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A Dual Grating Waveguide Structure for Wakefield
Acceleration at THz

Ganeswar Mishra and Geetanjali Sharma*

Abstract—A dual grating waveguide accelerator structure is investigated and compared with the
dielectric wakefield accelerator at THz frequencies. In a dielectric wakefield accelerator, thinner liners
for a given current and liners having lower dielectric constant are not preferable due to the fact that
they generate much lower axial wakefields. This limits the operation of the device at THz. On the other
hand, it is shown that a grating waveguide is tuned at THz with shallower slot heights with competitive
wakefield gradients than a dielectric wakefield accelerator.

1. INTRODUCTION

As advanced accelerator concept, wakefield acceleration of charged particles in slow wave structure
waveguides attracts much interest. In this scheme relativistic charged particle bunch excites
electromagnetic wakefields in a slow wave structure waveguide. The wakefield is then used to accelerate
a second trailing group of particle bunch to very high energies. There are two important wakefield
accelerator concepts depending on the use of slow wave structure waveguide. A plasma wakefield
accelerator [1–3] uses a plasma loaded waveguide. This is an electrostatic accelerator in which the
accelerator mode is a large amplitude plasma wave. The dielectric wakefield accelerator [4–10] is the
second one which uses a dielectric lined waveguide for wakefield acceleration. This is an electromagnetic
accelerator that operates on the principle of Cerenkov radiation. Both the concepts have distinct
advantages and disadvantages. The plasma supports large electric fields through ionization. This is
the most attractive feature of the plasma wakefield accelerator. The second advantages of plasma
wakefield accelerator is that it is a single mode device. This means that all the energy of the drive
beam goes to the single mode giving rise to an efficient device. The disadvantage of plasma wakefield
accelerator is its lower transform ratio in the high density regime of the plasma. On the other hand, the
dielectric wakefield accelerator is a multimode device and requires suppression of higher order modes
for the device to be as efficient as plasma wakefield accelerator. The effects of liner fluctuations are
some other technical constraints of the dielectric wakefield accelerator. The advantage of the dielectric
wakefield accelerator is that it operates at a much lower frequency than the plasma wakefield accelerator
that is suitable for obtaining large transformer ratio through a desired pulse shaping. Ferrite loaded
waveguide was also proposed for wakefield acceleration [11–13] as an alternative to dielectric wakefield
acceleration. However, the ferrite loaded waveguide was more susceptible to dielectric breakdown and
less popular in comparison to dielectric wakefield accelerator. It has been suggested to use metal grating
waveguide as slow wave structure for beam wave interaction. When the grating waveguide is used as
a slow wave structure, the radiation is Smith-Purcell Effect [14]. The effect has been effectively used
to devise a laser known as Smith-Purcell free electron laser [15–19]. The grating guide is used in a
variety of configurations. Improved performance from the grating waveguide has been extricated with
sidewalls and dual grating structure [20–22]. The grating based FEL (i.e., Free Electron Laser) has
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been devised in two beams [23] with Bragg-gratings at the end [24] and in two-stage configuration [25].
In a grating waveguide, a mode exists, for which there is an electric field component in the direction
of beam propagation, i.e., the relativistic beam interacts with the TM mode of the waveguide. The
grating waveguide is a periodic structure, so the electric field is composed of space harmonics which
have periodicity of the grating according to the Floquot’s theorem. The axial electric field can be
represented as,

Ez (x, z, t) =
∑
n

Ezn (x) exp {i (knz − ωt)}, kn = k − 2nπ/l

where kn is the wave number of the mode, ω the angular frequency of the mode, and l the grating period.
If one of the space harmonics has a phase velocity approximately the same as the electron velocity (i.e.,
ω = knv), then the axial electric field can work on the electron beam, and stimulated emission occurs
as the basis of the Smith-Purcell FEL.

In this paper, we propose dual grating waveguide for wakefield acceleration as an alternative
application and compare the results with the conventional dielectric wakefield accelerator [26, 27].
The grating wakefield acceleration is very similar to dielectric wakefield accelerator, eliminates the
disadvantage of dielectric breakdown, and can carry large amplitude beam current. In this device, the
fundamental accelerating mode is the TM waveguide mode of the grating guide. The proposed grating
wakefield accelerator is an electromagnetic accelerator that operates on the principle of Smith-Purcell
radiation. In this paper, we derive the Fourier transformed wave equations using Maxwell’s equations.
The solutions of the wave equations are obtained in different regions of the dual grating-beam loaded
waveguide. We use appropriate boundary conditions at the beam-vacuum-grating interface to derive the
wakefield amplitude and frequency of the TM mode excited in the waveguide. The results are analyzed
in compared with dielectric lined wakefield accelerator.

