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Study of Whistler Mode Wave by Injection of Relativistic Hot
Electrons Beam in the Magnetosphere of Uranus

Rama S. Pandey and Rajbir Kaur*

Abstract—In present paper, the effect of relativistic hot electron beam for field aligned Whistler mode
waves has been studied theoretically in the presence of AC electric field perpendicular to magnetic
field. Studies have been performed using perturbative approach along with the method of characteristic
solutions and are valid for comparatively small ambient magnetic field of Uranus, of the order of nano
Tesla, as observed by Voyager 2. The detailed derivation and calculations has been done for dispersion
relation and growth rate for magnetosphere of Uranus. Analyses are done by changing various plasma
parameters which are explained in result and discussions section of this paper. Extensive study of wave-
particle interactions and numerical calculations concludes that in case of injection of a distribution of
particles having a positive slope in v⊥, temperature anisotropy remains the main source of free energy.
It is seen that other effective parameters for the growth of whistler mode waves are AC frequency and
higher number density of hot electrons. We also learn that even the minimal presence of such energetic
particles having a positive slope of distribution function and increasing power of perpendicular thermal
velocity can increase the growth rate significantly in the magnetosphere of Uranus. The present work
is basically based upon the theoretical investigation and mathematical analysis of the magnetosphere
of Uranus, supported by satellite data.

1. INTRODUCTION

Extensive theoretical analyses and laboratory studies show that waves play dominant roles in all
non-equilibrium plasma systems [1, 2]. Especially when plasma is dilute and cool, regular Coulombic
collisions become less important, and wave-particle interactions provide the scattering and accelerating
mechanisms that govern the dynamics. Wave investigations in magnetized planet’s orbit have
demonstrated that two general classes of wave-particle interactions control important aspects of
plasma dynamics in magnetospheres. Electromagnetic and electrostatic plasma instabilities give rise to
narrow banded spontaneous emissions. Such emissions, e.g., ELF hiss, chorus, three-halves noise, ion
cyclotron and ion-plasma-frequency turbulence, scatter trapped particles into the loss cone, leading to
modified pitch-angle distributions, stable trapping limits, diffuse aurora etc.. The current-driven plasma
instabilities generate intense impulsive ion acoustic mode turbulence that provides very effective energy
transfer at the bow shock and in regions where strong field-aligned currents are observed [3].

Studies of wave-particle interaction phenomena in the outer magnetospheres are of great
importance. These outer regions are dominated by high β plasma spun out by centrifugal forces and here
wave-particle interactions provide local acceleration. These affect particle diffusion and can lead to field-
line merging [3]. Other relevant wave-particle interactions involve whistlers generated by atmospheric
lightening and electron plasma oscillations associated with suprathermal particles in the upstream solar
wind. Such whistler mode waves have been observed in the magnetosphere of Jupiter and Uranus [4–8]
and in the solar wind upstream of Mercury, Venus, Earth and Saturn [9].
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Voyager 2 encounter of Uranus on 24 January 1986 revealed a strong planetary magnetic field, an
associated magnetosphere and fully bipolar magnetic tail of Uranus. The results from Voyager 2 plasma
wave instrument (PWS) show radio emissions from Uranus about 5 days before the closest approach
at frequencies 31.1 and 56.2 kilohertz and then about 10 hours before closest approach the bow shock
was identified [10]. A maximum magnetic field of 413 nanotesla was observed at 4.19 RU , just before
the closest approach [11]. The instrument also detected that inner magnetosphere is characterized by
both the types of strong whistler mode emissions, chorus and hiss. Chorus and hiss are produced by
cyclotron resonance interaction with energetic electrons. These waves were identified as whistler-mode
on the basis of the frequency range, which is always below electron cyclotron frequency (fc = 28B Hz,
where B is magnetic field intensity in units of nanotesla). Hudson et al. [12] and Clark et al. [13]
investigated the process of generation of electric field in the magnetosphere of Uranus and reported its
magnitude as used by Pandey et al. [14] in their theoretical magnetospheric studies. In magnetosphere
and in shock regions, AC electric field observations have been reported perpendicular and along the
magnetic field [15].

