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Abstract—Maxwell equations can be used to formulate an analytical
full time-domain theory of skin effect phenomena in circular cylindrical
conductors without any detour into the frequency domain. The paper
shows how this can be done and concomitantly provides the means
to determine the time-varying per unit length voltage drop along the
conductor from a given time-varying conductor current. The developed
relationship between voltage and current is not very complicated and
led the authors to examine the reasons why it has never been utilized
in transient analysis, nor given special emphasis in the literature.
Those reasons are thoroughly examined and the conclusion is that the
conditions required for the application of a purely time-domain skin
effect theory are very restrictive.

1. INTRODUCTION

The skin effect problem is of major concern in high frequency regimes
and in transient analysis. The topic is usually connected with
transmission-line problems, where both the real and imaginary parts of
the per unit length internal impedance of line conductors depend on the
frequency, leading to signal attenuation and distortion. The problem
has been studied for well over a century, from circular cylindrical
conductors to conductors with more complicated cross sections [1-7].
Recently, the interest in circular and tubular geometries has been
re-examined, including homogenous and inhomogeneous structures.
However, most publications have been focused on frequency-domain
developments and associated computational techniques [8—15]. Finite
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difference time domain methods (FDTD), numerical inversion of
Laplace transform, and circuital approaches, are usually employed to
incorporate skin effect phenomena in time-domain transmission-line
analysis [16-24]. Full time-domain analyses of skin effect in cylindrical
conductors have been attempted in [10,25]. These approaches do
start with time-domain Maxwell equations but, at a certain stage,
detours into the s or jw domain are employed, involving direct/inverse
Laplace/Fourier transforms, and/or convolution integrals. So, those
approaches are really not fully time-domain formulated, for intrusive
frequency-domain concepts are at play. The magnetic vector potential
tool was used by Maxwell [1] to deal with time-domain skin effect
phenomena but, since then, little attention has been paid to real full
time-domain formulations of the skin effect theory. This paper is aimed
at filling in this gap.

2. FREQUENCY-DOMAIN STANDARD APPROACH

The standard approach usually employed to deal with time-domain
skin effect problems involves a detour in the frequency-domain. Given
the excitation current i(¢), its Fourier transform is firstly obtained

o0

fw) =5 i) = [ i) e a 1)

—0o0

Next, by taking into account the frequency dependency of the per
unit length (pul) complex impedance of the conductor Z(w), the time-
domain pul voltage drop along the conductor surface is determined
using the inverse Fourier transform (if it exists):

v(t) = % / V(w) edw; V(w) = Z(w) I(w) =F{vt)} (2)

For homogeneous circular cylindrical conductors of radius «
characterized by conductivity ¢ and permeability u, the pul complex
impedance is given by [26]

- Jo(2R) 1 9 , a\2
(w) dCR—1J1(2Fa) de=_— 55 K Juty  T=0p {5 (3)

where Rg. is the pul dc resistance, K is a dimensionless complex
parameter proportional to y/w, 7 is a real constant parameter, with
dimensions of time, calculated from the material properties and
conductor radius. Jy and J; are respectively zero order and first order
Bessel functions of the first kind.
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The Bessel functions appearing in the numerator and denominator
of (3) can be described by well-known convergent power series:

P () 3

Jo(2F) =~ wmr— = 2 (n+ Dgn(jwr)”
n=0 nn:O (4)
1 _ 2 (-1 (R?) Uo . \n
RTJ1(2R) = 20 A Zogn(JWT)
where
S . (5)
In = nl(n+ 1)!

the first g, coefficients being: go = 1, g1 = 1/2, go = 1/12, g3 = 1/144.
The expressions in (4) are exact when m — oo. However, from a
computational viewpoint the summations must be truncated at some
order m. It should be kept in mind that the truncation order m should
be a multiple of 4, since j = j**, by this way it is guaranteed that
the same number of positive and negative contributions are accounted
in both the real and imaginary parts of (jw7)".
Using (2)—(4) leads to
m
Rae 3 (n+ L)gn(jwr)"
Vw =| —"5 I(w) (6)

> gn(jwr)"

n=0

Z(w)
The power series developments in (4), and in (6), converge very
slowly when |2k| > 1. For high-frequency situations, when |2&| > 1,
asymptotic developments for the Bessel functions Jy and J; should be
employed [26],
2k —m/4
Jo(2R) ~ M; J1(2R) ~

™R TR

sin (25 — w/4)
leading to
Z(w) = RgcF cot (2R — m/4) (7)

Approximate results for the real and imaginary parts of Z(w) =
R(w)+jX (w) are available for low frequency and high frequency limits.
From (6) and (7):

R~ Ry. = 1/(oma?)
X ~wL; =wp/(8m) (8)
)

High frequency {R~ X =1/(02madg
where dg is the skin penetration depth, dg = 1/2/(wpo).

