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GENEOUS HELMHOLTZ EQUATION BY THE METHOD
OF CONNECTED LOCAL FIELDS

Hung-Wen Chang” and Sin-Yuan Mu

Department of Photonics, National Sun Yat-sen University,
Kaohsiung 80424, Taiwan, R.O.C.

Abstract—We advance the theory of the two-dimensional method of
connected local fields (CLF) to the three-dimensional cases. CLF is
suitable for obtaining semi-analytical solutions of Helmholtz equation.
The fundamental building block (cell) of the 3-D CLF is a cube
consisting of a central point and twenty six points on the cube’s surface.
These surface points form three symmetry groups: six on the planar
faces, twelve on the edges and eight on the vertices (corners). The local
field within the unit cell is expanded in a truncated spherical Fourier-
Bessel series. From this representation we develop a closed-form, 3D
local field expansion (LFE) coefficients that relate the central point
to its immediate neighbors. We also compute the CLF-based FD-FD
numerical solutions of the 3D Green’s function in free space. Compared
with the analytic solution, we found that even at a low three points per
wavelength spatial sampling, the accumulated phase errors of the CLF
3D Green’s function after propagating a distance of ten wavelengths
are well under ten percent.

1. INTRODUCTION

Frequency-domain finite-difference (FD-FD) methods using the
classical second-order accurate scheme have been successfully applied
to analyze some passive optical waveguide devices [1,2]. Classical
FD methods are easy to understand and simple to implement
on digital computers, but they have poor numerical dispersion
characteristics [3,4]. Recent advancements in highly accurate 2D
FDFD algorithms [5-9] have overcome dispersion problems of the
classical methods. Along these lines in 2010 Chang and Mu published
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work on the method of connected local fields (CLF, [10,11]). The two-
dimensional CLF method provides alternative semi-analytical solutions
to the 2D Helmholtz equation. At the time we were unaware that
the LFE-9 formulation was identical to the equation given earlier
in 2002 by Hadley who chose a humble title [6] for his great work.
The main difference between our work and Dr. Hadley’s is that we
analytically derived both the local LFE error and the global CLF
dispersion error equations and proved that this LFE-9 equation is
of the sixth-order accuracy, which is theoretically the highest order
of accuracy on a nine-point compact stencil [12] for the 2D discrete
Helmholtz operator. In addition, we also analytically derived the
Fourier-Bessel reconstruction formula for constructing the continuous
field from its 2D discrete sampling of the field. For dielectric media
with discontinuous interfaces, Dr. Hadley derived a modified compact
nine-point stencils for two special cases when the fundamental 3 by 3
grid is divided equally by a horizontal/vertical interface [1] and when
there is a right angle corner in the cell [7]. We are also developing
other special compact stencils to make CLF a viable modeling tool for
studying practical complex waveguide structures.

Under the 2D method of the connected local fields, the entire
solution is made of overlapping or interlocking local fields. Each
square-shape local field centered on a given point is composed of
a truncated Fourier-Bessel (FB) series. Furthermore, these FB
coefficients are algebraically related to the eight points on the corner
and the boundary of a square. In other words, the field in the center
can be written as the weight sum over the eight fields on the square.
Hence, instead of solving the much larger matrix equation for coupled
truncated FB series we may solve for the reduced matrix equation for
these coupled fields. The end result is that solving for the overlapping
local fields is just like solving for any 2D FD-FD equation with a
compact nine point stencil. The main benefit of CLF formulation over
classical FD-FD methods is the significant cost saving in both the
processing time and semiconductor memory. Furthermore, with little
computational effort via the analytical LFE reconstruction formula, we
are able to obtain higher sampling of the field solution using a lesser
CLF sampling density.

There is a tremendous gain in reducing the computational cost
if one may use a coarser mesh size in any 3D computation. Over
the past decade, few attempts were made to construct better discrete
formulas for 3-D Helmholtz equation that would generate very little
numerical dispersion. Sutmann proposed the improved FD-like scheme
for discretizing 3-D Helmholtz equation with source term in an uniform
region [13]. For convenience, Sutmann’s scheme is named FD3D-
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6-27, in which the first number denotes the order of accuracy and
the second denotes the total number of the involved points within
a fundamental cube. Similarly, Fernandes and Loula also proposed
a sixth-order accurate, quasi optimal finite difference method for
Helmholtz problem [14] in three dimensions. Their coefficients are
obtained numerically by minimizing a least-squares functional of the
local truncation error for plane wave solutions in any direction. In
this paper we advance the work of the method of connected local
fields (CLF) to the 3-D homogeneous case. For the 3-D homogeneous
Helmholtz equation, we expand the local field at a given point
by spherical Fourier-Bessel series (SFB) and through an elaborated
process, derive the sixth-order accurate analytical formulation, called
LFE3D-27. The result was first presented in December 2012 at an
international photonic conference [15]. Like the 2D case, this LFE3D-
27 formulation is structurally equivalent to a twenty-seven point 3D
FD-FD compact stencil.