In last few decades, many research rockets and space vehicles have injected electron beams into
the ionosphere and magnetosphere. Particle beams provide a unique way to study numerous problems
in basic space plasma physics. Electron beams act as tracers in the large-scale magnetosphere and also
generate waves, plasma heating and current systems [16]. Examples from Echo program are used to
illustrate electron beams as ‘magnetospheric probes’. Several types of experiments search for beam
echoes from field-aligned potential differences thought to cause auroras. The injection of such beams
creates rich sources of plasma and electromagnetic waves. The frequency range includes lower hybrid,
whistler mode, upper hybrid, electron cyclotron harmonics and plasma frequency emissions [17]. Winglee
and Kellogg [18] explained the spectra generated from the Echo 7 experiment. The results showed
that characteristics of emissions can change substantially with altitude. Relativistic electromagnetic
particle simulations were used to investigate the changes in plasma conditions. It was shown that
many variations could be accounted for by assuming that the ratio of the electron plasma frequency to
cyclotron frequency is less than unity at the lower altitudes of about 200 km and near or above unity
at apogee of about 300 km. It was concluded that in the lower altitude case, whistlers with a cutoff
at ωpe, lower hybrid and plasma waves are driven by the parallel beam energy while electromagnetic
fundamental z mode and second harmonic x mode and electrostatic upper hybrid waves are driven by
the perpendicular beam energy through the maser instability at higher altitudes.

Inspired from above literature, whistler mode waves have been studied theoretically in this paper.
As Pandey et al. [19] studied the effect of cold plasma injection on whistler mode instability triggered
by perpendicular AC electric field at Uranus, we will investigate whistler mode waves by injection of
hot electron beam in the magnetosphere of Uranus. In this paper, the beam particles considered hot
due to thermal anisotropy and relativistic effect. Also the relativistic effect of beam, affecting the
velocity of beam particles, will also be studied while considering the presence of perpendicular AC
electric field to magnetic field and by using the method of characteristic solutions and kinetic approach,
the detailed derivation and calculations has been done for dispersion relation and growth rate for
magnetosphere of Uranus. Parametric analysis has been done by changing various plasma parameters:
temperature anisotropy, AC frequency, ratio of nc/nw and relativistic factor to study their effects in the
magnetosphere of Uranus.

2. DISPERSION RELATION AND GROWTH RATE

A homogeneous anisotropic collisionless plasma in the presence of an external magnetic field B0 = (B0ez)
and an electric field Eox = Eo sin vtex is assumed. In interaction zone inhomogeneity is assumed to
be small. In order to obtain the particle trajectories, perturbed distribution function and dispersion
relation, the linearised Vlasov-Maxwell equations are used. Separating the equilibrium and non
equilibrium parts, neglecting the higher order terms and following the techniques of Pandey et al. [19]
the linearized Vlasov equations are given as:
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where υ is AC frequency and the dispersion relation is defined as
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where s denotes the type of electrons. Subscript ‘0’ denotes the equilibrium values. The perturbed
distribution function f1 is determined by using the method of characteristic, which is

f1(r, v, t) =

∞∫

0

S
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r0 (r, v, t) , v0 (r, v, t) , t− t′

}
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we have transformed the phase space coordinate system for (r, v, t) to (r0, v0, t− t′). The relativistic
particle trajectories that have been obtained by solving Equation (3) for given external field configuration
are
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and the velocities are
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P⊥ and Pz denote momenta perpendicular and parallel to the magnetic field. Using Equations (6), (7)
and the Bessel identity and performing the time integration, following the technique and method of Misra
and Pandey [20], the perturbed distribution function is found after some lengthy algebraic simplifications
as:
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Due to the phase factor the solution is possible when m = n. Here,
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The Bessel function arguments are defined as
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By using these in the Maxwell’s equations we get the dielectric tensor,
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For parallel propagating whistler mode instability, the general dispersion relation reduces to ε11± ε12 =
N2 where N2 = k2c2

