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Electromagnetic Scattering by Approximately Cloaked
Dielectric Cylinder

Hany M. Zamel® *, Essam El Diwany!, and Hadia El Hennawy?

Abstract—In cloaking, a body is hidden from detection by surrounding it by a coating consisting of
an unusual anisotropic nonhomogeneous material. The permittivity and permeability of such a cloak
are determined by the coordinate transformation of compressing a hidden 2D or cylindrical body into a
line. Some components of the electrical parameters of the cloaking material (g, ) are required to have
infinite or zero value at the boundary of the hidden object. In order to eliminate the zero or infinite
values of the electrical parameters, approximate cloaking can be used by transforming the cylindrical
body virtually into a small cylinder rather than a line, but this produces some scattering. The solution
is obtained by rigorously solving Maxwell equations using angular harmonics expansion. In this work,
the scattering pattern, and the backscattering cross section against the frequency for cloaked dielectric
cylinder are studied for both transverse magnetic (TM,) and transverse electric (TE,) polarizations of
the incident plane wave for different transformed body radii.

1. INTRODUCTION

Recently, the concept of electromagnetic cloaking has drawn considerable attention concerning
theoretical, numerical and experimental aspects [1-7]. One approach to achieve electromagnetic cloaking
is to deflect the rays that would have struck the object, guide them around the object, and return them to
their original trajectory, thus no waves are scattered from the body [1]. In the coordinate transformation
method for cloaking cylindrical bodies, the body to be hidden is transformed virtually into a line, and
this transformation leads to radially nonhomogeneous profiles of anisotropic components of €, p in the
cloaking coating. One problem for the line-transformed cloaks is that some component of the parameters
(e, ) have singularities at the inner boundary. For cylindrical cloak, 4, i, are infinite while €,, 1,
€4, |4, are zero. This requires the use of metamaterials which can produce such values, however, they
are narrow band since they rely on using array of resonant elements (as split ring resonators) [8—11].
To avoid the problem of the infinite or zero material parameters at the hidden body boundary, two
approaches have been studied. The first is removing a thin layer from the inner boundary; however,
cloaking is very sensitive to this removal [12,13]. Another technique is the use of approximate cloaking
by transforming the hidden body virtually into a small object rather than a line, as shown in Fig. 1 [14—
20], and for general finite cylindrical shapes [21], however, this leads to some scattering. The analysis
of this technique shows that certain resonances result due to the transformed small object, a lossy layer
can be used to solve this problem [15,22, 23]. Approximate cloaking with lossy layer can be used to hide
both passive bodies and active sources for electromagnetic scattering [15,22, 23], and also for acoustic
scattering [24]. Special coatings can also be used to enhance cloaking for systems governed by Helmholtz
equation [25, 26].

In this work, the scattering properties of approximately cloaked dielectric cylinder are studies for
both TE, and TM, polarizations as a function of the transformed object radius.

Received 18 January 2014, Accepted 14 March 2014, Scheduled 19 March 2014
* Corresponding author: Hany Mahmoud Zamel (res_ass@yahoo.com).
I Microwave Engineering Department, Electronics Research Institute, Egypt. 2 Faculty of Engineering, Ain Shams University, Egypt.



60 Zamel, El Diwany, and El Hennawy

’

p p
(a) (b)

Figure 1. (a) Virtual domain, (b) actual domain.

2. COORDINATE TRANSFORMATION METHOD FOR CLOAKING — MATERIAL
PARAMETERS OF THE APPROXIMATE CYLINDRICAL CLOAK

Perfect cylindrical cloak can be constructed by compressing the electromagnetic fields in a cylindrical
region p’ < Ry into a cylindrical shell Ry < p < Ry as shown in Fig. 1. The coordinate transformation
relates the radius p’ in the virtual domain to the corresponding radius p in the cloaking material. The
coordinate transformation is p’ = f(p), with f(R;) = 0 for perfect cloaking or f(R;) = ¢ for approximate
cloaking and f(R2) = Re [15], while ¢ and z are kept unchanged, where ¢ is the reduced radius in the
virtual domain. In the principal directions (p, ¢, z in cylindrical coordinates) this transformation leads
to a diagonal Jacobian matrix T [27, 28],

