
Progress In Electromagnetics Research C, Vol. 56, 183–193, 2015

Design of a Broadband Right-Angled Bend
Using Transformation Optics

Mozhdeh Mola* and Alireza Yahaghi

Abstract—A right-angled waveguide bend using conformal transformation optics is proposed which
guides the input electromagnetic wave smoothly through the waveguide, reduces the reflections and
broadens the bandwidth of the device significantly. The isotropic material parameters are obtained
through solving Laplace’s equations with Dirichlet and Neumann boundary conditions. It is shown
that the performance of the proposed bend is mainly determined by refractive indices lower than one.
Utilizing this, the approximated resulting medium is implemented by drilling hole arrays in a dielectric
background. In order to take advantage of planar technology, it can be implemented in a substrate
integrated waveguide.

1. INTRODUCTION

Transformation optics (TO) has attracted remarkable attention in many fields, including physics,
mathematics and many branches of engineering. TO is a powerful tool for creating novel electromagnetic
(EM) and optical devices with a variety of unconventional properties. The fact that mapping on the
metric of space can be translated into a change on constitutive parameters was considered almost
a century ago [1, 2]. For example, coordinate transformation was frequently employed in design of
perfectly matched layers (PML) in various coordinate systems [3, 4]. Some of TO’s applications in
computational EM are addressed in [5, 6]. TO was applied to design a cloaking device for the first
time in 2006 [7, 8]. While cloaking is transforming an object to a point, the concept of transforming
a certain PEC object to another shape, and extending the idea of cloaking to reshaping objects in
EM scattering was first introduced by [9, 10]. TO is a technique to control and manipulate EM
fields with a high degree of flexibility. In this method, a coordinate transformation corresponds to
an inhomogeneous and anisotropic medium. This material interpretation is derived from the fact that
the form of Maxwell’s equations are invariant under coordinate transformation with altered coefficients
for material parameters. This means that the desired field distribution is designed in a virtual curved
coordinate and it is acquired in a flat Cartesian coordinate, filled by a proper transformation medium
whose material parameters are completely specified by the transformation definition. Even though TO
is mainly well known for cloaking, it has several applications other than invisibility. Since 2006, a large
number of innovative EM devices have been proposed; including field rotators [11–13], concentrators [14–
16], splitters [12], beam bends [17–24], antennas [25, 26] and imaging systems [27–29], but few of them
are experimentally realized due to the requirement of implementing simultaneously anisotropic and
inhomogeneous electric permittivity and magnetic permeability resulted from traditional TO. Although
metamaterials have the capability of exhibiting a wide range of permittivity and permeability, including
extreme values, they often suffer from a resonant response which leads to an extremely narrow band
and unavoidable losses [30].
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Many efforts have been made to simplify these material parameters [31, 32]. There are some
major approaches for yielding simple constitutive parameters. The first and most straightforward
method is to make approximation to the obtained design to achieve material simplicity [31]; the second
method is to apply numerical optimization techniques that begins with transformation design, to find
realizable material parameters [33]. The third procedure uses the degrees of freedom associated with
the transformation itself which is applied in this paper.

Since there are a large number of transformations that exhibit same functionality, one can choose
an appropriate transformation that minimizes the anisotropy. A numerical technique based on quasi-
conformal mapping was first introduced by Pendry and Li [32] which results in an approximately
isotropic carpet cloak with a broadband behaviour. Besides, strict conformal mapping gives rise to
ability of steering EM field in a pre-determined way using isotropic material [34]. After establishment of
these methods as subsets of general TO, many new quasi-conformal and strict conformal transformation
based devices have been proposed [35–38].

Waveguide bends are important components which are used to change direction of propagation
and to interconnect straight waveguides and input/output ports. They have also applications in
multiplexers [39], microwave filters [40], radar seekers and satellite communication systems [41].
Waveguides are the most efficient way to transfer EM energy with minimum radiation losses, but
any abrupt changes in their size or shape such as bending, excites higher order modes, which restrict
the bandwidth. To overcome this difficulty, waveguide bends with long radius of curvature can be
used. However, due to space limitations, compact waveguide bends are desired. There are some other
common methods for improving waveguide bends’ performance like putting metallic post [42], rounding
the outer corner or chamfering it [43], but all these methods are narrow band and can improve the
transmission characteristics only in the single-mode operation’s bandwidth. Therefore, designing a
compact waveguide bend with low reflections and broad bandwidth is of great importance.