2. WAKEFIELD AMPLITUDE

The slow wave supporting structure of the proposed grating wakefield accelerator is a double-grating
waveguide structure (Fig. 1). In Fig. 1, d is the slot width, h the slot height, and l the grating period.
It is assumed that the waveguide dimensions are infinite in the y-dimension. There is a beam-grating
gap in the region x0 < x < a. The electron beam has been chosen to be rectangular in shape with
height 2x0. It is confined in the region −x0 < x < x0. Such a beam distribution in x direction can be
described by a current source of the form

~j = ẑρ0vδ (z − vt) {Θ(|x0| − x)}
However, due to symmetric nature of the waveguide under consideration, appropriate boundary
conditions are required on electric and displacement field vectors for either the upper or lower half
of the waveguide to derive the dispersion relation of the waveguide. Hence it is appropriate to consider
that the wakefield accelerator is driven by a charge and current density of the form,

ρ = ρ0δ (z − vt)Θ (x0 − x) ~j = ẑρ0vδ (z − vt)Θ (x0 − x) (1)

The current propagates along z-axis of the dielectric wakefield accelerator with electron velocity v,
beam half width x0, and charge density ρ0. In general, x0 ¿ a. From the linearized fluid and Maxwell

Figure 1. Schematic of grating wakefield accelerator.
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equations, we write the wave equation for the nth axial field component of the TM mode

∂2 ~E

∂x2
+

∂2 ~E

∂z2
− 1

c2

∂2 ~E

∂t2
= 4π∇ρ− 4π

c2

∂~jb

∂t
(2)

Assume that the time dependency for the axial electric field Ez is,

Ezn (x, z, t) =
1

2πv

+∞∫

−∞
Ez (x, ω)ei(ω/v)(z−vt)dω

And use

δ (z − vt) =
1

2πv

+∞∫

−∞
ei(ω/v)(z−vt)dω

We have following Fourier transformed wave equation,
[

∂2

∂x2
− ω2

v2

(
1− v2

c2

)]
Ezn (x, ω) =

4π i vρ0

ωγ2
(3)

where γ2 = 1/1− (
v2/c2

)
is the relativistic factor and v the velocity of the drive beam.

In the beam-grating vacuum gap, the wave equation is written as,
[

∂2

∂x2
− ω2

ν2

(
1− v2

c2

)]
Ezn (x, ω) = 0

The solutions for the axial electric field in the different regions of the waveguide may be written as,

EI
zn (x, ω) =

−4πiρ0

ω/ν
+ A cosh

(
ωx

νγ

)
(x < x0) (4a)

EII
zn (x, ω) = B cosh

(
ωx

νγ

)
+ C sinh

(
ωx

νγ

)
(x0 < x < a) (4b)

In the slot region, the wave equation is solved by assuming that the field is standing wave solutions.
Following Garate et al. [15], the solution reads,

EIII
zn (x, ω) =

∑
m

sin [qm {x− (a + h)}]
{

Dm cos
(mπz

d

)
+ Em sin

(mπz

d

)}
(4c)

where
q2
m =

{(
ω2/c2

)− (mπ/d)2
}

Eq. (4c) automatically satisfies the boundary condition that at x = −(a + h), EIII
z (x, ω) = 0

Assuming that the grating period is much less than the radiation wavelength, i.e., l ¿ λ, then the
axial electric field will not change much over the slot width. Hence the expression for the axial field can
be approximated by m = 0 term.

EIII
zn (x, ω) = D sin [q {x− (a + h)}] , q2 = ω2/c2, (d < z < l; a < x < a + h) (4d)

Eq. (4a), Eq. (4b) and Eq. (4d) are the respective solutions in the beam region, beam-grating gap and
in the slot. It is appropriate to mention here that we use a notation that p2 = ω2/v2, and subsequently
in the limit ν ≈ c, we use p2 = k2

n = ω2/c2. Keeping this in mind, appropriate boundary conditions are
used to derive the expression for the wakefield amplitude.