ω2 .
The dispersion relation for relativistic case with perpendicular AC electric field for g = 0, p = 1,

n = 1 is written as:
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The generalization distribution function [21] is given as
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where Po⊥ and Po|| are perpendicular and parallel momenta for a temperature T . Substituting
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p and integrating Equation (9) by parts, the dispersion relation is found as
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When we remove AC field and set j = 0 for bi-Maxwellian only, the relation becomes similar to [22]
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Using Equations (10) and (11) and doing some lengthy integrals the general dispersion relation becomes
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For real k and substituting k2c2/ω2 À 1, using an asymptotic expansion of Z(ξ) in the limit of a large
value of ξ, for ω = ωr + iγ.

The expression for dimensionless growth rate and real frequency is found to be
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where the dimensionless growth rate and real frequency are defined as γ
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is ignored, the Equation (14) reduces to expression of non-

relativistic growth rate, comparable to work done by Pandey and Kaur [23] using bi-Maxwellian
distribution function.
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3. PLASMA PARAMETERS

To study the variation of dimensionless growth rate of whistler mode waves for non-relativistic
background plasma for distribution index strength j = 0. The external injection of hot energetic
electrons is considered to be relativistic and of loss-cone distribution index strength j = 1.

Non-relativistic bi-Maxwellian background plasma j = 0 has the following parameters:
Temperature anisotropy (AT ) = 0.25, 0.50 and 0.75, Thermal energy (KBTll) = 10 eV, Electron density
(nc) = 5 × 104 m−3, AC frequency (υ) = 6 Hz, 12Hz and 18 Hz. Calculations have been performed
with reported magnetic field of magnitude Bo = 2.4 × 10−10 T and magnitude of AC electric field
Eo = 4 mV/m. [23]

Relativistic injected warm plasma j = 1 has the following parameters: Temperature anisotropy
(AT ) = 0.25, Thermal energy (KBTll) = 50 eV, Electron density (nc) = 2.5× 103 m−3, 5× 103 m−3 and
1.5× 103 m−3, no AC frequency, Relativistic factor (v/c) = 0, 0.3 and 0.6. The external artificial beam
is assumed to consist of fixed anisotropy and thermal energy. Electron density and velocity of the beam
is considered variable. As the beam particles are not accelerated by any external electric field therefore,
no AC frequency is assumed. One of the objective of this work is to study the behavior of energetic
particles in presence of variable AC frequency of the background plasma. This variable AC frequency
of the background plasma is due to AC field in the Uranian magnetosphere as observed by Voyager 2.
Therefore, AC field is a property of the Uranus environment.
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Figure 1. Variation of relativistic growth
rate with k̃ for various values of temperature
anisotropy in background plasma with υ = 6 Hz
and nc/nw = 10.

Figure 2. Variation of relativistic growth rate
with k̃ for various values of AC frequencies for
AT = 0.50 and nc/nw = 10.

4. RESULT AND DISCUSSIONS

Figure 1 shows the variation of growth rate with respect to k̃ for various values of temperature anisotropy
AT and other fixed parameters as listed in figure caption. The anisotropy of 0.25, 0.50 and 0.75 is only
for the background, with fixed anisotropy for the energetic particles. The growth rate is 0.136, 0.157
and 0.181 for AT = 0.25, 0.50 and 0.75 respectively at k̃ = 0.45. As the value of AT increases, growth
rate increases. Therefore it can be concluded that in case of injection of a distribution of particles
having a positive slope in v⊥, temperature anisotropy remains as the main source of free energy. As
the distribution function of injected particles introduces a major change due to variation of thermal
velocity [14, 24].