Low frequency {



32 Brandao Faria and Raven

3. FULL TIME-DOMAIN SKIN EFFECT THEORY

For very good conductors, the displacement current 9D /0t is negligibly
small compared to the conduction current J = ¢E up to the optical
spectrum. Therefore, for a homogeneous time-invariant medium with
conductivity ¢ and permeability p, the Maxwell equations can be
written as [26]

{VXHZJE )
VXE:—M%—I;I

In circular cylindrical conductors carrying z-oriented currents,
the electric and magnetic fields are, respectively, E = E(r,t)Z and

H = H(r,t)¢. Hence, from (9)
OH(r,t) n H(r,t) B 1)

or T
OE(rt)  OH(rt) (10)

or Ho¢

3.1. Field Solution

Consider now that in the interval 0 < r < @ both fields H and E
can be described by radial expansions with time-dependent coefficients.
Noting that H(r) = —H(—r), and E(r) = E(—r), the radial expansion
of H will only include odd powers of r, while the radial expansion of
FE will only include even powers of r

E(r,t) = ioe%(t) (£)% "
n={ 11
H(ryt) = 3 hansa (1 (z)**!

where m is the truncation order of the summations. Substituting (11)
into (10) leads to

pay 2(n+1)
o on—1 = ———

h 12
o o ant (12)
where h) = dhy/dt. The function eg(t) will be determined in
Section 3.2, with the help of the boundary condition H(a,t) =
i(t)/(2ma), at the interface r = a.

The functions eg, and hoy11 can be determined recursively with
the help of (13)

l /
60—>h1 —>h1—>€2—>h3 N egn—>h2n+1 —>h2n+1 _>62n+2_>h2n+3 e (13)

€oan =
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The set of functions ey, and hop41 (for n =0,1,...,m) can then

be expressed in terms of ey and all its time-derivatives e(()n) = d"ep/dt".
For illustration purposes the cases n = 0, 1, 2 are offered below

€0 =7
n=>0 (1)
oae oae
hy = 5 B, = 20
h/ 2
oy — ua2 1 (a2‘;M)eél)
n=1 ( 9 )
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(= Ty Th= T %
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neol) 4 1222 0
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5T 76 T 6 a2z 0 5776 4292 0

In general, for every integer value of n the following results apply

2 n (n)
ean = (a UM) S - (n+ l)gnTne(()n)

4 nln! (14)
h aga CLQO'H " Cén) aga n (n)
= — = —g,T"¢e
W= \Tq ) e 29T %

For compactness, the normalized nth time-derivate of eg(t) is
introduced, identified by a tilde mark,

_(n n (n ndmeo(t a\?2
6(()):7' e(()):TdtOn(), T:Uu<§> (15)

Since the constant 7 has dimensions of time, all the normalized
functions éé”) turn out to have the same physical dimensions (V/m).
Substituting (14)—(15) into (11), the time-domain field solutions

are obtained

E(r,t) =Y (n+1)gn é(()n) (2)271
n=0 m - o (16)
H(T7t) = %T Zognéo (2)

3.2. Characterization of the Generating Function é¢(t)

The boundary condition (r = a) for the magnetic field of a current-
carrying cylindrical conductor results from the consideration that the
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current intensity i(t) can be obtained from the line integral of H along
a circumferential path of radius a

= % Hds = 2maH (a,t) (17)
Then, from (16) and (17),
t) = omwa® Z In één) — Z Jn één) = Rg.i(t) (18)
n=0 n=0

Successive time—diﬁerentiation of (18), from k = 0 to k = m, yields

Zgn 7 = Rya® (19)

where, from (15), account has been taken of dké(()n) JdtF = é(()mrk) /TE.
The quantity i%) in (19), with dimensions of ampere, is the normalized

kth time-derivative of i(t),
. d*i(t)
(k) _ .k k(K
R O (20)
The result in (19) defines a set of m + 1 linear equations, which
can be put in matrix notation:

[ é(()o) 1 (1 a1 ax ... am | T HORN
& 1o e |
&? | = Ry 1 a i (21a)
_ éé}n) _ _ 1 Il H(m) |
(1 a1 az ... apm ] (1 g1 g2 - gm "
1 a .o 1 g oo
1 . oay | T 1 g (21b)
ai R}
L ]‘ m L 1 .