2. LITERATURE REVIEW

In this session, we quickly review certain newly-developed improved
FD-like schemes for discretizing 3-D Helmholtz equation in the past
decade. The 3-D homogeneous Helmholtz equation is given by

(V2 + &) u (F) = 0. (1)

In Eq. (1), 7 is position vector, V? represents the Laplace operator,
and k denotes wavenumber. Following the logic for 2D CLF, we aim
to discretize Eq. (1). Fig. 1 shows the basic cubic structure for a 3D
uniformly sampled space (grid size equals A in each direction). Out
of the total 27 sampled-points (nodes, control points) there are four
groups with various symmetry properties:

e A central node: we denote the field on it by wuyg.

e Six face-centered nodes: we denote summation of these fields by
f

Us,.

e Twelve edge-centered nodes: we denote summation of these fields

as us.

e Hight corner nodes: we represent the summation of these fields by
We seek the 3D local field expansion coefficients that would lead to
a compact 27-point FD-like stencil for discretizing 3-D Helmholtz
equation. From a symmetry consideration we expect the general
expression of this equation to be written as:

Wy ug + Weu$, + Weus, — Woug = 0, (2a)
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where
ul, £ i + u_o0 + U040 + Uo—o + U0+ + Uoo—, (2b)
us, 2 Ug40 + Uy + Up—0 + U——0 + Upo4 + Ut0— + U0+
+u_o— + Uot+ + Uo—+ + Uo4— + Ug——, (2c)
and
U§ 2 g U U U Uy U bue . (2d)

Here each subscript contains three symbols corresponding to the x, y
or z location. Each symbol can be a plus, a minus or a zero sign
indicating the amount of displacement in units of grid spacing A along
the x, y or z direction.

Various FD-like formulae corresponding to different combinations
of coefficients Wy, W,., W, and Wy have been investigated. We
first review several important FD-like formulae for discretizing 3-D
Helmholtz equation including the classical FD schemes and improved
FD-like formulae.

2.1. Classical FD Formula: FD3D-2-7

Standard discrete Helmholtz form (SDHF) means direct discretization
of the Helmholtz operator of Eq. (1). It can be obtained by
directly applying a finite difference approximation to the partial
differential operators. For the classical SDHF, Laplace operator in
Eq. (1) is replaced by the classical second-order accurate seven-point
formula [16], Eq. (1) is discretized as:
1

A We=0, We=0, W= % —k?. (FD3D-2-7) (3)
This second-order accurate 3D FD stencil involves a total of 7 points is
called FD3D2-7 in which the first number denotes the order of accuracy
and the second denotes the number of considered points within a
fundamental cube. We learn from previous dispersion analysis [17]
that solving problems with the FD2D-2-7 approximation requires more
than twenty sampling points per wavelength to reduce the numerical
dispersion error to less than 1% per single wavelength propagation
distance. Thus we seek for better approximations.

Wy =

2.2. Classical FD Formula: FD3D-2-27

When we consider using all 27 sampling fields in the basic cube, the
discrete Laplace operator can be derived in a similar way as the second-
order accurate seven-point formula [18]. After replacing the Laplace
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operator in Eq. (1) with the 27-point discrete Laplace operator, we
obtain:

7 1 1
Wi=15a20 We=10a20 We= 3082 (4)
64

Wo —k?. (FD3D-2-27)

= 15A2

2.3. Nehrbass-Jevtic-Lee’s Formula: RD-FD

In 1998, Nehrbass, Jevtic, and Lee improved the FD3D-27 formula and
derived a new numerical scheme called RD-FD [19]. It reduced the
dispersion error to one half of the classical formula, while maintaining
the same order (second-order) of accuracy. Their work contains 1-D,
2-D and 3-D cases and the formula in the 3D case is given by:

Wr=1, W.=0, W.=0, Wo=65o(V), V =kA. (RD-FD) (5)

In Eq. (5), V = kA, defined as the normalized frequency. The RD-FD
formulation is the same as our simple 2D CLF form, the LFE3D-7 [10].

2.4. Sutmann’s Formula: FD3D-6-27

Interestingly enough, the Possion equation had a six-order accurate FD
approximation [18] 10 years before the Helmholtz equation attained its
six-order formulae. In 2006, using the information from Helmholtz
equation itself, Singer and Turkel derived the sixth-order accurate
scheme for 2-D Helmoltz equation [9]. Sutmann also derived and
published in 2007 the sixth-order accurate FD-like formula for the 3-D
case [13] and the stencils are given by:

7 &
Wi = 1540 <1_ 21>

1 V2 1
W, — W, = — FD3D-6-2
° 10A2 <1+ 18)’ © 30AY (FD3D-6-27) - (6)
64 V2 syt v
Wo=—-([1-— - —— V = kA.
07 15A2 ( 4 256 1536)’

We will compare these formulations with our LFE-based equations
later in the numerical simulation section.

3. DERIVATION OF LFE3D-27 FORMULA

Using a different approach from Sutmann, Fernandes and Loula, we
begin our derivation of LFE3D-27 formula by expressing the solution
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of Eq. (1) in a spherical coordinate system:

1 0 ([ 50u 1 0 ou 1 0w,

—— — — | sinf— |+ ———5——=5+k“u=0.

r2 or (T 87“) +r2 sin 6 00 <sm 00 > +r2 sin? § 9¢? Fhu=0. (Ta)
The general solution of Eq. (7a) is the well-known spherical Fourier-
Bessel series given by:

00 L
u(r,0,) :agjo(kr)—i—ng(kr) Z P/ (cos8)(ay" cosmo+by* sinma).

/=1 m=0
(7b)

3.1. Simple 3-D CLF Formulae from Three Groups

One of the methods to obtain LFE2D-9 equation is to solve the 8-by-8
linear equation which connects the truncated Fourier-Bessel series with
the eight surrounding points on the boundary of the basic square patch.
The other method is derive the LFE2D-9 equation by considering
the optimal linear combination of two LFE-5s equations along the
plus and the cross coordinated so that the local error is minimized.
Before deriving the LFE3D-27 equation we will examine three simple
local field expansion formulae. They are derived by considering the
contribution of each symmetry group given in Fig. 1. In the process
we shall also obtain local truncation errors for each group. Finally
we shall derive the LFE3D-27 formula with the linear combination of
these three equations that minimize the local error.

