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Abstract—In this paper, a 3-D unconditionally stable meshless
method is introduced to simulate time-domain electromagnetic
problems. It combines the conventional radial point interpolation
method (RPIM) and weighted decaying Laguerre polynomials together
to discrete Maxwell’s differential equations. The new method
called Laguerre-RPIM retains the advantages of both the node-based
meshless method and the unconditionally stable scheme of weighted
Laguerre polynomials. The accuracy and efficiency of the proposed
method are verified through two numeral examples. It can be seen
from the computational results that the proposed method has a high
accuracy and still remains stable when time step is 10 times of the
Courant stability condition. Computational cost can be saved by more
than 70% compared with the conventional RPIM method.

1. INTRODUCTION

Meshless techniques have existed for almost 30 years. Unlike
conventional simulation algorithms [1–7], which relies on a grid or a
mesh, meshless techniques, in contrast, use scattered nodes to represent
the spatial solving area as shown in Figure 1. These nodes can
be placed randomly in the solution region, and no strict limitation
between adjacent nodes is required, thus make the meshless methods
more flexible for solving EM problems, especially for those which have
curved and slopped boundaries.

Among all the various meshless methods, the local radial point
interpolation method (RPIM) [8] is a robust and numerical one
which uses the radial basis functions (RBFs) to construct the field
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Figure 1. Spatial discretization of solution region and support domain
of a point of interest.

function. It has the advantages of conformal modeling of arbitrary
boundaries and capabilities of the multi-scale solutions. The RPIM
meshless method was firstly applied to solving time-domain EM
problems by Kaufmann et al. [9]. Kaufmann et al. also made
detailed description of the conformal and multi-scale capabilities of
the method [10, 11]. Lai et al. introduced the numerical stability
and dispersion of RPIM in detail [12], Tanaka and Kunisada applied
RPIM meshless method cooperated with Newmark’s β method to
solve transient electromagnetic field [13]. Yu and Chen extended the
RPIM method to 3-D conditions and discussed the numeral stability
conditions [14].

In order to avoid the Courant stability condition, Yu and Chen
proposed an unconditionally stable time-domain meshless method
which applied the alternating-direction-implicit (ADI) scheme in the
3-D RPIM meshless method called ADI-RPIM [15]. They also
proposed a systematic approach to accurate imposition of material
interface conditions for the RPIM [16] and applied the conventional
perfectly matched layer (CPML) absorbing boundary conditions to
the RPIM [17].

Another unconditionally stable meshless method was developed
by Chen et al. recently [18]. In their method, weighted Laguerre
polynomials were applied to corporate with RPIM. The weighted
Laguerre polynomials were applied earlier in the finite-difference time-
domain (FDTD) method to develop an unconditionally stable scheme
called Laguerre-FDTD [19, 20]. However, both the Laguerre-FDTD
and Chen’s method are limited to 2-D conditions.

The purpose of this paper is to develop a 3-D unconditionally
stable RPIM meshless method with the weighted Laguerre polynomi-
als. The derivation of Laguerre-RPIM meshless method will be given
in Section 2. In Section 3, two numerical examples will be presented
to verify the accuracy and efficiency of the proposed method. The
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conclusions will be made in the end.

2. THE PROPOSED 3-D LAGUERRE-RPIM METHOD

2.1. The Conventional RPIM Method

As a robust meshless method, the RPIM method has the advantages
of arbitrary nodal distribution and conformal modeling of giving
problems. The field function u(r) is approximated by:

u(r) =
N∑

n=1

rn(r)an +
M∑

m=1

pm(r)bm (1)

where r = (x, y, z) is the point of interest, rn(r) the radial basis
function [9], pm(r) the monomial basis function, an and bm the
corresponding coefficients, N the number of nodes within the support
domain (Figure 1) of the interested point used for the interpolation,
and M the order of the monomial basis.

After several times of transformation [9], the field quantity u(r)
can be expressed by the nodal field value un within the support domain
as

u (r) =
N∑

n=1

φn (r) un (2)

where φn(r) is the shape function of the nth node in the support
domain [9].