The upper-triangular Toeplitz matrix [27] with entries g, is
unimodular (det = 1). Its inverse is also an upper-triangular Toeplitz
matrix, whose entries a; can be determined by matrix inversion,
[a] = [g}_1 or recursively through

Zg a k—1 QAf_—9 - _ al - 1 (22)
nfhmn = 1'2' 280 (k=1 Kk +1)!
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where the first a; coefficients are given by: ag = 1, a3 = —1/2,
a9 = 1/6, as = *7/144

From (21a), the generating function éy(t) and all its derivatives
can be evaluated:

& = Rae Y ay itP (23)
k=0

3.3. Consistency Checks
3.5.1. Evaluation of the Current Intensity Based on the E-field

Based on magnetic field considerations the following result was
obtained in (17)—(18)

. I ¢~
i) = 5> ey’ (24)
¢ n=0

The current intensity i(t) can also be evaluated by surface
integration of o F/ through the conductor’s cross sectional area S,

i(t) = /O’EdS = 27TO'/E(7’, t)rdr
Sa 0

Substituting E(r,t) by its expression in (16) yields

) _ m ~(n) / r\ 2n
i(t) = 271'0'7;}(14-71)97160 0/(@) rdr

O NS B e )
= 210 > onéy” = 7 > gnéy’ (25)
The results in (25) and (24) are consistent.

3.8.2. Stationary Regime

Consider the case of a stationary regime where v(t) =V, i(t) = I, and
&™) = 0 for n > 1. Using (16) yields

0
E(r)y=FE(@)=V =5 (n+ l)gné(()n) = e
Stationary regime 0 n=0 (26)
H(r)y=% > gné(()n) = %ep

n=0
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From I = 2waH (a), using (26), gives
I =oma’eg — V = Ry, Ry = 1/ (0'7Ta2) (27)

The pul dc internal inductance L; can be determined from the
pul magnetic energy stored inside the conductor. Using H = H(r)
from (26), gives

W, 4
Li= = TR / H2rdr = 2= (28)

The results in (27) and (28) agree to well-known results valid for
stationary regimes — see (8). It should be noted that the characteristic
time constant 7 in (3) and (15) corresponds to 7 = 2L;/ R4

3.3.3. Time Harmonic Regime

Consider the case of a time-harmonic regime, where every sinusoidal
function f(t) can be expressed in the form f(t) = Re(F e/*!), where

F is a complex amplitude. Recalling that e(n) = 7"d"eo/dt", that is,

& = Re((jwr)eo e/“?), one gets from (16)
_ m 7\ 2n
B S50 i 1)
(r) E%(Wr o (Ger)"o (-
Time-harmonic regime "= (29)

Ay =2 Zgn (jwr)" eo( >2n

Therefore, the frequency-domain skm effect impedance can be

determined from
m

5 = > (n+1)gn (jur)"
Z(w) = V_ B _ Ry | =2 (30)
I 27TGH(CL) Z In (]w,]_)n
n=0

The result in (30) perfectly matches the frequency-domain result
in (6) derived from the Bessel functions formalism.

3.8.4. Evaluation of the pul Conductor Voltage in the Time-domain

The time-varying pul voltage drop v(t) is determined from (16), (19)
and (23)
m m  ~(n) m
~(n € ~(n
v(t) = E(a,t) = Z(n—l— 1)gn eé ) = Z ﬁ = RdCZun i)
n=0

n=0 n=0
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where the dimensionless u,, coefficients are evaluated through

n

a
Up = —_—
— kY2
2 =k
an-—1 An—2 ay 1
= 32
e T TR o THRKER I pray T T R oy 20
The first u, coefficients are: wy = 1, u; = 1/2, ug = —1/12,

us = 1/48. Values of u,, up to n = 12, are presented in Table 1.
Table entries are consistent with values obtained in Eqs. (43)—(44)
of [25], where a Laplace transform technique was used, and where the
following identity should be observed u,, = ¢, /w}, with 4w, = 7.