Q 0 0
T=| 0 Q, 0] (1)
0 0 Q:

whose elements are the stretching ratios (Q,, Q,, Q) of the line elements in the principal directions

(%%/, %%, ‘fl—z/ in the cylindrical coordinates) in the virtual domain relative to the actual domain.
The radial and transverse permittivity and permeability of the cylindrical cloak, depending on p,

are given as [1,29]:

Ep _ Hp _ ngQz N f(p) Eo Mo Qsz N pf,(/)) €z _ Mz _ Qchp . f(p) f/(P) (2)

g0 pm Qp  pf'(p) e o Qs flp) e mo Q- p
gp and g, are reciprocals to each other.
A linear transformation is usually used, given for approximate cloaking by (for ideal cloaking
¢ =0) [15,30]:

F(0) =1 = gy o (o = ) Tl ®)

Thus, the permittivity and permeability of the approximate cylindrical cloak are given from the above
equations by:

€p _ Hp _ p(R2—C)+R2(C—R]_) (4)
g Ho p(R2 —c)

eo  po  p(Re—c)+Ra(c—Ry)

e _ pe_ p(Ry—0)"+ Ro(c—Ri)(Ry — ) ©)
€0 Ho p(Ry — Ry)°
At p = Ry:
E_p . Ry (R2 — C) + RQ(C — Rl) C(RQ — Rl) (7)

€0 N Rl(RQ — C) - R1 (R2 — C)
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Ei _ R1 (RQ—C) _ R1 (R2 — C) (8)
€0 R1 (RQ*C)+R2(C*R1) C(RQ — Rl)
. Ri(Re—c) +Ralc—R)(Re—¢)  c(Ro—c)

5 B R1 (RQ — Rl)Q - RI(RQ - Rl) (9)

For approximate cloaking €, p, are proportional to % at p = Ry, while €,, u,, €., pu. are proportional
to c. Thus, for ideal cloaking (¢ = 0), at the inner boundary, e, j, are infinitely large, and the other
components are zero.

At p = RQ,
3 R2 — R1
i = R c (10)
o  (Ra2—c)
i - (Ry—Ry) (11)
&2 (Re—c+(c—R)(Rp—c)  (Rp—c) (12)
€0 (RQ — R1)2 (RQ - Rl)

3. FORMULATION OF THE PROBLEM OF SCATTERING BY A CLOAKED
CYLINDER WITH NONHOMOGENEOUS ANISOTROPIC CLOAK MATERIAL

To study the problem of scattering of a plane EM wave by a cloaked dielectric cylinder, the fields are
expanded in cylindrical harmonics in the different regions (as will be shown) in the actual domain (air,
cloaking shell and dielectric), and the boundary conditions are applied at the interfaces. For normally
incident wave on the cylinder, Maxwell’s equations can be decomposed into TE, (E,, E,, H.) and TM,
(H,, H,, E.) fields w.r.t the axial £ direction. Thus, for TE, fields only px., €, and €, are required
when analyzing scattering. TM, fields require €., p, and p,.

3.1. The Differential Equation for the Axial Field Component in the Cloak Region

Maxwell’s equations for TM, polarization are [31]:

1 d(pH,) OH,
E, = - - 1
Jwezp [ dp dp (13)
1 OE,
H, = —— 14
P jwpep O 14)
1 OE,
H, = - 15
® Jwh 8/) ( )

where w is the angular frequency, j = v/—1. The general wave equation governing the behavior of TM,
fields within a radially nonhomogeneous anisotropic material can be developed by substituting Eqgs. (14)

and (15) into Eq. (13).
b= s Lo ()~ a0 (i 9 ) 10
Jwezp [Op \jwpy, Op O\ Jwhpp Op

Eq. (16) can be rewritten as [31]:

1 o ( p OFE, 1 9 1 OF,

()07 \0) 7)) ()27 \ () >
€0 HO €0 Ho
where kg is the free-space wave number, ky = w,/1p€0. By substituting from Eq. (2) into Eq. (17), we

get:
19 OE.\ | 1 0 (9., o, _
(o) 7 (f 2 8f)+f2(p)8<p(390)+k0Ez 0 (18)

+kE, =0 (17)




62 Zamel, El Diwany, and El Hennawy

Therefore, a suitable solution of the above equation can be expressed as [32]:
B.= [ Fuly (kof (p)) +CoHP (ko (0)] "¢ (19)

where J,, is the nth order Bessel function of the first kind, n is integer, and H,sz) is the nth order Hankel
function of the second kind.

This means that the solution in the actual domain at a radius p is obtained in terms of Bessel
functions with argument corresponding to the virtual domain at the transformed radius f(p).

3.2. The Field Expansions and Application of Boundary Conditions

Figure 2 shows an E, polarized plane wave with amplitude Ey, E* = Eloe*jko"’“"é, incident upon the
coated dielectric cylinder along the & direction. The time dependence of e/*! is suppressed.

X
€My

K

Figure 2. Configuration of scattering of a plane wave by a coated cylinder.

In order to apply the boundary conditions at the cylindrical surfaces, the fields in the different
regions are expanded in terms of cylindrical wave functions with unknown coefficients.

3.2.1. The TM, Case

For a TM, polarized incident plane wave, the incident field can be expressed in terms of cylindrical
waves [33, 34]:

BN = e M B, = By ()" Ju(kop) @™ p> Ry (20)
The scattered field can be expressed as [33, 34]:
E=E,Y" () " AHD (kop)e™  p> Ry (21)

where the scattered field is expressed using the cylindrical Hankel function H,(?)(kop) representing
scattered outgoing waves.
As shown in Eq. (19), the field inside the cloak region can be expressed as:

BE=E, 30 [Fadu(kof (0) +CaHP (hof (0))] & Ri<p< R (22)

where the fields in the cloak region are represented by Bessel and Hankel functions of argument (ko f(p)).
The expansion in the dielectric region is:

E'=3""" Dydu(kap)e™  p< R (23)

where kg is the wave number in the dielectric region, ky= w./oéq-
The boundary conditions are that the tangential components £, and H, are continuous across the
cylindrical interfaces p =Ry and Ry. At p =R, the tangential electric field components F, give:

(B2 + EZ],_p, = [ES] =R,
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()" Jn (koR2) + () " AnHP (ko R2) = FuJy (koRa) +Cn HP) (ko Rz) (24)
The boundary condition for H, is :
[H(anc + H‘;] p=R> - [HSCO] p=Ry’

where H, is obtained from Eq. (15). Thus:
Fy [Jn (k0R2)]/

ko /
+Cy, [Hr(?) (koRQ)}

Jtow

ko
Jlow

df (p)
i (25)

/_ kO

()" [ (koR2)] + e

()" An | HP (ko Ro)|

p=R2

where p, = uoﬁdfd—(pp), Eq. (2), and f(R2) = Re. The primes at the square brackets indicate

differentiation with respect to the argument kop. Thus Eq. (25) becomes:

/
ko N — / 2 ,:| ko Fn [Jn (k0R2)]
: " [T (koR2)] +An | H (koR)| | = —— ' 26
Gy [ o)+ [ R | = 20| 1 iy 1) (26)
Egs. (24) and (26) lead to:
F, = (j)ina Cn= (])771 Ap (27)
Similar conditions are applied at p = R7, which corresponds to p'= c in the cloak region, thus we have:
) =[BE] L B (hoo) + GuHP (ko) = Dy (kaft) (28)
p=R1
ko "1 df (p) kq /
c — Hd Fn Y / o H(Q) - 7 = Dn n 2
=] 5 [ [ (oe)) +Cal HP (oc)| | =21 o T DRI (29)
By substituting for u, from Eq. (2) into Eq. (29), then
oC / 1
% [Fn [y, (koc)] +C [H,gl’)(/foc)} } — — [Dy [Jn (kaR1)]'] (30)
1 Nd

where 7, =, /£2 and g = \/g.
By substituting Eq. (27) into Egs. (28), (30), we get the scattering coefficient A,, (TM, case):
cnadn (kaRy) [Jn (ko)) — RingJn (koc) [Jn (kaR1))

