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3D Computation of the Power Lines Magnetic Field

Tonći Modrić*, Slavko Vujević, and Dino Lovrić

Abstract—In this paper, a 3D quasi-static numerical algorithm for computation of the magnetic field
produced by power lines is presented. These power lines can be overhead power line phase conductors
and shield wires or buried cable line phase conductors. The basis of the presented algorithm is the
application of Biot-Savart law and the thin-wire approximation of cylindrical conductors. The catenary
form of the power line conductors is approximated by a set of straight cylindrical segments. By summing
up contributions of all conductor segments, magnetic field distribution is computed. On the basis of
the presented theory, a FORTRAN program PFEMF for computation of the magnetic flux density
distribution was developed. For each conductor catenary, it is necessary to define only global coordinates
of the beginning and ending points and also the value of the longitudinal phase conductor current. Global
coordinates of beginning and ending points of each catenary segment are generated automatically in
PFEMF. Numerical results obtained by program PFEMF are compared with results obtained by simple
2D model and results obtained using software package CDEGS.

1. INTRODUCTION

Power frequency (50/60 Hz) magnetic field caused by power lines time-harmonic current is a topic of
numerous papers and research studies in the world due to its possible adverse health effects. From the
standpoint of public opinion, the worst effects are those of a carcinogenic nature, such as children’s
leukaemia. The first report, which pointed to a possible correlation between childhood leukaemia and
extremely low frequency (ELF) magnetic field, was published in 1979th [1]. Thereafter, a number
of epidemiological studies, which have examined the relationship between the aforementioned adverse
health effects and magnetic field as the cause, were published [2–5]. In [5], ELF magnetic field is classified
as “possibly carcinogenic to humans” (group 2B). The World Health Organisation concludes that
“consistent epidemiological evidence suggests that chronic low-intensity ELF magnetic-field exposure
is associated with an increased risk of childhood leukaemia”, although “the evidence for a causal
relationship is limited”. The International Commission on Non-Ionizing Radiation Protection (ICNIRP)
have assessed the available knowledge and published in 2010 guidelines for limiting exposure to time-
varying electric and magnetic fields [6]. According to these guidelines, the reference levels for 50 Hz
magnetic flux density are 1000 µT for occupational exposure and 200 µT for general public exposure.

In numerical models for computing power frequency magnetic field, applied methodologies range
from the method of moments, finite element method, boundary element method, finite-difference time-
domain method, charge simulation method and various hybrid methods. In all these models, the
problem is considered as quasi-static [7–9], and therefore attenuation and phase shift of magnetic field
are neglected without loss of accuracy.

Simplified 2D models based on the Biot-Savart law are widely used for computation of the overhead
power line magnetic field [10–19]. In most of these models, power line conductors satisfy a thin-wire
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approximation and are treated as infinite line sources positioned at a constant distance from the earth’s
surface. The number of line sources equals the number of power line conductors and contribution of
each conductor is taken into account. Computation of the buried cable lines magnetic field and also
different magnetic shielding solutions are presented in [20–24]. In recent years, these 2D models are
substituted by more sophisticated 3D models [25–28], which can take the catenary form of power line
conductors into account. Consequently, more accurate results of power frequency magnetic field at any
point under complex configurations of overhead power lines can be obtained.

In this paper, a 3D quasi-static numerical model for computation of the magnetic field produced
by power lines is presented. Power line span conductors are approximated by a set of straight thin-
wire cylindrical conductor segments, and time-harmonic current that flows along the conductor axis is
approximated by a constant value. Comparison between results of the power lines magnetic flux density
distribution obtained by developed 3D model, simplified 2D model and computation module HIFREQ
of the CDEGS software package is presented.

The 3D quasi-static numerical model for computation of the magnetic field presented herein is a part
of a wider time-harmonic quasi-static electromagnetic model for computation of electric and magnetic
field of power lines and substations [29], which is based on the applying finite element technique to an
integral equation formulation.