Table 1. Coefficients u,,.

n Up, n U, n Up,

1| 4+5.0000 x 107! | 5 | +1.5046 x 1073 | 9 | 4+8.2697 x 1076
2| —8.3333x1072 | 6 | —4.0923 x 107* | 10 | —2.2530 x 106
3| 420833x1072 | 7| 4+1.1143 x 1074 | 11 | +6.1381 x 1077
4 | =5.5556 x 1073 | 8 | —3.0355 x 107> | 12 | —1.6723 x 10~

Noting that Rg.u1m = L;, Eq. (31) can be rewritten as

o(t) = Railt) + L) <Rdc 3 " d"“t)) ()

dt dtm

n=2

The result in (33) can be shown to be consistent with the
frequency-domain analysis in Section 2.
Look back to the result in (6)
m
>, (4 1)gn(jwr)"
V(w) = Rge | =2 I(w) (34)

> gn(jwr)"

n=0

now, assume that the quotient of the two summations in parenthesis
can be represented by another summation, with u,, coefficients:

S (1 Dgaljor)”
= = " up(jwr)" (35)

Z gn(jw’r)n n=0

n=0
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For (35) to hold true, the w, coefficients must be given by
n—1

ug = 1,u1 = g1,Us = 2g2 — ULG1, . -+, Up = NGy — Zukgn_k (36)
k=1

Coherently with (32), the numerical evaluation of the wu,
coefficients in (36) produces the same values that are shown in Table 1.
Consequently, from (34)—(35), the following result is obtained

RdCZunT ()" I(w)) (37)

Noting that S{dt—nz(t)} =3 {z ¢ } = (jw)"I(w), Eq. (37) can be
rewritten as

F{o()} = Rac > _unt"§ {z‘(”)} (38)
n=0
The inverse Fourier transform of (38) if it exists, will yield

= R4 Z UpT" dt”

The above result exactly confirms the time-domain expression of v(t)
n (33).

4. COMMENTS AND DISCUSSION

The developed full time-domain analytical formulation of skin effect
theory, directly based on time-domain Maxwell’s equations, contains
no mistakes. Moreover, its coherence and consistency was checked
through a number of examples.

The derivation of the results for the electric and magnetic fields

n (16), with één) given by (23), as well as the result for the pul
voltage drop v(t) in (33), poses no special difficulties. Nonetheless,
and quite strangely, the end-result in (33) has never been utilized
in transient analysis, nor given special emphasis in the literature.
However, when dealing with time-domain skin effect phenomena, the
following approximation is often used

o(t) ~ Ri(t) + de(t) (39)

The utilization of (39) is acceptable for waveforms of very low
frequency, where R = R4. and L = L;, or for waveforms of very narrow
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spectrum, where R = Re[Z(wo)] and L = Im[Z(wp)/wo] — where wg
denotes the spectrum central frequency. For all the remaining cases
the approximation in (39) is inadequate and fails to provide accurate
results.

Therefore, the question, is, again, why the result in (33) has never
been used.

There are two main reasons for this. One is linked with the fact
that the definition of the generating function €y requires i(t) to be a
continuously differentiable function. The other is the convergence of
the summation appearing in (33).

With the exception of the particular cases of direct current
and alternating current, defined for —oco < t < oo, the vast
majority of physical waveforms correspond to time-limited continuous
functions, that is, i(¢) is a non-zero time-varying function without time
discontinuities in a certain time interval, i(t) # 0 for t € [t1,t2],
where to can eventually go to infinity. The time-limited nature of
physical waveforms necessarily gives rise to singularities in its high-
order derivatives, at least at ¢t = ¢;. For example, consider that i(t)

is a double-exponential waveform — often used to model lightning
impulses:
(1) = 0, fort <0
it) = I (e‘klt - e_'”t) , fort>0
The evaluation of the 1st and 2nd time-derivatives of i(t) yields
. 0, fort <0
dit) = { undefined, fort=0 |
dt I (k:ge_th — kle_klt) , fort>0
2. 0, fort <0
TN ) T (ks — k) 8(0), for t — 0
dt I (k2emt —kZe®t) | fort >0

where 6(t) is the Dirac function, with Al;ltmo At x 0(t) — 1.