An= @] 2) /
enadu (kaBy) | HiP (ko) | = R HIP (koc) [, (kaRy)

(31)

3.2.2. The TE, Case

The scattering for the TE, case can be obtained by the procedure used above. The incident field H"™*
is given by Eq. (20) by replacing Ey by Hy. The scattering coefficient A,, in Eq. (21) is replaced by B,.
The coefficients F,,, C,, in Eq. (22) are replaced by P,, Sy, respectively. The coefficient D,, in Eq. (23)
is replaced by E,,.
At p = Ro, the continuity of the tangential magnetic field components H, gives:
[Hi+HE) o =[H gy, ()" Jn (koR2)+ ()" BuHL (koRo) = Py (ko Ro)+Sn HP (ko Ro) (32)
From Maxwell equation, F, is given by:
-1 0H,

- Jjwe, Op

v (33)

The boundary condition for E, is:

(B + Bl ,_p, = [BE] g,
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/
—ko N—n / (2) / —ko P, [J (k0R2)] df (p)
Jn (ko R B, |H” (koR =|— - 34
) [ o)l + B [0 | = | 22| 12 m)] | (34)
p=Ro2
where €, = ﬁ% Thus,
!/
i 1 o)) + B, [P Goma)] | = [Pl Goral] 45, [P o) | (39
Egs. (32) and (35) lead to:
P, = (])—n ) Sn= (])—n By, (36)
Similar conditions are applied at p = Ry, which corresponds to p’ = ¢ in the cloak region, thus we have:
oy = [HE] o G)7" T (koe) + ()" BuH P (hoe) = Enln (ha) (37)
—i1
c d
[E@] =R [E :|p R1
—ko df (p) —ka

" = jeqw [En [Jn (del)]/] (38)
p=h1

67" b o0l + 67 B, [12000] | 12

JEpw

By substituting €, in Eq. (38), then

) 1 (o) 467" B, [#2 0] | = na [, 1, o) (39

By solving Eqgs. (37), (39), we get the scattering coefficient B,, (TE, case):
cnodn (kaB) [Jn (ko)) — RingJn (koc) [Jn (KaR1))
!/
ey (kaRa) [HE (ko) | = RingH (koc) [ (KaFfr))

Bp= — (40)

in agreement with [16, 19, 20] that the scattering from the cloaked body is equivalent to that produced
by the body of reduced size with the values of €, ;1 modified using a linear transformation for the region
of the hidden body.

It is to be noted that A,, and B,, are independent of the outer radius Rs. The difference between
the two expressions is in exchanging 1y and 7y. The expressions for A, and B, can lead to resonance
behavior [15, 18].

For ¢ = R, these coefficients are the same as the solution for scattering by a dielectric
cylinder [34, 35]. The mode series is truncated at the mode number npax = koR2 + 5 [36].

4. THE SCATTERING WIDTH

For the 2-D scattering problem, the scattering width o(¢), which is referred to as the scattering cross
section per unit length, is defined as [35]:

B @) _,

H (0)]?
“ 2 pl (o)l

|Hif?
The scattering width o(¢) defines the scattering in an arbitrary direction (for forward scattering ¢ = 0°,

for backscattering ¢ = ).
For TM, case [35]:

o(p) = lim 2mp

p—00 |E?

(41)

Y S ——

For TE, case [35]:
2
k() ‘Zn 0 “n ncos(ngo)’
1, forn=20

where the Neuman number ¢, = { 9 forn—=1.2.3 .