2. POWER LINES GEOMETRICAL MODEL

Various 2D models for computation of the overhead power line magnetic field are presented in [10–
19], wherein each power line conductor catenary is approximated by a single thin-wire straight line
with average height, parallel to the earth surface. This average height h can be described by following
expression:

h = hmax − 2
3
· s (1)

where hmax is conductor’s maximum height and s the conductors sag.
Since the power line conductors take the form of a catenary, these 2D models are only a rough

approximation, and therefore precise computation of the magnetic field, especially when field points are
in the vicinity of the power line, is not possible. Besides these analytical and numerical 2D models [10–
19], some commercial software packages, which are widely used for computation of power lines and
substations electromagnetic field, use the same simplified 2D algorithm.

In [18], three 2D algorithms for computing the electric field intensity of a power line are compared:
(a) an algorithm that takes into account a short power line and approximates the conductor charge
density by a parabola; (b) an algorithm that takes into account a short power line and approximates
the conductor charge density by a constant and (c) an algorithm that takes into account an infinite
power line and approximates the conductor charge density by a constant.

On the other hand, in 3D algorithms, the catenary form of the overhead power line conductors
can be taken into account more precisely. In 3D numerical model, developed for computation of the
magnetic field, power line conductors represent sources, which can be in the air or in the earth. These
sources, overhead power line phase conductors, shield wires or buried cable line phase conductors, are
oriented along the x-axis of the global Cartesian coordinate system (x, y, z). The origin of the selected
coordinate system is on the earth’s surface and in the middle of the power line section. Computation
of the magnetic field is carried out in the y-z plane, perpendicular to the observed power line section
(Figure 1).

In [28, 29], a numerical algorithm for segmentation of the overhead power line conductors is shown.
Segmentation has to be done for each power line span separately. In the first step, observed conductor
of overhead power line span is subdivided into two parts and then each of these parts is subdivided into
thin-wire straight segments whose orthogonal projections are equal. The first part of the overhead power
line conductor lies between the beginning point Tb (−�/2, zb) and the lowest point of the catenary curve
Tmin (umin, zmin), whereas the second part is located between Tmin and the ending point Te (�/2, ze).

The input data for the conductor segmentation process are global coordinates of the points
Tb (xb, yb, zb), Te(xe, ye, ze) and height zmin of the lowest point Tmin. Overhead power line span
conductors take the form of a catenary, which is described by cosine function in the local coordinate
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Figure 1. Position of the power line conductors
in the global coordinate system.

Figure 2. Overhead power line span conductor
in the local coordinate system.

system (u, z):

z = zmin · cosh u − umin

a
(2)

a =

�

2
− umin

cosh−1 ze
zmin

(3)

where � is length of the overhead power line span.
In the general case, the height of the beginning point of the considered overhead power line span

conductor zb is different from the height of the considered ending point ze (Figure 2).
It was found in [28, 29] that the catenary form of the overhead power line span conductor can be

quite accurately approximated by only six straight thin-wire segments, whereas approximation by ten
straight segments per overhead power line span conductor can be taken as optimal from a geometrical
point of view. However, in electric field intensity computation, a larger number of segments per overhead
power line span conductor are required, while in magnetic flux density computation, only accurate
approximation of the geometric form of the catenary has to be satisfied.

In the case of buried cable line phase conductors, they have to be divided into straight segments of
maximum possible length, parallel to the earth surface. For each segment, it is necessary to define global
coordinates of the beginning and ending points and also the value of the longitudinal phase conductor
current.