@ Face-centered nodes
@ Edge-centered nodes
@ Corner nodes
@ Central node

Figure 1. Basic cube and the 27 associated points for the 3D CLF.
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3.1.1. Step 1: LFE3D-07 (Face-centered LFE)

As demonstrated in Eqgs. (2)—(7), which list all 3D compact FD-FD
formulae, these 3D stencils have identical coefficients for the points on
faces, edges and corners. Hence we need to consider the expression
for summation of wave fields for the face-centered, edge-centered and
corner groups. First we consider the face-centered field using Eq. (7b),
we have:

) ¢
uy00 = u(A,0,0)=uojo (kA)‘f‘Zje (kA) Z [P (0) a], (8a)
(=1 m=0

00 ¢
u—go = u(=A,0,0)=ugjo (kA)+) _ je (kA) Y [(=1)"F{"(0)ag"],(8b)

(=1 m=0
uoro = uojo (kA) + Y ji (kA)
=1
[5] (2]
[lem+1 (0) b;}erl] + [(_1) Pglm+2 (0) a;}m+2]
m=0 m=0
f , (%)
[5°] ]
+ [(=1) P 3(0) by 3] + ) [P/ (0) ag™]
m=0 m=0 Y,
uo—o = uojo (kA) + E]'e (kA)
=1
[(_1) Pglm—H (0) b;}m-i—l] + [(_1) Pglm—l—Z (O) a?m-l—Q]
m=0 m=0
+ 2 PO+ [P (0) 6]
m=0 m=0
Ugo+ = U0Jo (kA) + Z]g (kA) ag. (10a)
=1
ugo— = uojo (kA) + Y (=1)" jo (kA) af. (10b)
=1

Here we use the Gauss bracket symbol [z] to denote the integer part
of z.
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By summing up Eqgs. (8a)—(10b), we have the contributions of all
six face-centered fields toward the central point ug. The result is:

o0 (] o
ud = 6ugjo (kA) +2> e (kA) >~ [PF™(0)af™] + 2 jae (kA) af,
/=1 m=0 /=1
oo (53] []
+2 i (kA) [(=1) B2 (0) ag™ 2]+ > [P (0) ag™]
(=1 m=0 m=0

Bl

(11)
We can further simplify Eq. (11) by considering the following properties
of associated Legendre polynomials:

Pim () 0, £+ 4m is odd < £ is odd
¢ ~ | non-zero, ¢+ 4m iseven < [ iseven (12)
We obtain:
o0 5
ul = Gugjo (kA) +2 " jar (kA)  aS, + 2 Z 0)asy] ¢,
(=1

= 6Gugjo (kA) + 242 (kA) [2P (0) + 1] a)

+2 Z oo (kA) { a9, + 2 [Py (0) a3y'] ¢- (13)
=2 m=0

We also know PY (0) = —1/2. Thus,
— [6j0 (kA)]uo = OvrrEsp-7,

. oI 10
Ovrmsp-1 =4 Y jor (kAA) % + > [P (0) a3
=2 m=0

Here Orpgrsp-7 is the truncation function for the simple compact
LFE3D-7 formula.

Wy ul + Weu + Weus — Woug = 0,

. 6i (kA) (LFE3D-7)  (15)
Wi =55 We=0, W.=0, WOZJOA(Q ),
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3.1.2. Step 2: LFE3D-13 (Edge-centered LFE)

Next we consider the twelve edge-centered fields using Eq. (7b). We
further divide the twelve points into three sub-groups. We have, for
points located on the y = 0 plane:

U0 = U0j0 (\/ﬁm) +§: je (\/Em)
/=1

]~
-2
N
ol

V)
_
=)
~
| I
—
=)
£

oL

3
I

\_/
~
3
/\I
Sk
N—
S
I—SI
—~
[a—
(=)
=

U0— =1U0Jo (\fk‘A) +Z Je

3
I
o

~

(vana
(

U_gr= uoj()(\ka)—i-ng ﬂkA) :(—1)7” P (\2) azn], (16¢)

O

)

__uojo(\fm)+zg@ (\/ik: ) 0{_1)’"13;”(_1) a}”}(lGd)

For fields located on the z = 0 plane:

Uito = Uojo (\/§kA> + ije <\/§kA) i P (0)

=1 m=0
[a}" cos (%) + by sin (%)} , (17a)
teyo = Uojo (ka) +Zye (ka)

Sero
o (52)crm)] o
wio = v (V3RA) +§jﬂ (vaka) f;
i cos (557) = #°sin (7). (17c)
)3

U__g = Ugjo (\ka> +Z]e (\[kA

m=

areos(M) pan(27)]

B (0

O
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And finally, for fields located on the x = 0 plane:
Uort = Uojo (x/im) + ijg (ﬂm) i: P (\}5)
[a’f cos <m > + by sin ( )] (18a)

w—s = uojo (VERA) + de (vara) fjpg ( )
J

m=0

[az cos ( ) by sin ( ) (18b)
Ug+— = UpJo (\[kA) +Z]e (ka> ZE:PE ( >
= m=0
[ak cos ( ) + by sin ( )} (18c)
vo—— = uojo (ﬂm) n Z jo (f%A) i: P (\‘é)
/=1 m=0
[a’f cos <g) — b/ sin (g)} . (184d)
We sum up the fields for each sub group to obtain:
Uyot + Ugpo— + U0+ +U_0— = 4u0j0(\/§kA)
s [5]
+2 ; jo (\/ﬂzA) m20 [Pgm (\2) +p2m (\_/; }a?m. (19a)

Uyyo T Uy 0+ U0+ U= 4U0]0(\/§kﬁ)

—l-Zng (\/§/€A> ZPZT‘(O) {cos —|—cos 3m7r>} ayg’, (19b)
/=1 m=0

U4 + Uo4— + Uo—t + U—— = 4u0j0(\f2k‘A)