Progress In Electromagnetics Research B, Vol. 59, 2014 65

5. LOW FREQUENCY ASYMPTOTIC SCATTERING

For electrically small dielectric cylinder with kyR;<< 1 and koc < 1, an approximate solution can
be obtained by keeping only the first terms of the field expansions by using the small — argument
approximations [37]:

2 d —2j
Jo(z) =1, HP(z)=1 <ln +0. 5772) W) ===, SHP ) =222l () 22,
2 dz mZ 2 (44)
(2) o~ —2j / g} i (2) 2_2]'
( )_ Tz Jl(z) _27 dZHl (Z)_TFZQ’ when z — 0

5.1. Scattering Widths for Cloaked Dielectric Cylinder
The coefficients for the first terms of the dielectric cylinder, Egs. (31), (40), are found as:

k
50 (Rie,—c?)
Ag ~ 5 e 2 , (er = €q/€0) (45)
L R%, [ 1-=21n(0.8905k
ko 2 ( T n OC))
For Rig, > c?
-1
_y ( 2 4 In(0.8005k c)>
. 0
k3R3e,
Also: L
_—— (Rf — 02)
By~ —5-— 2 5 (47)
=2y SRl <1 A (0.8905koc)>
ko T
For R? > c?
—1
Bo ~ 2] 5 (48)
1-——= (k2R2 +In (0.8905k:0c)>
Also:
kic’me, —1
By~ 0T B 49
1R < B (49)
Thus, the backscattering widths are given by:
4 1
o(p=m) & = 5 5 (TM,, case) (50)
0
4 1
olp=m) = — (TE, case) (51)
ko 4

9 2
1+ — ( R + In (0. 8905k0c))

We can conclude that, the effect of ¢ is small on the behaviour of the scattering width for TE, and TM,
cases for the dielectric cylinder at low frequencies.

6. RESULTS

Normalized bistatic scattering pattern and backscattering versus frequency are studied with Ry = 2R;.
For the bistatic scattering R} = .
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6.1. Scattering by a Cloaked Dielectric Cylinder

For scattering by a cloaked dielectric cylinder, we consider cylinders with relative permittivities of 4
and 8. Figs. 3, 4 show the normalized bistatic scattering width (o/R;) for a cloaked circular dielectric
cylinder versus ¢ with a relative permittivity of 4 with three different radii ¢ for TE, and TM, cases,
respectively. The scattering decreases as ¢ decreases. The scattering from the cloaked cylinder in certain
directions may be higher than the scattering from the dielectric cylinder at the angles where the latter

scattering is low.

20 20

------ Dielectric_Cylinder_TE_Case
-¥—% Approximate_c=R1/10

. A~/ Approximate_c=R1/20
PP 10
10 N ——— Approximate_c=R1/40

------ Dielectric_Cylinder_TM_Case
-k—¥ Approximate_c=R1/10
A—A- Approximate_c=R1/20
——— Approximate_c=R1/40

/R, (dB)
/R, (dB)

20 ;
-20 -30
0O 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
¢ (degree) ¢ (degree)

Figure 3. Normalized bistatic scattering width Figure 4. Normalized bistatic scattering width
for a cloaked circular dielectric cylinder, €, = 4 for a cloaked circular dielectric cylinder, ¢, = 4
(TE, case). (TM,, case).

Figures 5, 6 show the normalized backscattering width (o/mR;) for a circular dielectric cylinder
versus the normalized frequency koR; with a relative permittivity of 4 with three different radii ¢ for
TE, and TM, cases, respectively. At higher frequencies the scattering decreases as ¢ decreases. The
cloaked dielectric cylinder produces larger scattering than the uncloaked cylinder in a range of low
frequencies.

