
Progress In Electromagnetics Research M, Vol. 31, 215–229, 2013

COMBINED METHOD FOR SIMULATING ELECTRON
SPECTRUM OF δ-DOPED QUANTUM WELLS IN n-SI
WITH MANY-BODY CORRECTIONS

Christian Castrejon-Martinez, Volodymyr Grimalsky*,
Luis M. Gaggero-Sager, and Svetlana Koshevaya

CIICAp and Faculty of Sciences, Autonomous University of State
Morelos (UAEM), Cuernavaca, Mor. 62209, Mexico

Abstract—The combined method to investigate the electron
spectrum of single n-type δ-doped quantum wells in silicon is proposed.
It is based on computing the electron potential energy by means of
the Thomas-Fermi method at finite temperatures; then the obtained
electron potential energy is applied to the iteration procedure with
solving the Schrödinger equations for the electron spectrum and the
Poisson one for the potential energy. The many-body corrections to
the electron spectrum in the quantum well also have been investigated.
The combined method demonstrates a rapid convergence. It is
shown that that the simple Thomas-Fermi method gives a good
approximation for the electron potential energy and for the total
electron concentration within the well.

1. INTRODUCTION

The doping of semiconductors down to atomic resolution, or δ-doping,
has recently become possible due to the modern molecular beam
epitaxy growth techniques [1–37]. The δ-doping technique has been
used to provide the carrier quantum confinement effects. Because
the ionized impurity scattering is the principal factor that determines
the carrier mobility, the advantage of the field effect transistor with
the δ-doped channel over uniformly-doped materials is the smaller
overlapping between impurities and carriers [2–4, 34, 35]. The infrared
transitions between electron sublevels within δ-doped quantum wells
are perspective for using in optoelectronics, especially, for infrared
and terahertz modulators, switches, detectors, devices of nonlinear
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optics, quantum computing, and lasers [3, 4, 9, 10, 18, 23–37]. For these
purposes simple and exact methods to calculate the electron spectrum
in quantum structures and the electron wave functions are of great
interest.

The electron spectrum of δ-doped quantum wells can be calculated
from solving the Schrödinger equation jointly with the Poisson one
(SP) [28–35, 38–47]. It is possible to investigate δ-doped quantum
wells also with a simpler approach based on the statistical Thomas-
Fermi (TF) method [48–52]. The TF method is simpler, but the
SP one is more exact and justified. When realizing SP method,
the initial approximation is important for the convergence. Such an
approximation can be taken from the simple TF theory. At higher
values of electron concentrations n > 1018 cm−3 the corrections to
the potential electron energy due to many-body effects, like exchange-
correlation, can be essential [38, 50] and should be included into the
SP method. Note that last time there are some papers devoted to
the calculations of δ-doped quantum wells by complicated ab initio
methods, like density functional theory [53, 54].

In this paper the combined TF-SP method to calculate the
electron spectrum in δ-doped n-Si is presented at finite temperatures.
The electron potential energy within the well, the electron sublevels,
the wave functions, and the total electron concentration have been
calculated. This combined method shows a rapid convergence. It
is demonstrated that the electron potential energies and electron
concentrations calculated from TF method are practically the same as
ones computed from SP ones. An influence of many-body effects, like
exchange, has been investigated too. A specification of the iteration
procedure for the case of high δ-doping has been proposed.

2. BASIC EQUATIONS

Consider a single δ-doped electron quantum well within n-Si. The
plane of doping is aligned along the crystallographic axes. Below the
atomic units are used for distances a∗0 = ε~2/(mce

2) ≈ 0.52 nm and
for energies Ry∗ = e2/(2εa∗0) ≈ 0.12 eV, where the effective mass of
density of states in the conduction band is mc = ν2/3(m2

⊥m||)1/3 ≈
1.08me ≈ 10−27 g, ν = 6 is the number of the lowest non-equivalent
electron valleys in Si [1, 35, 55]. In the case of n-Si the lowest valleys
are lateral and the effective mass is anisotropic with the components
m||, m⊥.