+2§;j4(\/§m)g{zﬂgn<ﬂ> P < é)]cos(m;”)ag@. (19¢)
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Next we apply the following properties for the associated Legendre
polynomial:

m . odd, ifm+ £isodd
Py" (2) { even, if m+{iseven ° (20a)
1 -1 0, ¢ is odd
2m 2m
by <\[> + <\/§> { 2P52m (%) , £1is even (20D)
1 1 0, ¢ is odd
2m 2m _
1 <f> + B (\@) - { 2p7m (%) , liseven ’ (20c)
Considering that:
mm I3mm\ [ 2(=1)", m =4k,
COS( 4 >+C S< 4 > o { 0, m otherwise, (21a)
1, m = 4k,
mr\ ) 0, m=4k+1,
cos( 5 ) = 21 om=dk+2, (21Db)
0, m=4k+ 3.
we obtain:
[e's) l
ul = 12ugjo (\/im) +43 (ﬁm) 3 [PZm <1) azm}
2l 5 2l
=1 m=0
[5]
+4Zm (Vaka) > [~ Pi (0) ady']
m=0
1
+4Zm (vara) 3 comer () e
m=0

We can further combine the second and the last term of the above
equations to obtain:

wg = 12ugjo (\fzm) +8§: e (\/ikA> 2] [P§ﬁ< 1 )aggﬁ]

N~

/=1 m=0 \/i
+4Zm (vara) S 1" P ). (22b)
m=0

Finally, we notice that the coefficient for jo, is 2P§ (1/v/2) + P (0).
These two terms happen to negate each other so we have the final
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compact equation for sum of all edge fields as:
u = 12u0jo (VZRA) + 43 jor (V2EA)
(=2

‘
- m 1 m m m
> [2P24£ <\/§> +(-1)" Py (0)] a5y (22¢)
m=0
This leads to the following edgepoint based LFE3D-13 formula:
qué + Weus + Weus, — Woug = 0,
1 1270 (ﬂk:A) (LFE3D-13) (23a)
Wy=0, W=y, We=0, Wo=—"00 20,
with the truncation function, O rgsp-13 given by:

OLrEsp-13 = us, — 125 (\/ikA) up = 4§:j2£ (ﬂkﬂ>
=2

[SIEN

> Jorgr (J5) + 0 P )] adp. (23)

m=0

3.1.8. Step 3: LFE3D-09 (Corner-point LFE)
We now turn to the focus on the contribution of the remaining eight
corner fields. Using Eq. (7b) we have:

— wojo (ﬂm) n i jo (\/ﬁm)
/=1

Ut =
mZi:OPZm (%) <a£ cos 8 1 +b£ sin %) (24a)
Upre = Uojo (ﬂm) —i—ijg (\/ﬁm)
=1
mZi:OPZm (\;%) <a£ cos X 1 +b£ sin %), (24Db)
Mot = Ujo (ﬂm) —i—ijg (\/ﬁm)
=1

m”) . (24c)

l
1 mm .
nlz::opgn (\/g) <a2n COS T — bzn Sin T
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oo
wi__ = oo (ﬁm) +3 e (\/ﬁm)
(=1

l
m {1 - mmT o mT
T;)PZ (\/§> (ae COS T — bz S1n T) y (24d)
and

usy = uojo (V3KA) —i—ijz (Vaka)
/=1

: 1 3mm 3mm
mZ_:OPZn (\/§> <a’f cos —— + by sin 1 > , (25a)

Y = Qg0 (ﬁm) +§: je (Jém)
/=1

épg’” (\_/%) (a? cos 37%” + b sin 371”) , (25b)
gy = ugjo (V3RA) +§: o (VBka)
=
;Pgm <\}g> (a;" Cos?ﬂ?TTr — by sin 372”) . (25¢)
Uy e = gl (ﬁm) +§: e (\/ﬁm)
=

: -1 3mm 3mm
%Pgn (\/g) (a;” cos = — — by sin 4) . (25d)

Summing up Eqgs. (24a)—(25d), we have:

ug = 8jo (ﬁm) u0+4§: jo (J??m)
/=1

e [ () o (R} o

NN

m=
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Next we apply the following properties for the associated Legendre
polynomial:

am {1 am [ —1 0, ¢ is odd

By (\/§> + 5 <\/§> — ) 2pim (%) , liseven ’ (27a)
1 1

Py () = (3cos?0 —1) =0. (27b)

\/g 2 9:005*1(%>

We have the final equation for the sum of all corner fields:
« 4 1
us; = 8o (\/§kA) ug+8Y o (\/§kA) > [(—1)m Py <\/§> %@n] (28)
(=2 m=0

and the corner-point LFE3D-9 formula:

Wy ud + Weug + Weus, — Woug = 0,
i Tt Bt = Tt = (vaka)  (LFE3D-9) (29)
Wf:O, We =0, Wc:ﬁy WOZTy

with the truncation function, Oprgsp-9 given by:
A .
OLrE3D-9 = us, — 8jo (\/gkA) Ug

