force is also measured at
a radial offset of 2 mm and results are plotted in Fig. 10(b) along with
mathematical model and 3D FEA results. The deviation of results with
respect to 3D FEA is less than 4% and with respect to mathematical
model is less than 3%. The discrepancy in the results might be due to
non uniform magnetization of magnets.
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Figure 10. Results of an axial force. (a) At 0 mm radial offset. (b) At
2mm radial offset.

Results shown in Figs. 3–5 demonstrate that the influence of radial
offset on axial force and stiffness is not significant, whereas the radial
displacement of the rotor in X axis generates moment about Y -axis of
the rotor magnet and vice-versa. The effect of angular displacement
on axial force, axial stiffness and moment is significant. Force and
stiffness decrease significantly with higher values.

The angular displacement of a rotor about X-axis generates
moment about the X-axis. The resultant moment about the Z axis of
the rotor magnet is zero. The magnitudes of moments increase with the
higher radial and angular displacement values and they vanish when
the inner magnet is concentric with the outer magnet.

Figure 11 represents the radial forces and stiffness values of the
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Figure 11. Characteristics of a configuration versus radial
displacement in X-axis at an axial offset of 2.5 mm. (a) Radial force
and (b) radial stiffness.



318 Bekinal, Anil, and Jana

bearing configuration at an axial offset of 2.5 mm as a function of
radial displacement. The axial force and axial stiffness of the bearing
configuration calculated as a function of angular displacement about
X-axis at an axial offset of 2.5 mm are shown in Fig. 12. Similarly, the
moment on the rotor about the X-axis and moment stiffness at various
angular displacement values are calculated at the same axial offset and
results are presented in Fig. 13.
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of 2.5 mm. (a) Axial force and (b) axial stiffness.
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The application of a mathematical model to an elementary
configuration (Fig. 2) leads to the following conclusions.

• Radial force increases with radial displacement values and radial
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stiffness remains constant up to 1mm and then decreases suddenly
(Fig. 11).

• The axial force and axial stiffness decrease drastically with the
angular displacement values (Fig. 12).

• Moment about X-axis increases with angular displacement and
the maximum principal moment stiffness of the configuration is
−0.93Nm/rad at an angular displacement of 0◦ (Fig. 13).

A 5 × 5 stiffness matrix representing principal, cross coupled
and moment stiffnesses at an axial offset of 2.5mm in an elementary
configuration is evaluated and the results are presented in Table 2. No
cross coupling of stiffnesses is observed between X and Y as well as ξ
and γ directions.

Table 2. Stiffness results of the configuration (Fig. 2).

X Y Z ξ γ

X 13.54N/mm 0 * 0 187.34N

Y 0 13.54N/mm ** 187.34 N 0

Z * ** −27.09N/mm # ##

ξ 0 187.34 N # −0.93Nm/rad 0

γ 187.34N 0 ## 0 −0.93Nm/rad

where ∗ = −12.35N/m at x = 0.5mm ∗∗ = −12.35N/m at y = 0.5mm

= −25.17N/m at x = 1.0mm = −25.17N/m at y = 1.0mm

= −41.73N/m at x = 1.5mm = −41.73N/m at y = 1.5mm,

and # = 163.94Nm/rad at ξ = 5◦ ## = 163.94Nm/rad at γ = 5◦

= 129.87Nm/rad at ξ = 7.5◦ = 129.87Nm/rad at γ = 7.5◦

= 87.57Nm/rad at ξ = 10◦, = 87.57Nm/rad at γ = 10◦.

3.2. Stacked Structure with Three Ring Pairs

The stacked structure with three ring pairs with alternate radial
polarizations is shown in Fig. 14. The axial force and stiffness
parameters of the structure as a function of axial offset at different
radial and angular displacements of the rotor are presented in Figs. 15
and 16. The moments on the rotor due to radial and angular
displacements in the structure (Fig. 14) are plotted in Fig. 17.

3D FEA results of an axial force for the stacked structure at
different radial and angular displacements for various axial positions
of the rotor are shown in Fig. 18 and Tables 3 and 4.

The results shown in Figs. 15(a), 16(a) and 18 demonstrate
that the axial force calculated using 3D FEA for axial, radial and
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Figure 14. Cross-section view of a stacked structure composed of
three ring pairs with radial polarizations: R1 = 10 mm, R2 = 20 mm,
R3 = 22 mm, R4 = 32 mm, J = 1T, the height of each ring permanent
magnet h = 10 mm.
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Figure 15. Characteristics of PM bearing made of three ring pairs
versus axial offset at different radial displacement values in X-axis. (a)
Axial force and (b) axial Stiffness.

angular displacements of the rotor match closely with the results of the
mathematical model for the stacked structure. The mismatch between
the results is less than 5%.