Extending TO to the design of waveguides and utilizing anisotropic metamaterial layers based on
coordinate transformation for improving waveguide characteristics [44] and in particular for reflectionless
waveguide bends [45] were first introduced in 2007 and 2008, respectively. TO can contribute to
a novel perspective on wave guiding and upgrading traditional waveguides. There are three kinds
of TO waveguide bends based on different mappings. First, non-conformal mapping [46] which is
the most general one and normally leads to inhomogeneous, anisotropic and magnetic materials.
Although metamaterials provide a wide range of material parameters, they usually have usually resonant
characteristics which result in narrow band and lossy response. As a result, because of implementation
difficulties, the obtained bend is approximated to a nonmagnetic material [47] or homogeneous and
isotropic material but with negative refractive index [48] or some alternating layers of anisotropic
materials [49]. These approximations generally degrade the performance of the designed bend. The
second one is conformal mapping [50] that provides the design with isotropic materials. The last one
is quasi-conformal mapping [32] which is a compromise between two above mentioned methods. It
minimizes the anisotropy of the original material parameters to yield approximately isotropic material.

Furthermore, recently, substrate integrated waveguide (SIW) technology has been proposed with
low radiation losses, high quality factor and high power capacity. It consists of periodic arrays of
metallic posts embedded in a substrate with metallic shields on the top and bottom to mimic the
walls of a rectangular waveguide. It has the advantages of both traditional rectangular waveguides and
microstrips. This structure has a smaller size than rectangular waveguides and can be simply realized
on a printed circuit board with low cost fabrication techniques [51].

In this paper, by taking advantage of strict conformal transformation and SIW technology, an
implementation procedure for realizing a broadband right-angled waveguide bend with negligible
reflection is proposed. The challenging part is to realize the inhomogeneous isotropic material with
relatively large range of refractive indices. Based on effective medium theory, the designed waveguide
bend can be realized by drilling hole arrays in the substrate.

2. DESIGN OF A BROADBAND RIGHT-ANGLED WAVEGUIDE BEND

A two-dimensional conformal transformation has been proposed to design a reflectionless bend for TE
polarization in [36]. To determine the required conformal transformation, a straightforward numerical
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technique has been proposed, which is performed by solving two Laplace’s equations. According to
Riemann mapping theorem, any quadrilateral can be mapped to a rectangle with the same conformal
module. The conformal module for a rectangle is defined by its length to width ratio. As it is explained
in [36], to avoid mixed boundary conditions, the inverse conformal transformation is derived by solving
following Laplace’s equation with classical boundary conditions (Dirichlet’s and Neumann’s boundary
condition) applied on physical domain:

η|Γ1 = 0, η|Γ3 = a and �n · ∇η|Γ1,Γ3 = 0 (1)

for function η(x, y) and
ξ|Γ1 = 0, ξ|Γ3 = aM and �n · ∇ξ|Γ2,Γ4 = 0 (2)

for function ξ(x, y), where (η, ξ) denotes the virtual Cartesian coordinate system, (x, y) the physical
Cartesian coordinate system (Figure 1), M the ratio of two sides of the rectangle in virtual domain
which is calculated by M = 1/a

∫
Γ4

|∂η/∂n|ds, a = Γ′
1 a scaling factor (Figure 1), and �n the outpointing

normal vector to the boundaries.

(a) (b)

Figure 1. (a) Physical domain. (b) Virtual domain.

Finally, the constitutive parameters of the physical space are calculated by:

ε =
εr

det Λ′−1
=

[
(ξx)2 + (ηx)2

]
εr, μ = 1 (3)

where Λ′ is the obtained inverse transformation matrix; ξ(x, y) and η(x, y) are the coordinates in the
virtual domain; ξx and ηx are their derivatives with respect to x. Through this procedure, the Laplace’s
equations are solved using COMSOL Multiphysics [52].

3. IMPLEMENTATION OF REFRACTIVE INDEX BY DRILLING HOLE ARRAYS

As can be seen in Eq. (3), the material parameters are isotropic but inhomogeneous; hence, they can
be realized by dielectric materials. Utilizing the method described above, the electric permittivity of
the waveguide bend ranges from about zero to 24. The electric permittivity distribution depends on
the bend’s dimension, scaling factor a and εr in Eq. (3) which is chosen to be one here. Moreover, the
scaling factor a is chosen so as to yield refractive index equal to one near input and output ports. As
it can be seen in Figure 2(a), the highest values lie around the internal corner while the lowest ones
are around the external corner. With this index profile, and assuming the boundaries to be PEC, the
input wave is guided through the waveguide smoothly and the scattering parameter S21 (Figure 2(c))
shows that the wave is completely transmitted in the whole frequency band. In fact the corresponding
phase velocity difference between the refractive indices in internal and external corners will guide the
wave around the bend.