= SZm (\f kA) 5 ) [( )™ Py Qg) a%?‘] (29Db)

m=

[NIEN

3.1.4. Step 4: LFE3D-27 (All 26 Bordering Points Considered)

As mentioned earlier that LFE2D-9 equation can be derived from a
linear combination of two LFE-5s equations along the plus and the
cross coordinates so that the local error is minimized. So far to the
best of our knowledge the only way to derive the sixth-order accurate
LFE3D-27 formula is to look for the linear combination of LFE3D-
07 (Eq. (15)), LFE3D-13 (Eq. (23a)) and LFE3D-09 (Eq. (29a)).
We chose combinations that will reduce the local truncation error or
global dispersion error. From the fact that the first leading term of
the local truncation function for LFE2D-9 equation is the 8th-order
Bessel function of the first kind, we suspect that the first leading term
of the local truncation function for LFE3D-27 will be the 8th-order
spherical Bessel function of the first kind. Closer examination of the
three LFE3D truncation functions Orrgs3p-o7, OLFE3D-13, OLFE3D-09
indicates that they all share two things in common: first the leading
term function is the 4th-order spherical Bessel function of the first kind
ja(kA) and that they do not contain any odd term Bessel functions.
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Hence we will focus on the elimination of both j4(kA) and jg(kA)
terms.
From Egs. (15) (23b), (29b) we know:
A
Ovresp-07 = uyx, — 6o (k

1
= 444 (EA) {[2+P4 ]a4+Pf(0)ai}
+io (k2 { |3+ (0] a8+ P 0)

+01 ((kA)®) (30a)

Orrmspets 2 uf — 12jo (x@kA) wo
— 4, (ﬂm) {[21340 (é) + PY (o)] a
n :23;1 (%) _p (0): ag}

jo (fk:A) {{2136 (12)}+ PY(0 }ag

..;;

N
4 _2P6 (%) -0

OLrEsD-00 = us, — 8o (ﬁkA) o
a3
o) )4 )

O (<m> ). (30c)

The higher-order terms, Oy, in (30a), Og, in (30b), and Osy, in (30c),
are respectively defined as:

N~
iy

o0 ao
Oun (KA )=4) joe (k) § 24+ > [R5 (0)a3y"] ¢ (31a)
—. m=0

Oan ((kA)%) =4 Z J2¢ (\f?kA>
=4
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(5]
2 [21324? (\}§>+(—1)’”P§,}" (0)] asy (31b)
<. (5] NTTOR
O3 ((kA s)zsgm (\/ﬁkA>m20[(—1) Py < ﬁ> agd (31c)

The associated Legendre polynomials have following values:

ot n(3)- 2 ()3

1 105 0
P} (0) =105, P} <f> — 7; ( > e
) 12 2 (32)
Po _ _°. PO [ R P . -
to-g #(75) w0 ()
—945 1 9 x 945
P64(0)=T; Pé*(\@): ; é( >—560
Substituting Eq. (32) into Egs. (31a)7(3lc) we will have:
. 7
OvrEsp-07 = ja (EA) <2a2 + 420@2)
3
+7j6 (EA) <4ag - 1890ag> + O1p, ((kA)®) (33a)
OLrE3D- 15—]4 \[kA < —21Oa4>
39 13 x 945
+36 \[/-cA ( 16 ag + a6>+01h ((kA)®) ,(33b)
1120
OLFE3D- 09—]4 \f/’fA ai)

I5x
)

o (\f kA <196

4480a6> + Osp, ((kA)®) . (33c)

Let 28 0 1120
o= 4+ 4
{ 5= a6 - 16§0a (342)
and
hy = js (kD) a1 = jo (EA)
{ ha = js (V2kA) | { g2 = jo (V2kA) . (34Db)
hs = js (V3kA) g3 = jo (V3kA)
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Substituting Egs. (34a)—(34b) into Egs. (33a)—(33b) we have:

9 9
Orresp-o7 = M1 < ;) +q <8ﬁ) + O1p, (A®), (35a)

—Ia —117
Ovresp-13 = ho < > + @ ( 3 ﬁ) + Oap, (A%),  (35b)

OLrE3D-09 = h3 (—a) + g3 <83ﬁ> + O3y, (A®). (35¢)

We now have the local truncation functions of the three LFE3D
formulae. We are ready to combine them to obtain our LFE3D-
27 equation. By denoting C (kA), C2(kA) and C3(kA) as the
corresponding coefficient functions for the superpositioning of LFE3D-
7, LFE3D-13 and LFE3D-9, we now construct the LFE3D-27 formula
as follows:

Clué + Cous, + Caus, + Coug = OLFE3D-27- (36)
Here Cp (kA) is given by:
Co (kA) =—1[6C1 (EA) jo (kA)
11205 (kA) jo (ﬂm) +8Cs (kA) jo (ﬁmﬂ . (37)
and the associated truncation function is given by:

OLrr3D-27 = C1(kA) O15 (A%) +Ca(kA) Oap (A®) +C5(kA) O3, (A®) .
(38)
With a few steps omitted, we show the following must hold true:

a [(9’8“> i+ (‘f?) Co + (—hs) 03]
+8 [(9‘]1> Oy + <_13127%> Cy + (8‘]3> 03:| 0. (39

Because o and (3 (defined in Eq. (34a)) can not all be zero. Eq. (39)
holds true if and only if:

oh —9hy -
(8 >C1 ( 16 >C'2+(—h3)03—07

9q1 —117¢o 8qs3 -
() () ()

(40)
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After solving for the above underdetermined equations, we have the
following conditional equations for C7, C5 and Cj:

—9%h2  _yp, —he M 9h1  =9hy
. . _ 16 3 3 78 ] 16
Cr:C2:03 = | 175, 88 8¢ 91 | 9 —1i7g
32 3 3 8 8 32
3
= <h2(J3+ h3Q2> : (4h3Q1 +2h1Q3>
351 27
—h —h . 41
<128 1492 — 64 2611> ( )

One of the solutions for these coefficient functions is given as below:

C1 = js (\f k:A) e (f k:A) —j4 (f k:A) s (f kA)

Co = 3js (VBRA) o () + 274 (kD) jis (VBRA) (42)
C3 = %M (kA) jo (\/ﬁk‘A) — gjzx (\/ﬁkA> Jo (kA).