The Thomas-Fermi (TF) method at finite temperatures is applied
to calculate the electron potential energy V (z). With undimensional
variables the basic equations of TF method for a symmetrical δ-doped
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electron quantum well is [56]:
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Here n2d and Nd0 are 2D and 3D donor concentrations, respectively;
T is the temperature in energetic units. The donor levels are assumed
shallow and single charged. Eq. (1) is the nonlinear Poisson one
for the electron potential energy V in the electrostatics, where the
concentrations of electrons n[V ] and ionized donors are calculated from
the statistical theory [35, 55]. Note that Eqs. (1), (2) possess the same
form both for n-Si and n-GaAs quantum wells.

The position of the Fermi level µ has been obtained from the
condition of the total electric neutrality [1, 55]:

n[V = 0] = Nd0 ×
(

2 exp
(

µ− Ed

T

)
+ 1

)−1

(3)

Namely, the concentrations of electrons and the ionized donors outside
the well are the same.

The nonlinear Eq. (1) has been solved by the Newton method.
Namely, the following iteration scheme has been used:

V s+1 = V s + χ;
d2χ
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(4)

Because the scale a∗0 ≈ 0.52 nm is quite small and comparable with
the size of the lattice cell, the distributed 2D doping has been applied
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in simulations. Namely, it is assumed that the donor concentration
in the center of the structure is n2d(z) = n2d/(π1/2z0) exp(−(z/z0)2),
these donors are fully ionized. Here z0 is the transverse scale of 2D
doping. When z0 = 0.5 − 1.5 nm, the results of simulations depend
weakly on this parameter. In the simulations presented below it is
z0 = 2a∗0 ≈ 1 nm. When using the distributed 2D doping, the smooth
dependence of V (z) takes place in the central point z = 0.

The Fermi integral Φ1/2 and its derivative Φ′1/2 have been
approximated from [35]. The rapid convergence of the TF method has
been demonstrated, because the stabilization term Q > 0 in Eq. (4)
provides stability. The numerical realization is simple, because it is
necessary to solve a single equation for the electron potential energy
V only. This iteration method is similar to the classical Gummel’s
approach for simulations of semiconductor devices [57].

After calculating the value of electron potential energy V (z), the
energy levels Ej , the wave functions Ψj(z) of the discrete spectrum of
the well, and also the electron concentration n have been computed
from the Schrödinger equations [58]:

mc

m||

d2Ψ(1)
j

dz2
− {V (z) + Vxc [n]−E

(1)
j }Ψ(1)

j = 0;

mc
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Here Vxc is the exchange-correlation correction to the electron potential
energy due to many-body effects. It is the functional of the electron
concentration [50]. In the expression for the electron concentration
the term due to the continuous electron spectrum ncont has been taken
into account. It is unessential near the center of the well, where the
influence of the localized electron wave functions is dominating, but
is important at the periphery. In our simulations the value of ncont is
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taken as equal to the density of the charged donors in the volume of
the semiconductor: ncont . = n[V = 0], see Eq. (3).

For different orientations of the valleys there are two Schrödinger
equations for the wave functions Ψ(1), Ψ(2), as seen from Eq. (5), which
are solved by means of the shooting method. In Eq. (6) it is taken into
account that there are 2 valleys with the effective mass m|| is z-direction
and 4 valleys with the mass m⊥.

Thus, the idea of the combined method is as follows. Initially the
potential electron energy V (z) has been calculated by means of TF
method from the single Eq. (4). The starting approximation for V (z)
is not essential at this stage. Then the SP method has been applied,
where Eqs. (4)–(6) have been used jointly and the initial approximation
for V (z) has been taken there as the final value in TF method. At the
final stage the corrections due to many-body effects have been taken
into account.

3. RESULTS OF SIMULATIONS

The results of simulations are presented for the room temperature
300K, the donor concentration is Nd = 1015 cm−3. The values of 2D
doping concentrations are taken within the interval 1012 − 1014 cm−2.
The donor level position is Ed = −0.045 eV, which is typical for the
shallow donor impurities in Si [1, 55].