In order to implement this profile using dielectric materials, refractive indices lower than one have
to be replaced by unity. To see how this approximation affects the bend’s performance, the waveguide
with this nondispersive refractive index profile is simulated (Figure 3).
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Figure 2. (a) Refractive index profile of an ideal bend obtained by conformal transformation. The
width w of waveguide is 0.01 m. (b) z component of electric field at 30 GHz (about twice the cut-off
frequency). (c) S21 parameter of the bend.
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Figure 3. (a) S21 parameter of the bend (the refractive indices lower than one have been excluded).
(b) z component of electric field at 30 GHz (about twice the cut-off frequency).
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Figure 4. (a) S21 parameter of the bend (the refractive indices higher than one have been excluded.).
(b) z component of electric field at 30 GHz (twice the cut-off frequency).

It can be recognized that a considerable performance degradation is resulted comparing to the
ideal design. It is concluded that the refractive indices higher than one have a negligible impact on the
operation. Accordingly, the case of refractive indices lower than one is simulated (Figure 4).

The results show that refractive indices lower than one have the main influence on the bend’s
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functionality and increase the bandwidth extensively comparing to an empty bend with the same
dimensions. As it is seen from Figure 4, the reflection is negligible almost in the whole frequency
band and the field transmission is higher than 0.8.

To implement the refractive index profile of this case — with electric permittivities lower than
one — resonant metamaterials including metallic structures are required. These metamaterials usually
suffer from narrow bandwidths and unavoidable losses. To prevent these complex composites, the εr in
Eq. (3) can be chosen to be a relatively large number. Consequently, the profile will be multiplied by
a large εr and a part of the relative permittivities will exceed unity. Neglecting remaining dispersive
values, the resulting refractive index distribution can be approximated to introducing array of air holes
with spatially varying radii in a background dielectric. The substrate chosen here is TMM13i [53] with
εd = 12.2. Therefore, relative permitivities between 1 and 12.2 can be realized through drilling holes
into this substrate. Different εr in Eq. (3) can be opted for reaching this range. In fact, an interval
[1/εr, 12.2/εr] of original profile is chosen and multiplied by εr to achieve the desired implementable
range for refractive indices. As discussed above, by choosing εr equal to one or less the bandwidth
won’t increases (Figure 3). It can be shown that the optimum value of εr is around 5, as it increases,
the performance will deteriorate and for values larger than 14 the operation isn’t better than a simple
right-angled bend.

In [54], a method based on effective medium theory has been described to specify the radii of air
holes or electric rods for implementing a gradient-index profile. In this strategy, a smoothly varying
continuous refractive index is first estimated to a discrete form with square cells of side d, and the
cell refractive index nij associated with ij -cell. Next, radii of holes or rods can be determined for TE
polarization by:

rij = d

√
n2

ij − εhost

π(εrod − εhost )
(4)

where εhost refers to the electric permittivity of the background dielectric, and εrod refers to that of the
rods.

By further exploration of the original refractive index profile (Figure 2(a)) it is revealed that much
of the bend’s area has refractive indices about 1, so when it is multiplied by

√
εr. The refractive index

near input and output ports will change and affect the cut-off frequency. Besides, since we are using
TMM13i with εd = 12.2, for putting the resulting profile into practice, it is necessary to drill the whole
area of the bend for all values of εr except 12.2. Moreover, to prevent the holes from intersecting, the
ratio of 2rij /d should be smaller than one. According to Eq. (4), nij must be larger than 1.846 for
our substrate to fulfil this criterion. Because of this extra limitation, refractive indices less than 1.846
should be replaced by 1.846. This can be a considerable part of the bend’s area especially for smaller
values of εr, and thus will deteriorate its performance dramatically. It is concluded that εr = εd = 12.2
will be the best option especially for fabrication ease.

After multiplying original dielectric constant profile by εr = 12.2 all the values lower than one are
replaced by one and those which are greater than 12.2 are replaced by 12.2. The simulated results of
the proposed structure is shown in Figure 5. Around the external corner, there exist a domain that
its refractive indices have been replaced by unity and consequently for its implementation, the whole
substrate should be removed. Although it will change the PEC boundaries, it is quite beneficial from
the fabrication point of view to chamfer the external corner of the bend (Figure 6(b)), besides the
performance will not be affected too much (Figure 6(a)).

It can be seen from Figure 6 that the holes with different radii have effectively simulated the
desired refractive index distribution. Larger unit cells lead to a more simplified realization procedure.
Therefore, a compromise should be made between ease of fabrication and acceptable performance.
Results for simulation of a bend with smaller number of holes are depicted in Figure 7.

Figure 7 shows that increasing the cells’ side will reduce the bend’s performance but leads to a
simpler fabrication.