With these specific coefficients we arrive at the following LFE3D-27
formula — the discretized three dimensional Helmholtz equation:

WLFE _,’_ WLFE ue + WLFE c WLFEUO _ 0
WHE — j, (\f m) 6 (\f kA) 7]4 (\f kA) i (\f m)
WHE = J4 (fk:A) je (KA) + 254 (kA) jo (\[k:A)

WP = ?;8 (kA) jo (ka) —6—4J4 <xka) je (kA),

WEF™E = 6o (kA) WH 4125, (ﬂm) WLFE

+ 8jo (ﬁm) WLFE,

(43a)

or
WLFE f +WLFEue _|_WLFE c
6jo (kA) WEFE +12j (V2kA) WEFE + 85y (\f kA) WEFE'
(LFE3D-27) (43b)

We have also confirmed that the LFE3D-27 equation is accurate to the
sixth-order (in kA) and the leading term of the truncation function is
js(kA), the 8th-order spherical Bessel function of the first kind.

uy =
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4. STANDARDIZATION OF COEFFICIENTS

So far we have derived the LFE3D-27 equation which gives us a
highly accurate 3D compact FD-FD stencil for the Helmholtz equation.
However, one more issue remains: the discrete form of 3D Helmholtz
operator of Eq. (1). Let L be the exact system operator of (1):

L=V?+k? (44)

The general discretized form of (1) constructed on the compact 27-
point stencil can be expressed as:

A (WP + WEFuL + WIFPug 4 WITPAE) =0, (45)

Here A is a normalization constant. Eq. (45) is standardized if it
satisfies:

iiino A (W&FEUO + W}JFE ug + WIFE g 4 wiFE u%) = Lug. (46)

This is the same definition we used in the standardization process of
LFE2D-9 [10]. Now we consider three classic finite difference schemes
for discretizing the L operator. The first one is the second-order
accurate, seven point stencil equation FD3D-2-07 as given below:

R u£76<17k26A2)u0
Lug =~ Lrpap-2-07 {uo} = Az : (47a)

The second one FD3D-2-13, is given by:
ug =12 (1= %) ug

LUO ~ IA/FD3D_2_13 {UO} = 4A2 (47b)
And the third one FD3D-2-9:
. uCE—S(l—kzzAQ)uO
Lug =~ Lrpap-2-09 {uo} = . (47c¢)

42
We compare these three equations with the corresponding second-
order accurate LFE3D equations which we derived earlier in Eq. (14),
(LFE3D-07), Eq. (23a) (LFE3D-13) and Eq. (29a) for LFE3D-09. We
have:

u% — 6j0 (k}A) ()

Lug ~ Lipesp-o7 {uo} = A2 ; (48a)
~ us — 12]0 \/ikﬁA UuQ

Lug = Lipgsp-13 {uo} = —= 1 iz ) ; (48b)
~ us — 8j0 \/gkA (%)

Lu() ~ LLFESD—OQ {u(]} = b ( ) . (486)

4A2
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Next we superimpose the forementioned three operators:

Lug = Lyrrsp-27 {uo} = A1Lirr3p-o7 {uo} + AsLirr3p-13 {uo}

+AsLLrEsp-oo {uo} - (49)
We require that these coefficients must add up to one
A+ Ay + A3 = 1. (50)
And that they must also retain the following ratio:
Ayt Ay Az = W]IFFE D4 WEFE 4y LEE (51)
Thus, we have:
WEFE A VWLFE A W LFE
A= Ay = W767 A = Wicj (52a)
w w w
and
W =W 4 4aWEFE 4 awHe, (52b)
From Egs. (50)—(52), we have the standardized LFE3D-27 equation:
Lipp-27-30 {uo} = Aouo + Arud + Asu§ + Asus, (53a)
LFE WLFE
Apg = Wo , A=
JWLFE JWLFE
A A
2ToaTw P AW

where W is previously defined in Eq. (52b).

5. RECONSTRUCTION FORMULA FOR LFE3D-27

Unlike the 2D-CLF a “straight forward” closed-form reconstruction
formulae for CLF in the 3D case does not exist. In 3D-CLF cases, a
local field the basic patch is a cube. Refereeing to Fig. 1, the size of
the compact stencil will be twenty seven. On the boundary of the cube
there are a total of twenty six points — six on the faces, twelve on the
edges and eight on the vertices (corners). It is not an easy task to
carry out the 3D LFE extension. We note that, there are only a total
of twenty five terms in the truncated series of the spherical harmonics
up the 4th order harmonics. With the last term, js(kr) Py (cos 6) sin 4¢,
not contributing to any of these neighboring points on the surface of
the cube, we are faced with the problem of setting up 26 equations
with 24 unknowns. As we look further into this subject, we discover
that there are more terms which are linearly dependent on their lower-
order terms when evaluated at these CLF controlling points on the
cubic surface.
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Consider the local field expressed by the linear combination of all
SFB harmonics up the 8th order:
7 L

u(r, 0, ¢)~afjo(kr)+Y _je (kr) Y - P (cos ) (af* cos me-+b;* sinme).