20 20

o

<}

c

\t:

o

: - - -40 - - -
60 |- Dielectric_Cylinder TE_ Case| | —|e=---- Dielectric_Cylinder_TM_Case
—%—¥ Approximate_c=R1/10 —%—¥k Approximate_c=R1/10
A/ Approximate_c=R1/20 A~/ Approximate_c=R1/20
80 ——— Approximate_c=R1/40 60 ——— Approximate_c=R4/40
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

ko Ry ko Ry

Figure 5. Normalized backscattering width for Figure 6. Normalized backscattering width for a
a cloaked circular dielectric cylinder, e, =4 (TE, cloaked circular dielectric cylinder, e, = 4 (TM,

case). case).
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Figure 7. Normalized bistatic scattering width
for a cloaked circular dielectric cylinder, e, = 8
(TE, case).
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Figure 8. Normalized bistatic scattering width
for a cloaked circular dielectric cylinder, e, = 8

(TM,, case).

Figures 7, 8 show the normalized bistatic scattering width (¢/R;) for a circular dielectric cylinder
versus ¢ with a relative permittivity of 8 with three different radii ¢ for TE, and TM, cases, respectively.

From Figs. 7, 8, we can conclude that the normalized bistatic scattering width is nearly constant
with increasing ¢ for different values of ¢ for the used operating dimensions.

Figures 9, 10 show the normalized backscattering width (o/mR;) for a circular dielectric cylinder
versus koR; with a relative permittivity of 8 with three different radii ¢ for TE, and TM, cases,
respectively. The scattering behavior is similar to that for e, = 4, except that the number of resonances

increases as the relative permittivity increases.

20

------ Dielectric_Cylinder_TE_Case
—%—¥ Approximate_c=R1/10
A—A- Approximate_c=R1/20
——— Approximate_c=R1/40

0 2 4 6 8 10 12 14
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Figure 9. Normalized backscattering width for
a cloaked circular dielectric cylinder, €, = 8 (TE,
case).
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Figure 10. Normalized backscattering width for
a cloaked circular dielectric cylinder, €, = 8 (TM,,
case).

6.2. Permittivity and Permeability Profiles in the Cloak Region

Figures 11-13 show the values of the material parameters in the cloaking material for perfect cloaking
(¢ = 0) and two different radii for approximate cloaks, Eqgs. (4)—(6), with Ry = 2R;. For the ideal
case, the value of the relative permittivity €, at the inner boundary approaches infinity, Eq. (8), but for
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€¢_ Ideal (c=0)
—-=-— &¢_Approx_c =R1/20
""" €¢_ Approx_c =R1/40

Relative ¢

1 1.2 1.4 1.6 1.8 2
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Figure 11. Relative permittivity component e, versus the radius in the cloaking region.
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Figure 12. Relative permittivity component £, Figure 13. Relative permeability component s,
versus the radius in the cloaking region. versus the radius in the cloaking region.

approximate cloaking the value of €, at the inner layer is finite (39 for ¢ = R;/20 and 79 for ¢ = R;/40),
Eq. (8), as shown in Fig. 11. For ideal cloak (¢ = 0), ¢, is zero at the inner boundary, Eq. (7), but
for approximate cloaking the value of the relative permeability ¢, is finite (0.026 for ¢ = R;/20 and
0.013 for ¢ = R;/40). Also, for ideal cloak (¢ = 0), p, is zero at the inner boundary, Eq. (9), but for
approximate cloaking the value of the relative permeability i, is finite (0.0975 for ¢ = R;/20 and 0.0494

for ¢ = Ry/40).

7. CONCLUSION

In this work, the scattering from a cloaked dielectric cylinder is studied for both TE, and TM, cases for
anisotropic nonhomogeneous cloaking profiles. For cloaked dielectric cylinder, the scattering expressions
for the TE, and TM,, cases are the same except for exchanging ng and 74. The low frequency asymptotic
expressions show that the effect of ¢ is small on the behaviour of the scattering width for TE, and TM,
cases for the dielectric cylinder.

For a cloaked dielectric cylinder the scattering decreases as ¢ decreases at higher frequencies. The
cloaked dielectric cylinder produces larger scattering than the uncloaked cylinder in a range of low
frequencies. The scattering behaviour for cloaked dielectric cylinders show resonances, with the number
of resonances increasing as the relative permittivity increases.
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