The forming of the quantum well in n-Si needs essentially
higher doping values than in n-GaAs [51], because the effective
mass of the density of states in silicon is much higher. In n-Si
the exchange-correlation term in the undimensional electron potential
energy is [38, 50]:

Vxc ≈ −2
(
1 + 0.025n−1/3 log(1 + 35n1/3)

)
n1/3. (7)

The dominating term in semiconductors is due to the exchange:
Vx ≈ −2n1/3. The effects due to electron correlation are smaller
for the electron concentrations n ≤ 1021 cm−3 used here [50]. It is
known [38, 59] that the many-body effects are unessential at smaller
electron concentrations n < 1018 cm−3. Nevertheless, within the
quantum wells in silicon the electron concentrations reach the values
n = 1019 − 1021 cm−3, and the many-body effects can be important
there and should be taken into account. So, in the difference of the
preliminary results presented in [59], where the many-body effects were
not taken into account, the main attention is paid to the cases of high
δ-doping.

The dependencies of the electron potential energy V (z) on the
transverse coordinate z are given in Fig. 1, which are computed from
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(a) (b)

(c) (d)

Figure 1. The dependencies of the electron potential energy V (z)
for different values of 2D doping. (a) is for n2d = 3 × 1012 cm−2,
(b) is for n2d = 1 × 1013 cm−2, (c) is for n2d = 3 × 1013 cm−2, (d) is
for n2d = 1 × 1014 cm−2; for all cases the donor concentration is
Nd = 1 × 1015 cm−3, T = 300 K. The solid lines are V (z) computed
from TF method; the dash lines are computed from SP one; the dot
lines are from SP method with many-body corrections. The dash-dot
lines are the sum of the electrostatic potential energy and the exchange
correction V + Vx.

TF method, solid lines, then from SP one, dash lines, and, finally, from
SP method with many-body corrections, dot lines. Also the sum of the
electrostatic potential energy and the exchange correction V + Vx is
given, the dash-dot lines. The corresponding dependencies of the total
electron concentrations n(z) are given in Fig. 2. One can see that
near the center of the well there are no differences between the values
of V (z) calculated from TF method and SP one without many-body
corrections. The convergence of SP method is also rapid there. There
are some differences in the calculated values of V (z) at the periphery
under smaller values of 2D doping n2d = 1012 − 3 × 1012 cm−2, see
Fig. 1(a). This fact can be explained by a more essential influence of
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Figure 2. The dependencies of the total electron concentration n(z)
for different values of 2D doping. (a) is for n2d = 3 × 1012 cm−2, (b)
is for n2d = 1 × 1013 cm−2, (c) is for n2d = 3 × 1013 cm−2, (d) is for
n2d = 1 × 1014 cm−2; Nd = 1 × 1015 cm−3, T = 300 K. The solid lines
are from TF method; the dash lines are from SP one; the dot lines are
from SP method with exchange.

the continuous electron spectrum there. Therefore, it seems natural
to use TF method to calculate the electron energy at the periphery
of the well z ≥ 100a∗0 in the case of small values of 2D doping n2d =
1012 − 3 × 1012 cm−2. Note that the electron gas is non-degenerated
there, because the electron concentrations are n ≤ 1016 cm−3.

An influence of the exchange correction term Vx is unessential at
smaller values of n2d ≤ 1013 cm−2, and the convergence is still rapid.
At higher values of n2d > 1013 cm−2 the convergence of the iterations
is poor when the exchange term Vx is taken into account. To improve
the iteration process, it is possible to choose the increased value of
the parameter Q in Eq. (4). This value has been obtained numerically
from the condition of the most rapid convergence, and the convergence
takes place for all realistic values of 2D doping n2d ≤ 2 × 1014 cm−2.
The iteration procedure has been finished when the maximum relative
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error has reached the value ≤ 10−6.
One can see from Fig. 2 that under 2D donor concentrations

n2d ∼ 1012−1014 cm−2 the values of n computed both from TF method
and from SP one without the exchange corrections practically coincide.
Therefore, the simple TF method is effective for computing the electron
spectrum of the δ-doped quantum wells. A small difference is in the
center of the well, where TF method yields overestimated results. The
exchange corrections result in changing the maximum values of the
electron concentration in the center of the well under higher values