3. COMPUTATION OF THE POWER LINE MAGNETIC FLUX DENSITY

Numerical algorithms for computation of the magnetic flux density of the overhead power line and
buried cable line are mathematically identical and are based on the Biot-Savart law. Phasor of the
magnetic flux density vector �B at the arbitrary field point T (x, y, z), positioned in the air of the
observed two-layer medium consisting of air and earth, is defined by the sum of contributions of all
power line conductor segments (NS ):

�B =
{
B̄x, B̄y, B̄z

}
=

NS∑
j=1

�Bj =
NS∑
j=1

μ0 · Īj

4 · π ·
∫
Γj

d�sj × �Rj

R3
j

(4)

where B̄x, B̄y and B̄z are the effective (rms) values of the magnetic flux density components, and �Bj

is the phasor of the jth cylindrical conductor segment magnetic flux density, Īj a phasor of the jth
conductor current, Γj the integration path positioned along the jth conductor segment axis, Rj the
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Figure 3. Cylindrical conductor segment.

distance between the point on the jth conductor segment axis and a field point, �Rj the vector from the
point on the jth conductor segment axis and a field point, and μ0 the vacuum magnetic permeability.

Segment of the jth cylindrical conductor between beginning point Bj and ending point Ej with
the longitudinal current Īj , which is approximated by a constant value and flows along the conductor
axis from the beginning point to the ending point, is shown in Figure 3.

According to (4), the following expression can be obtained:

�Bj =
μ0 · Īj · �j

4 · π · δj
·
[

tj∣∣�r − �rBj

∣∣ +
1 − tj∣∣�r − �rEj

∣∣
]
· �d0j (5)

where �j is the length of the jth cylindrical conductor segment, δj the shortest distance between the
field point and a path on which lies the jth conductor segment axis, �r the vector of the field point T ,
�rBj the vector of the beginning point, r̄Ej the vector of the ending point, �d0j the unit vector of the
magnetic flux density of the jth cylindrical conductor segment, and tj the auxiliary parameter.

The length of the jth cylindrical conductor segment is described by the following expressions:

�j =
√

a2
j + b2

j + c2
j (6)

aj = xEj − xBj ; bj = yEj − yBj ; cj = zEj − zBj (7)

where (xBj , yBj , zBj ) and (xEj , yEj , zEj) are the global coordinates of the beginning and ending points
of the jth cylindrical conductor segment.

The auxiliary parameter tj from (5) is described by:

tj =
aj · (x − xBj ) + bj · (y − yBj) + cj · (z − zBj )

�2
j

(8)

The shortest distance between the field point T (x, y, z) and a path on which lies the jth conductor
segment axis is described by:

δj = |�r − �rS | =
√

(x − xSj )2 + (y − ySj)2 + (z − zSj)2 (9)

where the global coordinates of the point Sj can be expressed by:

Sj

(
xSj , ySj , zSj

)
= Sj

(
xBj + aj · tj, yBj + bj · tj , zBj + cj · tj

)
(10)

The unit vector of the magnetic flux density of the jth cylindrical conductor segment is described
by:

�d0j =

∣∣∣∣∣∣
�i �j �k
aj bj cj

x − xSj y − ySj z − zSj

∣∣∣∣∣∣
�j · δj

(11)

where �i, �j, �k are unit vectors of the global Cartesian coordinate system.
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According to (4)–(11), phasor of the magnetic flux density vector can be obtained by:

�Bj = μ0 · Īj

4 · π · δ2
j

·
⎡
⎣ tj∣∣∣�r − �r

Bj

∣∣∣ +
1 − tj∣∣∣�r − �r

Ej

∣∣∣
⎤
⎦ ·

∣∣∣∣∣∣
�i �j �k
aj bj cj

x − xSj y − ySj z − zSj

∣∣∣∣∣∣ (12)

The components of the magnetic flux density can be obtained by following expressions:

B̄jx = μ0 · Īj

4 · π · δ2
j

·
⎡
⎣ tj∣∣∣�r − �rBj

∣∣∣ +
1 − tj∣∣∣�r − �rEj

∣∣∣
⎤
⎦ · [(z − zSj

) · bj −
(
y − ySj

) · cj

]
(13)