Using boundary conditions at the beam-vacuum interface, i.e., at, x = x0, i.e., EI
zn = EII

zn &
DI

xn = DII
xn, we get,

−4πiρ0

p
+ A cosh

(
px0

γ

)
= B cosh

(
px0

γ

)
+ C sinh

(
px0

γ

)
(5a)

A sinh
(

px0

γ

)
= B sinh

(
px0

γ

)
+ C cosh

(
px0

γ

)
(5b)
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Using boundary conditions at the vacuum-grating interface, i.e., EII
zn|x=a, along d = EIII

zn &
B̄beam

yn |x=a, along d = BslotI
yn , we get,

−D sin
(

pvh

c

) (
d

l

)
sin (knd/2)

(knd/2)
= B cosh

(
pa

γ

)
+ C sinh

(
pa

γ

)
(6a)

D cos
(

pvh

c

)
=

(−pv

c

)(
γ

p

)
sin (knd/2)

(knd/2)

[
B sinh

(
pa

γ

)
+ C cosh

(
pa

γ

)]
(6b)

Eqs. (6a) and (6b) can be used to get a relation between B and C as,

B = Λ2C (7)

where

Λ2 =
Λ1 cos h

(
pa

γ

)
− sinh

(
pa

γ

)

cos h

(
pa

γ

)
− Λ1 sinh

(
pa

γ

) (8)

Λ1 =
(pv

c

)(
γ

p

)(
d

l

)
sin2 (knd/2)

(knd/2)2
tan

(
ωh

c

)
(9)

Using Eq. (7), we rewrite Eqs. (5a) and (5b) as,

−4πiρ0

p
+ A cosh

(
px0

γ

)
= C

[
Λ2 cosh

(
px0

γ

)
+ sinh

(
px0

γ

)]
(10a)

A sinh
(

px0

γ

)
= C

[
Λ2 sinh

(
px0

γ

)
+ cosh

(
px0

γ

)]
(10b)

Eqs. (10a) and (10b) give the value of A as,

A =
4πiρ0

p

[
Λ2 sinh

(
px0

γ

)
+ cosh

(
px0

γ

)]
(11)

Eq. (11) helps to write the wakefield amplitude as,

EI
z (x, p) =

−4πiρ0

p

[
1− cosh

(
px0

γ

)
cosh

(
px

γ

)]

+
4π iρ0

p
cosh

(
px

γ

)
sinh

(
px0

γ

)



γb cosh
(

pa

γ

)
− sinh

(
pa

γ

)

cosh
(

pa

γ

)
− γb sinh

(
pa

γ

)


 (12a)

where

b =
d

l

v

c

sin2 (knd/2)
(knd/2)2

tan
(

ωh

c

)
(12b)

Since most wakefield accelerators use drive beam with v ≈ c, taking limit v → c Eq. (12) becomes,

EI
z (x, p) = 4πiρ0x0

d

l

(
sin2 (knd/2)

(knd/2)2

)



sin (ph)

cos (ph)− (d/l) pa

(
sin2 (knd/2)

(knd/2)2

)
sin (ph)


 (13)

The denominator in Eq. (13) is the dispersion relation of the grating waveguide, p = kn = ω/c
when v → c. To rewrite time-dependent axial wakefield inverse Fourier transforming Eq. (13) and then
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solving the integral as contour integral, we get time-dependant axial wakefield as

EI
zn (x, z, t) = −4πρ0x0

d

l

∞∑

n=0




sin (ph)
(

sin2 (pd/2)
(pd/2)2

)

D (a, d, h, p)


 cos [pm (z − ct)] (14)

where

D (a, d, h, p) = −
[
hpa

d

l

(
sin2 (pd/2)

(pd/2)2

)
cos (ph) +

{
a
d

l

(
sin2 (pd/2)

(pd/2)2

)
+ h

}
sin (ph)

]
(15)

Writing the asymmetric current pulse distribution as,

~j (x, z − ct) = ẑρ0cδ (x0 − x)Θ (L− s) (s/L) (s = z − ct)

Here ‘L’ is pulse length, and ρ0c defines the peak beam current density. Now using the convolution
theorem,

EI
z (x, y) =

UL∫

0

dy′j
(
x, y′

)
G

(
x, s− y′

)