An alternative way of employing Eq. (4) is to implement the refractive index profile by varying d
(cells’ side) while rij (hole radius) is kept constant for all holes. To simplify the approach, the domain,
in which the holes have to be drilled, is divided into four regions, and an average refractive index is
considered for each region. Having a fixed refractive index and a fixed radius, the cells’ side d in each
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Figure 5. (a) Refractive indices between 1 and 12.2. (b) z component of electric field at 8.6 GHz
(about twice the cut-off frequency). (c) S21 parameter of the bend.
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Figure 6. (a) S21 parameter of the bend with drilled holes (constant cells’ side d = 0.7 mm but different
radii). (b) z component of electric field at 8.6 GHz (about twice the cut-off frequency).
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Figure 7. (a) S21 parameter of the bend with hole arrays (cells’ side d = 1.5 mm in Eq. (4)). (b) z
component of electric field at 8.6 GHz.

region is obtained using Eq. (4) (Figure 8).
For taking advantage of the proposed procedure in planar structures technology, the obtained

structure can be realized by SIW. The designing parameters of SIW such as radius rs of posts and
spacing between two adjacent posts ws can be determined based on equivalence of traditional rectangular
waveguide and SIW [55]. These parameters are chosen such that the width and consequently the cut-off
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Figure 8. (a) S21 parameter of the bend with hole arrays of constant radii equal to 0.2 mm. (b) z
component of electric field at 8.6 GHz.
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Figure 9. (a) S21 parameter of the SIW bend with drilled holes (constant cells’ side d = 0.7 mm and
different radii). (b) z component of electric field at 8.6 GHz
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Figure 10. (a) S21 parameter of the SIW bend with drilled holes (constant radii is set to 0.2 mm).
(b) z component of electric field at 8.6 GHz.

frequency of both SIW and its equivalent rectangular waveguide are the same. The equivalent SIW
bend of the proposed waveguide bends in Figures 6 and 8 are simulated, and their results are shown in
Figures 9 and 10, respectively.

It is seen from Figures 9 and 10 that there is a good agreement between these SIW bend structures
and previous equivalent rectangular waveguides.
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4. THREE DIMENSIONAL SIMULATION

To validate the idea for a real 3D rectangular waveguide bend with improved characteristics, the bend in
Figure 7 is simulated as a three-dimensional rectangular waveguide using HFSS [56]. Figure 11(a) shows
this 3D structure which is proposed as a realizable model with a moderate number of holes (43 holes)
and relatively large holes’ radius. Its S21 parameter is compared to that of a similar homogeneous
rectangular waveguide bend. It is seen from Figure 11(c) that the bandwidth becomes twice wider by
drilling these holes in the dielectric (εd = 12.2) inside the waveguide bend. In Figure 11(b) magnitude
of electric field in the waveguide is depicted at 10 GHz.
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Figure 11. (a) 3D structure of rectangular waveguide bend with hole arrays (cells’ side d = 1.5 mm and
dielectric constant εd = 12.2), the width w and the height h of the waveguide are 0.01 m and 0.00508 m
respectively. (b) Magnitude of electric field at 10 GHz. (c) S21 parameter of the obtained waveguide
bend comparing to that of a similar homogeneous waveguide bend.

At the end, a designing procedure for any other bends with arbitrary size and bandwidth of
operation can be organized as below:

1. Solving two Laplace’s equations and yielding corresponding permittivity profile.
2. Adjusting scaling factor a in Eqs. (1) and (2) so as to have permittivity equal to one near input

and output ports (resulting refractive indices and scaling factor a have linear relationship).
3. Choosing a substrate with dielectric constant equal to εd as the dielectric background.
4. Assuming an interval [1/εr, εd/εr] from original permittivity distribution.
5. Choosing a proper εr according to fabrication consideration and desired cut-off frequency and

bandwidth. The cut-off frequency is obtained by fc0 = c
2w

√
εr

where c is light velocity in vacuum,
w is the width of waveguide and εr is the permittivity near ports.

6. Multiplying permittivity profile by εr and confining the range within [1, εd] interval by replacing
lower than one permittivities by one and higher than εd by εd.

7. Applying Eq. (4) to calculate radii for drilling holes.

5. CONCLUSION

An implementation procedure is proposed for a broadband right-angled bend obtained from conformal
transformation optics. It is shown that the main functionality depends on refractive indices lower
than one. They are multiplied by a relatively large number to avoid dispersive metamaterials, and the
profile is approximated by hole arrays in a background dielectric. The simulation results show that
the acquired structures are not very sensitive to approximations made to derive material parameters.
The designed waveguide can be realized by SIW technology which is compatible with planar circuits.
All these features lead to a simple and efficient implementation. At the end, the idea is validated by
simulation of a real 3D waveguide bend.
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