(a) (b)

(c) (d)

Figure 3. The dependencies of the lowest electron energies E
(1)
j ,

E
(2)
j (j = 1, 2, 3) on the values of 2D doping for different valleys

and different symmetries of wave functions for n2d = 1013 cm−2. (a)
is for symmetric wave functions Ψ(1)(z), (b) is for symmetric wave
functions Ψ(2)(z), (c) is for antisymmetric wave functions Ψ(1)(z), (d)
is for antisymmetric wave functions Ψ(2)(z). The solid lines are from
TF method; the dot lines are from SP method with exchange.
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of 2D doping n2d > 1013 cm−2. Nevertheless, because the difference
between the electron potential energy calculated from TF method and
the total electron energy V +Vx calculated from SP method with many-
body corrections is small, the TF method results in a small error even
at high values of 2D doping.

The dependencies of energy sublevels on the 2D doping
concentrations are given in Fig. 3. The solid lines are the results of TF
theory, the dot lines are calculated form SP method with the exchange
correction Vx. One can see that under the moderate doping values
n2d ≤ 1013 cm−2 the values of the electron energy are practically the
same for the lowest three sublevels. Under higher doping values the
shift of energy sublevels due to many-body effects can be essential,
but for the practical needs the difference of the energy sublevels is
important. Such a difference between the first and second sublevels is
the same both in TF and SP theories, when the values of 2D doping

(a) (b)

(c) (d)

Figure 4. Wave functions for n2d = 1013 cm−2. (a) is symmetric
wave functions Ψ(1)(z), (b) is symmetric wave functions Ψ(2)(z),
(c) is antisymmetric wave functions Ψ(1)(z), (d) is antisymmetric wave
functions Ψ(2)(z). The solid lines are from TF method; the dot lines
are from SP method with exchange.
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are n2d ≤ 1013 cm−2.
The profiles of the wave functions are given in Fig. 4. The solid

lines are the results of TF theory, the dot lines are calculated form SP
method with the exchange correction Vx. It is seen that the localization
of the wave functions for different valleys differs essentially. Under
doping values n2d ≤ 1013 cm−2 there is no difference between the
profiles of the electron wave functions computed within TF and SP
methods.

A comparison with the complex ab initio methods based on the
density functional theory [53, 54] shows that the SP method yields a
good approximation for 2–3 lowest electron sub-levels. The results
of both TF method and SP one are in a good agreement with
the experimental data [36, 37, 58]. The higher energy sub-levels are
computed with some errors, because an influence of the splitting of
the electron valleys is important there [53]. This influence also can be
included in the numerical method presented here.

The proposed combined method can be applied also for another
quantum structures like selectively doped ones, when it is necessary to
solve jointly the Poisson equation and the Schrödinder one.

4. CONCLUSIONS

A combined method to compute the electron spectrum of quantum
wells in δ-doped n-Si has been developed, which is based on calculating
the electron potential energy from the simple Thomas-Fermi method
and then the using of the direct solving the Schrödinger equations
and the Poisson one. An influence of many-body effects like exchange
has been considered. The electron potential energy and the total
electron concentration obtained from the Thomas-Fermi method
practically coincide with ones calculated from the direct approach.
The lowest energy levels also can be calculated from the Thomas-Fermi
method. Both the Thomas-Fermi method and Schrödinger-Poisson one
demonstrate a rapid convergence. The many-body corrections to the
electron potential energy, like exchange, are essential under 2D doping
values n2d > 1013 cm−2. An improved algorithm for the simulation of
the electron spectrum at higher doping levels has been proposed, which
is based on the choice of optimum value of the stabilization term in
the Poisson equation.
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