Here, G (x, s) defines the field generated for a delta function current distribution, δ (y), given by Eq. (14)
in our case. The upper limit of integration, UL = s if s < L, and UL = L if s > L. We consider only
the wakefield generated behind the beam (s > L). The axial wakefield in a GWFA is,

EI
zn (x, z−ct) =

L∫

0

∞∑

m=0

−4πρ0x0
d

l

(
sin2 (pd/2)

(pd/2)2

)[
sin (ph)

D (a, d, h, p)

]
cos

[
pm

(
s−y′

)](y′

L

)
Θ

(
L−y′

)
dy′ (16)

where s = z − ct, Assuming the pm À 1

EI
zn (x, z − ct) =

∞∑

m=0

4πρ0x0
d

l

(
sin2 (pd/2)

(pd/2)2

)
sin (ph)

D (a, d, h, p) p
cos (pms + δm) (17)

where δm = π
2 − pmL, πρ0x0c = I for current per unit length, Eq. (17) can be written as,

EI
znc

4I
=

∞∑

n=0

d

l

(
sin2(pd/2)
(pd/2)2

) 
 sin (ph)

p
[
hpad

l

(
sin2(pd/2)

(pd/2)2

)
cos (ph)+

{
ad

l

(
sin2(pd/2)

(pd/2)2

)
+h

}
sin (ph)

]



cos(pms+δm) (18)

Denoting p̄ = pl, h̄ = (h/l), d̄ = (d/l) and ā = (a/l) as normalizing quantities,

EI
znc

4I
=

∞∑

n=0

d̄

(
sin2

(
p̄d̄

/
2
)

(
p̄d̄

/
2
)2

)



sin
(
p̄h̄

)

p̄

[
h̄p̄ād̄

(
sin2(p̄d̄/2)
(p̄d̄/2)2

)
cos

(
p̄h̄

)
+

{
ād̄

(
sin2(p̄d̄/2)
(p̄d̄/2)2

)
+ h̄

}
sin

(
p̄h̄

)]




cos (pms + δm) (19)

3. RESULT AND DISCUSSION

A theoretical work has been presented to analyze and calculate the wakefield amplitude and frequency
in a grating wakefield accelerator. The analysis involves calculation in a dual planar grating facing each
other and parallel to the axial electron beam. Fig. 2 displays the dispersion curve of the TM01 mode
of the dual-grating waveguide for fixed beam-grating gap and grating width. The curves are plotted
for varying slot heights. The dispersion relation is plotted of the TM01 mode of the grating guide for
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Figure 2. Dispersion curve of the TM01 mode of
grating waveguide.
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Figure 3. Normalized frequency versus grating
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n = 0 space harmonic (0 < kl < π) and n = −1, (π < kl < 2π) radiation field space harmonic. The
dispersion curves move upward and approach the light line for shallower slot heights. Fig. 3 gives the
normalized wakefield frequency, i.e., ωl/c for the lowest TM01 mode as a function of the normalized slot
heights. The grating period is the normalizing parameter. It has been seen for three values of a/l, i.e.,
a/l = 5.0, 10.0, 15.0, where a is the distance of the grating surface from the waveguide axis. As the
slot height increases, the wakefield frequency decreases. For a fixed slot height, the wakefield frequency
decreases for increased beam-grating gap. Eq. (19) is the derived analytical formula for the normalized
wakefield amplitude. It can be further analytically discussed under the assumption that the grating
period is much less than the wave length, i.e., l ¿ λ. Under this approximation, we substitute sin θ ≈ θ
and cos θ ≈ 1 and rewrite Eq. (18) as, for Ēzg = (Ezc/4I)

Ēzg =
1

ωl

c

(
2a

l
+

h

d

(knd/2)2

sin2 (knd/2)

) (20)