=1 m=0

(54)

There are all together 63 candidates. Among these the 37 dependent

(marked in red strikethrough) and 26 independent terms and are listed

below:

af ai b

ay ay by a3 b

aj ay by af b3 a3 b3

aj aj bj aj bi e b} aj b

ag a}) b% a% bg ag bg aé bé ag b‘g

ag aé b(li a% b% a% bg aé b‘é ag bg ag bg

af ap by af b a3 b oai by a3 b2 a} B af b
The selection rules are: I, it must not be all zero on these 26 control
points, I, it must be linearly independent with its lower-order cousins
and III, there must be exactly 26 independent terms to form a square
matrix. We expect that the analytical reconstruction formula based
on these independent SFB harmonics, if derived, will be too complex
to be practical. And thus we will resort to the following numerical
inversion to obtain the 3D CLF reconstruction formula:

3 n 3 n
uw(r,0,0) = aojo (kr)+Y_ > an A (r,0,8)+) > biBi (r,0,6)

n=1m=0 n=1m=1
+aj A} (r,0,¢) + ajAj (r,0,¢) + aiA (r,0,¢)
+b3B3 (1,0, ) + ajAl (r,0,¢) + ad A (1,0, ¢)
+ai A} (r,0,0)+biBs (r,0, ¢)+agAQ (r,0, ¢)
6

+02BF (r,0,6) = > C;O(r,0,¢)uf
FC,j=1

12 8
+ Z CJEC (r,0,9) U?C + Z CJCR (r,0,9) uJCR,(SGa)
EC, j=1 CR, j=1
where
Ay (r,0,0) = jn (kr)

n (kr) P (cos ) cosma,
By (r,0,¢) = jn (kr) P

(cos @) sin mao. (56b)
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Thus, to find the local field with a given cube the best we can do
is to numerically obtain by inverting the 26 by 26 matrix, the SFB
coefficients from the nodal points on the surface of the cube.

6. COMPUTATION OF THE 3D FREE SPACE GREEN’S
FUNCTION

Consider the 3-D Helmholtz equation with a point source located at
origin (r = 0):
(V24 k%) G (2,y,2) = —d(r). (57)

The analytic solution of Eq. (57) can be obtained by reducing it to
the following one-dimensional differential equation in the spherical
coordinate system:

S (ra)eRfew=-20 cn=l o

r2dr dr dnr?’ dnr

To test our LFE3D-27 stencil, we repeat the computation in 3D
Cartesian coordinate system. Due to the central symmetry in this

3D Green's Functions: LFE3D-07 vs FD3D-2-07, N,=10

0.08%
T A — Exact | ______|
0.06f® ] O Exact
! + LFE3D-07
0.0 . x  FD3D-2-07

0.02f-@

Normalized intensity
o

-0.02

-0.04

-0.06

1 2 3 4 5
Distance from the point source (in A's) along (0,0,1) direction

Figure 2. Comparison of 3D numerical Green’s functions computed
with LFE3D-07 and FD3D-2-07 stencils. The calibration point is
located at (0,0,A). The exact 3D Green’s function solution is
the continuous solid with circled points indicating the discrete field
sampling location.
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problem we compute only for the octant in the positive z, y and z-
axes region. Evensymmetry boundary conditions are applied to planes
x = 0, y = 0 and z = 0. The transparent/absorbing boundary
conditions (TBC/ABC) are applied to the remaining three faces on
the cube. A simple but effective impedance condition is applied to any
point u, on the ABC planes. When the location of the point source is
known we may use the following expression for relating this field to its
nearest corresponding fields u;, inside the computational domain:

r
Uy = Uip <rm> exp (—jk (rq — Tin)) - (59)
a
where r, is the distance from the said point to the origin and 7,
the distance of the neighboring interior point to the origin. In
our numerical experiments the point source is always located at the
origin. Also the computed numerical and analytic Green’s functions
are normalized so that both are equal at a specific calibration point.
We first computed and compared results between the classical second-
order accurate FD3D-2-07 coefficient and the face-centered LFE3D-
07 stencil. The solutions are plotted in Fig. 2. Starting from
the calibration point, and at a sampling density of ten points per
wavelength (V) = 10), to a distance of five wavelengths, both results
are reasonably close to the solid curve of the exact solution. We also

Comparison of Various 3D Green's Functions, N,=10

0.04 T :
! ! + | — Exact !

h 1 1 1 O Exact 1
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i 1 1 O FD3D2-07

0.027- 11 > S LFE3D-27

oot | i

Normalized intensity
o

-0.04
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Distance from the point source (in A's) along (1,1,1) direction

Figure 3. Comparison of 3D numerical Green’s functions computed
with LFE3D-07, FD3D2-07 and LFD3D-27 stencils. The calibration
point is located at (A, A, ).
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included the result from our LFE3D-27 formulation in Fig. 3 along the
(1,1,1) direction with the end point 8.5\ from the origin. In these
calculations, there were up to a total of 125,000 unknowns (a cube
containing 50 points in each dimension). This is the largest problem
we can do with the 4G-DRAM on board. The linear equations are
solved by a direct solver with our custom software which does its
own virtual memory manipulation based on a block-tridiagonal LU
factorizing scheme. The maximum run time is just under two minutes
independent of whichever 3D compact stencil is used.

At a reduced sampling density Ny = 7, results from LFE3D-07,
FD3D2-07 begin to degrade as the field propagates away from the
origin. However the sixth-order accurate FD3D6-27 results are still
very accurate as we can see in Fig. 4 where the green plus points sit
squarely in the black circles. As further reduced to a lower sampling
density Ny = 5, the results from LFE3D-07 are completely out of sync
with the exact solution. We also see in Figs. 5 and 6, a clear deviation
of the FD3D6-27 plus points from the exact circles near the end of the
curves. However the results from our best 3D stencil LFE3D-27 are
still correct as we see the red squares override the black circles.

At a much reduced sampling density Ny = 3, results from FD3D6-
27 begin to degrade soon after they travel away from the origin as can
be seen in Figs. 7 and 8. Results from LFE3D-27 stencil are still quite
acceptable as we see the red crosses are still tracking the black circles.