Then the spatial derivation of the field function can be obtained

∂u (r)
∂κ

=
N∑

n=1

∂φn (r)
∂κ

un (3)

where κ = x, y, z.
For TM-to-z waves, the time-domain Maxwell’s equations can be

discretized by applying (2) and (3). With the definition of E and
H nodes, the field variables and corresponding spatial derivatives
can be approximated while the central difference is still used to
approximate the time derivatives; the resulting leapfrog meshless
RPIM formulations are [9]:

Hn+1/2
x (r) = Hn−1/2

x (r)− ∆t

µ(r)

Nj∑

j=1

En
z,j

∂φj(r)
∂y

(4)

Hn+1/2
y (r) = Hn−1/2

y (r) +
∆t

µ(r)

Nj∑

j=1

En
z,j

∂φj(r)
∂x

(5)
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En+1
z (r)=En−1

z (r)+
∆t

ε(r)

(
Ni∑

i=1

H
n+1/2
y,i

∂φi(r)
∂x

−
Ni∑

i=1

H
n+1/2
x,i

∂φi(r)
∂y

)
(6)

where Nj is the number of H nodes in the support domain of interested
E node and Ni is the number of H nodes in the support domain of
interested E node.

2.2. The Proposed Unconditionally Stable Laguerre-RPIM
Meshless Method

The Laguerre polynomial of order p is defined as:

Lp(t) =
et

p!
dp

dtp
(
tpe−t

)
for p ≥ 0; t ≥ 0. (7)

The Laguerre polynomials are orthogonal with respect to the
weighting function e−t, expressed as∫ ∞

0
e−tLp(t)Lq(t)dt = δpq (8)

Thus, an orthogonal set of basis function {f0, f1, f2, . . .} can be
constructed as [18]:

fp (t) = e−t/2Lp(t) (9)

As t →∞, the weighted Laguerre basis functions converge to zero.
Then any field component concerned can be expressed as

U (r, t) =
∞∑

p=0

Up (r) fp (t) (10)

In this paper, for the sake of simplicity and perspicuity, we use
Ez component as representative to obtain the final required equation.
The formulation of Maxwell’s equation can be expressed as:

∂Ez(r, t)
∂t

=
1
ε

[
∂Hy(r, t)

∂x
− ∂Hx(r, t)

∂y
− Jz

]
(11)

The time-domain field quantity can be expanded within the
weighted Laguerre polynomials as:

Ez (r, t) =
∞∑

p=0

Ep
z (r) fp (st) (12)

where Ep
z (r) is the relate expansion coefficients and the basis function

fp (st) the weighted Laguerre polynomials of order p. s > 0 is a time
scale factor using for adjusting the time variable t to an appropriate
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amplitude for calculation [21]. Since the real time scale is quite small,
in order to use the above basis functions properly, one should transform
the real time scale using an appropriate scale factor.

For Ez(r, t) expressed as (12) which satisfies

Ez (r, 0) =
∞∑

p=0

Ep
z (r) fp (0) =

∞∑

p=0

Ep
z (r) = 0 (13)

its first-order temporal derivative with respect to time t can be
expressed as [19, 22]:

∂Ez (r, t)
∂t

= s
∞∑

p=0


0.5Ep

z (r) +
p−1∑

k=0,p>0

Ek
z (r)


fp (st) (14)

By inserting (12), (14) into (11), the equations can be rewritten
as:

s
∞∑

p=0


0.5Ep

z (r) +
p−1∑

k=0,p>0

Ek
z (r)


fp(st)

=
1

ε(r)

∞∑

p=0

[
∂

∂x
Hp

y (r)− ∂

∂y
Hp

x(r)
]

fp(st)− 1
ε(r)

Jz(r) (15)

Multiply fp (st) in both sides and then integrate expression of both
sides of the equal sign in the time domain. According to (8), we can
have:

Ep
z (r) =

2
ε(r)s

Ni∑

i=1

[
∂φi(r)

∂x
Hp

y,i−
∂φi(r)

∂y
Hp

x,i

]

−2
p−1∑

k=0,p>0

Ek
z (r)− 2

ε(r)s
Jp

z (r) (16)

where

Jp
z (r) =

∫ Tf

0
Jz (r,t)fp (st) sdt (17)

Similarly, we can get the remainning 5 other equations expressed
as:

Hp
x(r) =

2
sµ (r)

Nj∑

j=1

[
Ep

y,j

∂φj(r)
∂z

− Ep
z,j

∂φj(r)
∂y

]
−2

p−1∑

k=0,p>0

Hk
x(r) (18)
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Hp
y (r) =

2
sµ (r)

Nj∑

j=1

[
Ep

z,j

∂φj(r)
∂x

− Ep
x,j

∂φj(r)
∂z

]
− 2

p−1∑

k=0,p>0

Hk
y (r) (19)

Hp
z (r) =

2
sµ (r)

Nj∑

j=1

[
Ep

x,j

∂φj(r)
∂y

− Ep
y,j

∂φj(r)
∂x

]
− 2

p−1∑

k=0,p>0

Hk
z (r) (20)

Ep
x(r) =

2
sε(r)

Ni∑

i=1

[
Hp

z,i

∂φi(r)
∂y

−Hp
y,i

∂φi(r)
∂z

]

−2
p−1∑

k=0,p>0

Ek
x(r)− 2

sε(r)
Jp

x(r) (21)

Ep
y(r) =

2
sε (r)

Ni∑

i=1

[
Hp

x,i

∂φi(r)
∂z

−Hp
z,i

∂φi(r)
∂x

]

−2
p−1∑

k=0,p>0

Ek
y (r)− 2

sε (r)
Jp

y (r) (22)

By substituting (18) and (19) into (16), we can have the final
expression of Ep

z (r)

Ep
z (r)− α(r)

Ni∑

i=1

Nj∑

j=1

[
∂φi(r)

∂x

∂φj(ri)
∂x

+
∂φi(r)

∂y

∂φj(ri)
∂y

]
Ep

z,j

+α(r)
Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂x

∂φj(ri)
∂z

Ep
x,j + α(r)

Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂y

∂φj(ri)
∂z

Ep
y,j

= βp−1
z

− β(r)Jp
z (r) (23)

where α(r) = 4
s2µ(r)ε(r)

, β(r) = 2
sε(r) and

βp−1
z

= 2
p−1∑

k=0,p>0

Ek
z (r) + 2β(r)

Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂y

Hk
x(ri)

−2β(r)
Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂x

Hk
y (ri) (24)

Ep
x(r) and Ep

y(r) can be derived in a similar manner. They are listed
as follows

Ep
x(r)− α(r)

Ni∑

i=1

Nj∑

j=1

[
∂φi(r)

∂y

∂φj(ri)
∂y

+
∂φi(r)

∂z

∂φj(ri)
∂z

]
Ep

x,j
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+α(r)
Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂y

∂φj(ri)
∂x

Ep
y,j + α(r)

Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂z

∂φj(ri)
∂x

Ep
z,j

= βp−1
x − β(r)Jp

x(r) (25)

Ep
y(r)− α(r)

Ni∑

i=1

Nj∑

j=1

[
∂φi(r)

∂x

∂φj(ri)
∂x

+
∂φi(r)

∂z

∂φj(ri)
∂z

]
Ep

y,j

+α(r)
Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂x

∂φj(ri)
∂y

Ep
x,j + α(r)

Ni∑

i=1

Nj∑

j=1

∂φi(r)
∂z

∂φj(ri)
∂y

Ep
z,j

= βp−1
y − β(r)Jp

y (r) (26)

where

βp−1
x = −2

p−1∑

k=0,p>0

Ek
x(r) + 2β(r)

Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂z

Hk
y (ri)

−2β(r)
Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂y

Hk
z (ri) (27)

βp−1
y = −2

p−1∑

k=0,p>0

Ek
y (r) + 2β(r)

Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂x

Hk
z (ri)

−2β(r)
Ni∑

i=1

p−1∑

k=0,p>0

∂φi(r)
∂z

Hk
x(ri) (28)

The above three equations are applied at each node position and
then a final matrix can be obtained which has the formulation as:

[A] {Ep} = {Jp}+
{
βp−1

}
, p = 0, 1, 2, . . . (29)

where

Ep =
{

Ep
x,1, E

p
y,1, E

p
z,1, . . . , E

p
x,j , E

p
y,j , E

p
z,j , . . .