Results shown in Figs. 15–18 demonstrate that the characteristics
of the stacked structure represent the same trend as that of the
characteristics of the elementary configuration. The stack of three
ring pairs generates higher values of axial force and axial stiffness as
compared to the results of elementary configuration. The moment
on the rotor increases with an increase in the number of rings in a
stack. Radial forces and stiffness values calculated as a function of
radial displacement of a rotor in X-axis at an axial offset of 2.5mm
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Figure 16. Characteristics of PM bearing made of three ring pairs
versus axial offset at different angular displacement values about X-
axis. (a) Axial force and (b) axial stiffness.
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Figure 17. Moments on the rotor of a structure. (a) Moment about
Y -axis due to radial displacements in X-axis and (b) moment about
X-axis due to angular displacements about the X-axis.

Table 3. Results of an axial force at different radial displacements of
the rotor.

Radial Displacement [mm] 0 0.5 0.75 1
Maximum Axial

Force using Math.
model [N]

558.64 560.71 563.53 567.54

Maximum Axial
Force using
ANSYS [N]

532.84 541.8 546.28 550.89

are shown in Fig. 19. Fig. 20 represents the axial force and axial
stiffness variations with the angular displacement about X-axis at an
axial offset of 2.5mm. Moment on the rotor about the X-axis and
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Table 4. Results of an axial force at different angular displacements
of the rotor.

Angular Displacement [deg.] 0 2 4 6
Maximum Axial

Force using
Math. model [N]

558.64 555.36 545.98 530.2

Maximum Axial
Force using
ANSYS [N]

532.84 531.62 529.24 519.03
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Figure 18. The axial force exerted by the stator on the rotor as
a function of axial offset of the rotor using finite element analysis in
ANSYS. (a) Axial force at different radial displacement values and
(b) axial force at different angular displacement values.
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(b) axial stiffness.
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Figure 21. Characteristics of configuration with three ring pairs
versus angular displacement about X-axis. (a) Moment about X-axis
and (b) moment stiffness about the X-axis.

moment stiffness at various angular displacement values are calculated
at the same axial offset and results are presented in Fig. 21.

The calculations of Figs. 19–21 show that the characteristics of
stacked structure with three ring pairs also show the same trend as
that of elementary configuration. The variation of radial stiffness of
the configuration with radial displacement is almost constant up to
a particular value (1 mm), then it decreases suddenly (Fig. 19(b)).
The maximum principal moment stiffness of the configuration is
12.97Nm/rad (Fig. 21(b)). A 5 × 5 stiffness matrix at an axial offset
of 2.5 mm for the stacked structure is presented in Table 5.
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Table 5. Stiffness results of the configuration (Fig. 14 ).

X Y Z ξ γ

X 60.96N/mm 0 * 0 165.1N

Y 0 60.96N/mm ** 165.1 N 0

Z * ** −121.92N/mm # ##

ξ 0 165.1 N # 12.97 Nm/rad 0

γ 165.1N 0 ## 0 12.97Nm/rad

where ∗ = −10.27N/mm at x = 0.5mm ∗ ∗ = −10.27N/mm at y = 0.5mm

= −23.10N/mm at x = 1.0mm = −23.10N/mm at y = 1.0mm

= −40.2N/mm at x = 1.5mm = −40.2 N/mm at y = 1.5mm

and # = 240.17Nm/rad at ξ = 2◦ ## = 240.17Nm/rad at γ = 2◦

= 455.38Nm/rad at ξ = 4◦ = 455.38Nm/rad at γ = 4◦

= 711.84Nm/rad at ξ = 6◦ = 711.84Nm/rad at γ = 6◦.

4. CONCLUSIONS

To assist the parametric study of the optimization process, a simple
mathematical model with MATLAB codes is presented to evaluate
the force and stiffness parameters in PM bearings made of radial
magnetized rings using Coulombian model and vector approach for
five degrees of freedom of the rotor magnet. The results of the
mathematical model are validated with 3D FEA and experimental
results. The effects of axial and angular displacements of the rotor on
the performance of the bearing are crucial: force and stiffness values
are maximum at a particular value of axial offset and they decrease
significantly with an increase in the angular displacement value. The
effect of radial displacement is not significant and both radial and
angular displacements of the rotor cause the moment on the rotor.
The magnitude of the moment increases with the higher values of
the displacements and also with an increase in the number of rings
in the stacked structure. The presented 5 × 5 stiffness matrices of
the configurations represent the complete performance of the radial
magnetized PM bearings.
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