In Figure 2 variation of relativistic growth rate with k̃ for various values of AC frequencies is shown.
Other parameters are fixed as mentioned in figure caption. The growth rate is 0.110, 0.121 and 0.122
for υ = 6 Hz, 12Hz and 18 Hz respectively at k̃ = 0.35. Growth rate increases with increase in AC
frequency. The graph shows that when same energetic particles (without AC field effect) are injected
in background plasma of higher AC frequency, growth rate increases. The perpendicular electric field
modifies perpendicular velocity and contributes to energy exchange too. For j = 1 loss cone index of
the beam, the source of free energy is not only temperature anisotropy but also increasing value of
v⊥ having greater positive slope. AC field affects the growth rate marginally in comparison to above
mentioned source of free energy. The bandwidth decreases for higher value of frequencies. Lower value
of maxima is fixed for all values of AC frequency but higher value of wave number changes. The
growth rate is mainly governed by dispersion function, which comprises of AC frequency as the most
important component. In case of parallel electric field, dispersion function contains AC field magnitude
as well as frequency, but in case of perpendicular electric field it contains frequency only [14, 25]. The
energy exchange between the electrons, the component of wave electric field, electrons and the AC field
perpendicular to magnetic field are the main factors contributing to cyclotron growth or the damping
of waves.

Figure 3 shows the variation of dimensionless growth rate with k̃ for various values of ratio of
number density of cold electrons to hot electrons. The number density of relativistic beam of hot
electrons is varied as 5× 103 m−3, 2.5× 103 m−3 and 1.5× 103 m−3, thus giving nc/nw as 10, 20 and 30
(approximately). The growth rate is 0.136 for nc/nw =10 at k̃ = 0.45, the growth rate is 0.094 when
nc/nw = 20 at k̃ = 0.40 and growth rate is γ/ωc = 0.051 for nc/nw = 30 at k̃ = 0.35. This shows that
as the number density of hot electrons increases, that is, as the ratio of nc/nw decreases from 30 to
10, growth rate increases. The corresponding k̃ value shifts from 0.35 to 0.45. This behavior is similar
to the results quoted by Misra and Pandey [25] where studies were performed for magnetosphere of
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Figure 3. Variation of relativistic growth rate
with k̃ for various values of ratio of number density
of cold electrons to hot electrons having υ = 6 Hz
and AT = 0.50.

Figure 4. Variation of relativistic growth rate
with k̃ for various values of relativistic factor at
υ = 6 Hz, nc/nw = 10 and AT = 0.50.

Earth. So we learn that even the minimal presence of such energetic particles having a positive slope of
distribution function and increasing the power of perpendicular thermal velocity increases the growth
rate significantly.

Figure 4 shows the variation of dimensionless growth rate with respect to k̃ for various values of
relativistic factor v/c and other fixed parameters as listed in figure caption. The growth rate is 0.120
for v/c = 0 at k̃ = 0.45, the growth rate is 0.136 when v/c = 0.3 at k̃ = 0.45 and growth rate is
γ/ωc = 0.186 for v/c = 0.6 at k̃ = 0.45. It is inferred that as the velocity of energetic electrons increases
growth rate increases but band width is not shifted. Growth rates are very sensitive to the velocity
spread as mode instability is a matter of wave particle resonance [26]. But the parallel momentum
spread eventually results in a small velocity spread in case of a relativistic beam. So the waves tend to
see a cold beam in parallel direction.

5. CONCLUSION

The effect of relativistic hot electron beam for field aligned Whistler mode waves has been studied in
this paper. The theoretical analyses are based on the assumption of axial symmetry, in the presence of
perpendicular AC electric field to magnetic field. Growth rate increases with increase in AC frequency.
Although the effect of AC frequency is to trigger the instability, but calculations revealed that it also
affects the growth rate. Studies have been performed using perturbative approach along with the method
of characteristic solutions and are valid for comparatively small ambient magnetic field of Uranus, of
the order of nano Tesla, as observed by Voyager 2. Results explain that temperature anisotropy remains
as the main source of free energy when injection of a distribution of particles having a positive slope is
considered. It is shown that even the minimal presence of energetic particles increases the growth rate
significantly, as the number density of hot electrons increases, that is, as the ratio of nc/nw decreases,
growth rate increases. Variation of relativistic factor v/c concludes that as the velocity of energetic
electrons increases growth rate increases for magnetosphere of Uranus. This theoretical study of injection
of hot electrons can be useful for studying the radiation belt particles and natural environment around
Uranus.
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