B̄jy = μ0 · Īj

4 · π · δ2
j

·
⎡
⎣ tj∣∣∣�r − �r

Bj

∣∣∣ +
1 − tj∣∣∣�r − �r

Ej

∣∣∣
⎤
⎦ · [(x − xSj

) · cj −
(
z − zSj

) · aj

]
(14)

B̄jz = μ0 · Īj

4 · π · δ2
j

·
⎡
⎣ tj∣∣∣�r − �r

Bj

∣∣∣ +
1 − tj∣∣∣�r − �r

Ej

∣∣∣
⎤
⎦ · [(y − ySj

) · aj −
(
x − xSj

) · bj

]
(15)

Finally, the total effective (rms) value of the magnetic flux density at the arbitrary field point
T (x, y, z) can be computed using the following expression:

B =
√∣∣B̄x

∣∣2 +
∣∣B̄y

∣∣2 +
∣∣B̄z

∣∣2 (16)

4. NUMERICAL EXAMPLE

Results of the power line magnetic flux density distribution obtained by presented 3D model are
compared with results obtained by simplified 2D model and with results obtained using computation
module HIFREQ of the CDEGS software package.

For this purpose, a typical 400 kV overhead power line with three phases (L1, L2 and L3), with two
conductors in the bundle per phase, and two shield wires (SW1 and SW2) in the horizontal disposition
was chosen (Figure 4). Phase conductors are of type AlFe 490/65 mm2, whereas the shield wires are
of type AlMgFe 170/70. This yields the radii of phase conductors r = 15.30 mm and radii of shield
wires r = 9 mm. Power line frequency f = 50 Hz, length of the power line section � = 300 m, relative
permittivity of earth εr = 10 and electrical conductivity σ = 0.1 S/m are input data for this numerical

Figure 4. 400 kV overhead power line.
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Table 1. Input data of the 400 kV power line.

i y (m) zmax (m) zmin (m) ϕ̄ (kV) Ī (A)

L1
1 −10.2 20.0 12.5 231∠0◦ 960∠ − 30◦

2 −9.8 20.0 12.5 231∠0◦ 960∠ − 30◦

L2
3 −0.2 20.0 12.5 231∠ − 120◦ 960∠ − 150◦

4 0.2 20.0 12.5 231∠ − 120◦ 960∠ − 150◦

L3
5 9.8 20.0 12.5 231∠120◦ 960∠90◦

6 10.2 20.0 12.5 231∠120◦ 960∠90◦

SW1 7 −6.0 23.7 16.2 0∠0◦ 0∠0◦

SW2 8 6.0 23.7 16.2 0∠0◦ 0∠0◦

Figure 5. Effective values of the x-component of
the magnetic flux density.

Figure 6. Effective values of the y-component of
the magnetic flux density.

Figure 7. Effective values of the z-component of
the magnetic flux density.

Figure 8. Effective values of the total magnetic
flux density.

example. Other electrical and geometrical input data are given in Table 1. Besides these data, it is
also necessary to specify the total number of segments in which it should be divided each catenary.
It is assumed that the maximum allowed conductor current is flowing through the phase conductor,
although this is not the case in most circumstances. Moreover, symmetrical operating conditions have
been assumed. Despite this, a 3D algorithm described in this paper can also be used in a case of
non-symmetrical operating conditions (e.g., single-pole short circuits).

On the basis of the presented theory, a FORTRAN program PFEMF (Power Frequency
ElectroMagnetic Field) was developed. Computation of the magnetic flux density distribution is carried
out at midspan along the y-directed (lateral) profile, 1 m above the earth’s surface (i.e., z = 1 m). The
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Figure 9. Spatial distribution of the magnetic
flux density computed using 2D model.

Figure 10. Spatial distribution of the magnetic
flux density computed using 3D model.

zmin values in Table 1 represent minimum heights of the overhead power line conductors, which are, due
to symmetry and equal heights of both towers, positioned at midspan. In this example, the height of the
beginning (zb) and ending point (ze) of the considered overhead power line span are equal (zb = ze = z),
as well as the conductor’s sag (s = 7.5 m). For each segment, global coordinates of the beginning and
ending points of the each catenary are generated automatically in PFEMF. In the computation module
HIFREQ of the CDEGS software package, assignment of input data requires much more time.