Comparison of Various 3D Green's Functions, N,=7
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Figure 4. Comparison of 3D numerical Green’s functions computed
with LFE3D-07, FD3D2-07 and FD3D6-27 stencils at a reduced
sampling density Ny = 7. The calibration point is located at (A, 0,0).
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Comparison of Various 3D Green's Functions, N;.=5
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Figure 5. Comparison of 3D numerical Green’s functions computed
with LFE3D-07, FD3D6-27 and LFE3D-27 stencils at a low sampling
density Ny = 5. The calibration point is located at (A,0,0).
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Figure 6. Same as Fig. 5 except for a new direction and a new
calibration point at (A, A\, A).
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3D Green's function, FD3D6-27 vs LFE3D-27 vs Analytic, N.A=3
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Figure 7. Comparison of 3D numerical Green’s functions between
FD3D6-27 and LFE3D-27. Results are computed at a very low
sampling density N, = 3. The calibration point is located at (0,0, \).

3D Green's function, FD3D6-27 vs LFE3D-27 vs Analytic, N x:3
0.025 T T . :

0.02-p--F---mmmemoees HER— — Exact
i O Exact '
0.015) = - A + FD3D6-27 |77
1 1 LFE3D-27 | !

-0.005(t |-

Normalized intensity
o

-0.01

-0.015

-0.02

-0.025 : : : ;

1
Distance from the point source (in 1's) along (1,0,1) direction

Figure 8. Same as Fig. 7 except for a new direction and a new
calibration point at (A, 0, A).

Finally, we ran the simulation at N, = 2.5, just for the sake of
finding the threshold of our LFE3D-27 stencil. At this sampling density
we are able to compute the 3D Green’s function for a cube of twenty
wavelengths in each dimension. We see from Fig. 9 that the red crosses
are no longer sitting inside the black circles but they are still near-by.
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Comparison of Exact 3D Green's Functions vs LFE3D-27, N,=2.5
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Figure 9. Results of 3D numerical Green’s function of LFE3D-27

computed at 2.5 points per wavelength. The calibration point is

located at (A, A, 0).

7. DISCUSSIONS

While running these numerical experiments, we have discovered an
interesting fact that one can not use the 3D LFE3D-09 or the LFE3D-
13 stencil when one wishes to compute 3D fields due to a point
excitation. These formulas are based on the edge/corner points only.
These nodes are located further from the central point than those
face-center ones. As a result, solutions of the numerical Green’s
function using LFE3D-09/LFE3D-13 formulation contain many zero
fields all over the entire solution domain. Closer examination of
the situation reveals that the disturbance propagates forward and
backward “diagonally” causing unreachable gaps in the computational
process of a single point-source. Hence the LFE3D-09 and LFE3D-13
stencils must be combined with the face-center LFE3D-07 stencil.

So far we have analytically derived the LFE3D-27, a SFB-based
discrete form of the 3D Helmholtz operator in a homogeneous medium.
We also investigated the accumulated amplitude and phase errors
for this LFE3D-27 equation by numerically solving the 3-D Green’s
function and comparing it with the known analytic solution. There
are many properties of this new formulation to be investigated. In a
separate paper, we will derive an analytical expression for the local
truncation error function of the standardized LFE3D-27 formula. The
global error behavior will also be investigated via plane wave dispersion
studies.
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The recent advancements in highly accurate 2D FDFD algorithms
enables us to simulate even larger and more complex 2-D problems.
However, unlike 2-D cases, solving 3-D Helmholtz problems by FD-
FD methods require solving significantly larger matrix equations. If
N is the number of unknowns along an edge of a cube, a 3D FD-
FD computation using a direct solver will have a storage requirement
proportional to the fifth power of N and a computational cost
proportional to the seventh power of N. In comparison, cost factors
for a 3D FD-TD computation are reduced to N? for storage and N* for
CPU. Some may argue that using an iterative sparse linear solver will
help reduce the computational needs for 3D FD-FD methods. There
are, unfortunately, no known robust iterative Helmholtz equation
solvers [20]. That has been the reason why there were only a handful
of applications in applying the FD-FD method to 3-D Helmholtz
problems. This situation is about to change as we have seen from the
2D CLF dispersion analysis: at one percent phase error, the classical
second-order accurate FD formulation requires a sampling density of
twenty points per wavelength while 2D CLF requires only four. In 3D
FD-FD calculation, this five-factor reduction in linear sampling density
will translate to a factor of eighty thousand (five to the seventh power)
in computational time cost saved. Such significant savings makes 3D
CLF-based EM field simulations practical in some 3D EM applications.

There are still many lingering CLF related issues waiting to be
solved. We have only considered the homogeneous case for the 3D
Helmholtz equation. For complex passive optical waveguide/device
problems we have to consider 3D EM wave fields in inhomogeneous
media. We need to develop special LFE3D-27 stencils for cells near a
dielectric interface. We also have to consider a vector formulation
for 3D structures containing dielectric interfaces with large index
contrasts. The method of connected local fields is still in an early
stage of development, and requires further research before it becomes
a viable tool for modeling 3D complex dielectric devices.

8. CONCLUSIONS

We have advanced the method of connected local fields to the three-
dimensional case for obtaining semi-analytical solutions of Helmholtz
equation. The fundamental building block in this 3-D CLF is a cube
made of twenty seven points. By expanding the local field with a
truncated spherical Fourier-Bessel series we develop closed-form, 3-D
local field expansion coeflicients called LFE3D-27. We also show that
this novel formula has a very small local truncation error of the eighth-
order. Asin the 2D CLF, we are able to keep this 3D CLF structurally
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equivalent to a standard 3-D FD-FD formulation using a compact 27-
point stencil. With the development of the inhomogeneous 3D CLF
method complete, all existing 3D FD-FD software can be modified
with minimal effort to benefit from this new memory and CPU saving
semi-analytical approach for solving the Helmholtz equation.
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