The presence, at t = 0, of a singularity in the 2nd derivative of the
current (as well as in all subsequent higher order derivatives) precludes
the utilization of (33) otherwise unrealistic infinite voltage values would
be obtained from (33).

A second reason for the apparent unsuccess of (33) is the
divergence of the summation 3 u, 7",

n
As was seen in Section 3.2, and also in Section 3.3.4, the above
summation is obtained by inverting another summation. Even if the
latter is convergent no guarantees exist that its inverse also converges.
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Consider the following example

2 4 2n
X x xr
Sp=1- = +(=1)" N
1 sttt )(2n)!+
CL‘Q 51,4 x?n
So=S8 =1+ 4 4 4B, +..
SR L R T C i

where the numbers E,, in Sy are the so-called Euler numbers [28].

The summation S; is absolutely convergent for —oo < x < oc.
However, its inverse Sy diverges when |z| > 7/2. In fact S; represents
cos x, whereas Sy represents sec x.

To make things clearer assume that the conductor current is a
sinusoidal waveform, i(t) = I cos(wt). If R and X = wL denote the
real and imaginary parts of the pul complex impedance Z(w) then the
corresponding sinusoidal voltage drop will be expressible as

v(t) = (Rcos(wt) — Xsin(wt)) I = Ri(t) + Ldil(f)

Noting that the nth derivative of i(¢) can be written as

For n even, n = 2k: dtff) = (—1)* w2k [ cos(wt) = (—1)Fw?*i(t)

For n odd, n = 2k+1: 4 4 = ()P [sin(wt) = (—1)Fw? Z;
the result in (33), particularized to sinusoidal regimes, can be put in
the convenient form

—(y i(t) Ri/Rac = (—1)Fuap (wr)?*
- <k’ZORk> <ZL ) dt { L:/Ld_( 1)k 2uQ:+1 ((.dT)Qk (40)
— —

R(w) L(w)

Successful convergence of the R and L summations is achieved if

Ly
k

Ry 1
k

lim

k—o0

<1 o wr< lim /" (41)

n—00 \ Up+42

<1, lim

k—o0

Therefore, from (36), or from Table 1, it can be shown that:
lim ,/-%2 =~ 3.67.

n—oo \ Un+2
Taking into account that the skin penetration depth is related
to the characteristic time constant 7 through 2wt = (a/dg)?, the

convergence condition in (41) can be put as a/ds < 2.71 ~ e. In
conclusion, the R and L summations involved in the computation of
v(t) in (40) fail to converge before strong skin effect regime takes hold.
For example, consider an aluminum wire of radius a = 0.25mm (7 =
0.687 us). Let us say that strong skin effect regime starts when dg <
a/10, that is, for frequencies exceeding 11.5 MHz. The convergence
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condition a/ds < e would only be obeyed for frequencies below
0.85 MHz — this constraint is a severe limitation to the applicability
of (40).

5. CONCLUSION

A purely time-domain analytical formulation of skin effect theory for
circular cylindrical conductors has been established based on time-
domain Maxwell equations involving no frequency-domain concepts.
The new formulation has been tested for consistency and coherence,
and also, it has been validated against standard frequency-domain
results arising from Bessel functions. As a result of the developed
theory, a time-domain expression of the longitudinal voltage drop on a
cylindrical conductor has been obtained in terms of the time-domain
conductor current. Regrettably, the voltage vs current relationship
showed to be of little use, the reasons for such being thoroughly
analyzed and discussed: Firstly, continuously time-differentiable
currents are required, and secondly, the analytical procedure employs
two power series whose quotient is not absolutely convergent (for time
harmonic regimes the series diverges when the skin depth becomes
smaller than 37% of the conductor radius). In view of these remarks,
our final conclusion is that the conditions necessary for the application
of the developed full time-domain theory are very restrictive. Albeit
the soundness of the full time-domain theory we concluded that, at
present, the standard frequency-domain approach remains the best tool
for dealing with skin effect problems.
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