Figures 5–8 present computed effective values of the magnetic flux density components and total
effective values of the magnetic flux density distribution along the observation profile.

By comparing the obtained results of the magnetic flux density distribution, a substantial influence
of taking into account the actual shape of the power line conductor’s catenary is shown. This is most
apparent at midspan where the conductor’s sag is the greatest. The largest percent error of the total
magnetic flux density between presented 3D model and CDEGS software package is 0.06%. The largest
percent error between 3D model and simplified 2D model [18] with the revised average heights of the
conductors is 23.6%.

Spatial distribution of the total magnetic flux density obtained by simplified 2D model and advanced
3D model (using PFEMF and CDEGS) are shown in Figures 9 and 10.

Computation of the magnetic flux density using 3D models is obviously more accurate than using 2D
models, but often requires long computation time. That is not a case herein, with presented algorithm
and PFEMF program. Results obtained by computation module HIFREQ of the widely used CDEGS
software package are identical to the results obtained by presented 3D model, but computation time
is substantially different. In the selected simple numerical example, computation time of the magnetic
flux density spatial distribution in 301 points along the x-axis and 101 points along the y-axis, i.e.,
totally 30401 points, with PFEMF was only 5 s. The same computation in the module HIFREQ of the
CDEGS software package lasted over 500 s.

The possible health effects of exposure to magnetic field have been extensively discussed in numerous
epidemiological studies, some of which are listed in [2–5]. Results of the power line magnetic flux density
distribution, presented in Figures 5–10, in the vicinity of the 400 kV overhead power line obtained with
the maximum allowed conductor currents flowing through the phase conductors, can be compared to
ICNIRP guidelines [6]. Computed maximum value of the magnetic flux density right below the lowest
point of the power line span conductor is equal to 31.65 µT, which is substantially less than the exposure
limits specified by international guidelines [6]. By increasing the distance from the observed power lines,
effective values of the magnetic flux density are significantly reduced.

Although various 3D algorithms for computation of the power lines magnetic field are based on
the Biot-Savart law [25–27], there are certain differences between them and algorithm presented herein.
In [25–27], the exact shape of the catenary is taken into account and in order to compute all the
components and the total magnetic flux density, numerical integration of the complex functions have
to be done. This is required for each power line conductor’s catenary which leads to long computation
time and much more complicated mathematical model then model presented in this paper. Therefore,
in [26], catenary approximation by a set of straight segments is mentioned as an alternative solution.
This approach is used in this paper, and with a simple mathematical model, sufficiently accurate results
as it is considered a real catenary form, were obtained.
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5. CONCLUSION

A 3D quasi-static numerical algorithm for computation of the power lines magnetic field is presented.
The sources of the magnetic field are conductor currents, which are input data for the computation.
The catenary form of the power line conductors is approximated by straight segments and contributions
of all these segments to the magnetic field are taken into account.

The accuracy of the developed 3D quasi-static algorithm is confirmed in numerical example of
400 kV overhead power line, comparing the obtained results with results obtained by computation
module HIFREQ of the CDEGS software package. More accurate results of the magnetic flux density
distribution are obtained using this 3D model instead of 2D models. Moreover, assignment of input data
is much easier and computation time was significantly shorter than in the CDEGS software package.

The presented algorithm, based on the thin-wire approximation of cylindrical conductors, is only
a part of a wider time-harmonic quasi-static electromagnetic model for electric and magnetic field
computation of power lines and substations. In a wider electromagnetic model, the influence of overhead
power line towers on magnetic field distribution can be taken into account using a set of inductively
coupled current contours. However, obtained numerical results indicate that this influence can be
neglected.
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