}T

Jp =
{

Jp
x,1, J

p
y,1, J

p
z,1, . . . , J

p
x,j , J

p
y,j , J

p
z,j , . . .

}T

βp−1 =
{

βp−1
x,1 , βp−1

y,1 , βp−1
z,1 , . . . , βp−1

x,j , βp−1
y,j , βp−1

z,j , . . .
}T

(30)

The matrix [A] is decided by µ, ε and φ, and it is independent
from the expanded function order p. Equation (29) can be computed
in a recursive manner. All the expansion coefficients can be solved by
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marching in order p. Then the field component can be acquired by
applying (12).

It can be observed from (12) that p → ∞ which cannot be done
in the actual situation. Here we choose NL as the maximum order of
the expanded functions. It is determined by [21]

NL = 2BTf + 1 (31)

where Tf is the temporal duration of time and 2B the bandwidth of
the excitation source.

According upper equations, we can find out that the dimension of
the final matrix is 3N × 3N . As previously mentioned, the Laguerre-
RPIM uses the local support domain to construct shape function which
makes the final matrix banded and sparse. Through the already
existed large sparse matrix solver, the whole computing efficiency can
be greatly improved. Here the unsymmetrical multifrontal sparse LU
factorization package (UMFPACK) is used to solve (29).

3. NUMERAL EXAMPLES

Two examples were chosen here to verify the proposed Laguerre-RPIM
method, one being a rectangular cavity and the other being a perfect
conducting quarter-ring resonator. In the two examples, a modulated
Gaussian pulse is chosen as an exciting current source given by

Jz (t) = exp

[
−

(
t− t0

τ

)2
]

sin [2πfc (t− t0)] (32)

where fc = 3 GHz, τ = 1
fc

, t0 = 4τ .
Here, the Gaussian function is chosen as the radial basis function.

It is expressed as
rn(r) = e−c(r/rmax)2 (33)

where r =
√

(x− xn)2 + (y − yn)2 + (z − zn)2, (xn, yn, zn) is the
coordinates of the nth node included in the support domain of r, c
the shape parameter, and rmax the radius of the support domain of
the interested point (Figure 1).

The size of the support domain rmax is chosen to be twice of the
largest distance between two adjacent points. Scale factor and number
of temporal basis functions is chosen to be s = 6× 1010, NL = 250.

The electric and magnetic field nodes are staggered in space as
shown in Figure 2. Each E node is surrounded by six magnetic field
nodes, and each H node is surrounded by two electric fields. Thus the
nodes in whole solution region are linked together which makes the
final matrix nonsingular and sparse.
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E node

H node

Figure 2. Nodal distribution stratergy for time-domain meshless
method.

c=0.01 m

P Jz

a=0.1 m

(a) (b)

Figure 3. Geometry and node distribution of the 3-D rectangular
cavity. (a) Geometry of the 3-D rectangular cavity. (b) Node
distribution in the x-y plane.

3.1. 3-D Rectangular Cavity

The first example used here is a 3-D rectangular cavity which is applied
to verify the accuracy of the proposed method. The geometry of the
cavity is depicted in Figure 3. The resonant frequency of the cavity
can be obtained through theoretical calculations:

fmnl =
c

2π
√

µrεr

√(mπ

a

)2
+

(nπ

b

)2
(

lπ

d

)2

(34)

where m, n, l represents the number of wave pattern changes in each
direction of x, y, z, and a, b, d represents the size of this rectangular
cavity. The cavity was discretized by regularly distributed E nodes and
H nodes with a common nodal distance of 0.002 m as shown in Figure 3.
The position of the exciting point and observing point can also be seen
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in Figure 3. The Analytical Solution can be obtained from (42). The
resonant frequency of TE110 or TM110 mode is 3.4664GHz.

The conventional RPIM method was also chosen here for
comparison. The time-domain electric field recorded at the observation
point and its Fourier transform is plotted in Figure 4. As can be
seen from the plots, the agreement between the results obtained with
the conventional RPIM method and those obtained with the proposed
Laguerre-RPIM method is very good. The simulated resonant
frequency has very small difference compared with the accurate value.
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Figure 4. The electric field recorded at observation point of the 3-D
rectangular cavity: (a) The electric field recorded at observation point.
(b) Normalized frequency-domain EZ field at the observation point.