Equation (20) gives a transparent understanding of the wakefield accelerator in grating waveguide
in terms of grating parameters. The wakefield amplitude decreases for deeper slot heights and increases
for shallower slots for a fixed beam grating separation. For fixed slot heights, the decrease of the
beam grating separation results with increased wakefield amplitude. The grating wakefield amplitude is
inversely proportional to the wakefield frequency. In Fig. 4, we plot the normalized wakefield amplitude
versus grating slot heights. It is observed that for closed beam grating gap, the wakefield amplitude
falls rapidly with variation of the slot heights in comparison with larger beam grating separation. In
Fig. 5, the wakefield frequency is plotted for typical parameters of slot width, slot heights, beam grating
separation for grating period 100–200µm range, and slot heights in 10–20µm range. The grating
waveguide is a useful THz wakefield accelerator. The dielectric liner wakefield accelerator is analyzed
in detail by Sharma et al. [26] in a dual slab structure and by Garate and Fisher [27] in a cylindrical
structure waveguide. It is shown that thin dielectric liners result in substantially lower wakefields than
thicker liners and are not preferable in a dielectric wakefield accelerator. To compare the present results
with previous results by Sharma et al. [26],

Ēzd =
√

ε− 1 sin (u (b− a))√
ε− 1p {ua (b− a) cos (u (b− a)) + a sin (u (b− a)) + ε (b− a) sin (u (b− a))} (21)

where, Ēzg = (Ezc/4I), when u = p
√

ε− 1, (b − a) is the dielectric thickness, and b and a are the
outer and inner half width of the dielectric liner. (a− x0) is the beam-dielectric gap and 2x0 the beam
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height. Under the approximation that the dielectric liner thickness is smaller than the wavelength, i.e.,
(b− a) ¿ λ, Eq. (21) is written as,

Ēzd =
1(

ω (b− a)
c

){
2a

(b− a)
+ ε

} (22)

Eq. (22) of the dielectric wakefield amplitude is analogous to Eq. (20) in terms of liner parameters. The
variation of the dielectric wakefield frequency versus dielectric liner ratio is shown in Fig. 6 for ε = 2
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and a = 1 mm. For closer gap between beam and inner dielectric liner, the wakefield frequency is highly
sensitive and shows a steep enhancement at thinner liner. As the liner thickness increases, the wakefield
frequency moves away from the THz range. In Fig. 7, we plot the wakefield frequency versus dielectric
liner thickness for ε = 2 and a = 1mm. The variation in wakefield amplitude with liner thickness is
shown in Fig. 8. The expressions in Eq. (20) and Eq. (22) allow us to write,

Ēzg

Ēzd
=

fd {2a + ε (b− a)}
fg {2a + (hl/d)} (23)

fd and fg are the dielectric and grating wakefield frequency, respectively. For material consideration,
i.e., ε > 1, the dielectric wakefield accelerator operates below THz, and for fg > fd, we have Ēzg < Ēzd.
For physical parameters considered here, we have c

4Ezd = 0.23I and c
4Ezg = 0.03I. One needs higher

beam currents in a grating structure than a dielectric liner structure to drive the same accelerating
gradient wakefield at THz.

4. CONCLUSION

In this paper, we analyze the wakefield acceleration in a grating waveguide slow wave structure. It is
shown that the accelerator is easily tuned at THz frequency. The results are compared with a dielectric
wakefield accelerator. Dielectric wakefield accelerator gives larger axial wakefield for a lower dielectric
constant liner for a given geometry. However, thinner liners are not preferable in dielectric wakefield
accelerator, as they drive much lower wakefield [27] for a given current. This limits the application of
dielectric wakefield accelerator towards THz range. Therefore, it is shown that the application of grating
wakefield device as a practical accelerator is possible at THz without the disadvantages of a dielectric
breakdown associated with a dielectric wakefield accelerator. The grating wakefield accelerator shares
important analogies with both the dielectric wakefield accelerator and plasma wakefield accelerator.
Just like the dielectric wakefield accelerator, it is an electromagnetic device driven by the waveguide
mode. The plasma wakefield accelerator is a electrostatic accelerator driven by electron plasma wave.
The grating wakefield accelerator shares an analogy with plasma wakefield accelerator in the sense
that grating wakefield accelerator is too a single mode device expected to be as efficient as the plasma
wakefield accelerator. In a dielectric wakefield accelerator, the drive beam propagates in vacuum very
close to the vacuum-dielectric interface. A sufficient high wakefield amplitude results in creating a
plasma due to dielectric ionization that short out the wakefield. This imposes an upper limit on the
maximum accelerating gradient [28]. The accelerating gradient of the dielectric wakefield accelerator
must be below the breakdown field of the dielectric material. The grating wakefield accelerator being a
metallic grating surface does not suffer from dielectric breakdown.
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