Table 1. Memory required and CPU time cost in computing the
rectangular cavity.

Conventional

RPIM

method

Proposed

Laguerre-RPIM

method

Analytical

Solution

Stability

Number

(Sn)

1 4 10

Memory

Requirement

(Mb)

13.34 19.35 19.51

Computational

Time

(s)

42.79 13.46 12.36

Resonant

Frequency

(GHz)

3.49875 3.4987 3.4987 3.4664

*All simulations were performed on a Interr CoreTM 2 Duo PC with a CPU of
2.2GHz and a RAM of 2GB
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Table 1 gives the comparison of simulated and theoretical resonant
frequency values. Sn represent multiples of the Courant stability
condition which is the maximum time step used in conventional RPIM
method. It shows that the difference of the resonant frequency is small
enough to be negligible. Also the memory and CPU time used are
involved. The CPU time cost of the proposed method is only 30% of
the conventional RPIM meshless method.

3.2. A 3-D Perfect Conducting Quarter-ring Resonator

The 3-D perfect conducting quarter-ring resonator is chosen to test
the unconditional stability and verify the computational effectiveness
of the proposed method.

The geometry of the resonator is depicted in Figure 5. The
position of the exciting point and observing point can also be seen
in Figure 5. The solution domain is discretized by scattered nodes in
a conformal way. It has a radial pattern: the nodes are denser close to
the inner conducting wall and are coarser when approaching the outer
conducting wall. The smallest nodal distance between two neighboring
nodes is 0.001 m and the largest distance between the nodes is 0.0047 m.
The ratio of the largest distance between the nodes to the smallest is
4.7.

Jz

P

x

y

rb=0.12 m

ra=0.06 m

h=0.01 m

(a) (b)

Figure 5. Geometry and node distribution of the 3-D perfect
conducting quarter-ring resonator. (a) Geometry of the 3-D Perfect
Conducting Quarter-ring Resonator. (b) Node distribution in the x-y
plane.

As described above, the conventional RPIM method is used here
for comparison. The simulated electric fields at the observed point and
its Fourier transform of the time-domain values are plotted in Figure 6.
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Figure 6. The electric field recorded at observation point of the 3-
D perfect conducting quarter-ring resonator. (a) The electric field
recorded at observation point. (b) Normalized frequency-domain EZ

field at the observation point.

As can be observed from the figures, the agreement between the results
of these two methods is quit fine. Also, the proposed unconditionally
stable meshless method presents stable solutions even when the time
step is ten times the Courant stability condition. The numerical tests
with even larger time steps were made and the result shows still stable.

Table 2 lists the computational cost and memory requirement
of these two methods. When simulation time is chosen to be ten
times the Courant stability condition, the proposed unconditionally
stable meshless method can reduce the simulation time by up to 70%.
Since the proposed method contains the storage and solving of large
matrix, extra memory is required to store the non-zero elements of

Table 2. Memory required and CPU time cost in computing the
quarter-ring resonator.

Conventional
RPIM method

Proposed
Laguerre-RPIM

method
Stability

Number (Sn)
1 4 10

Memory
Requirement (Mb)

9.14 15.05 15.02

Computational
Time (s)

32.27 21.42 20.21

*All simulations were performed on a Inter R© CoreTM 2 Duo PC with a CPU of
2.2GHz and a RAM of 2GB
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the matrix equations. However, the large saving in the computational
time becomes insignificant comparing with the merits of larger time
steps and less number of iterations especially due to the advance of
computer technology.

4. CONCLUSION

In this paper, a new 3-D time-domain meshless method is presented.
The RBFs are applied to construct the shape function, and the
weighted Laguerre polynomials are used to express field component
and its derivative. With the decaying nature of Laguerre polynomials
the final scheme is unconditionally stable. Two examples are chosen to
verify the effectiveness and efficiency of the proposed method. Numeral
examples suggest a high accuracy and time saving can be more than
70% compared with the conventional RPIM method.

The electromagnetic computation of the open structures using the
proposed method will be studied in the future.
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