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Electric Quadrupolarizability of a Source-Driven Dielectric Sphere

Arthur Yaghjian® *, Mario Silveirinha?, Amir Askarpour®, and Andrea Alu*

Abstract—Since both metamaterials composed of artificial molecules (inclusions in a host material)
and natural molecular materials at optical and greater frequencies can exhibit significant electric
quadrupolarization as well as electric and magnetic dipolarization, we determine the passive,
causal electric quadrupolarizability for a spherically symmetric molecule, namely a dielectric sphere
subject to source-driven applied fields. For source-driven excitations, it is found that two electric
quadrupolarizability constants are generally required to characterize the electric quadrupolar response
of the sphere, with one of the constants multiplying the divergence of the applied electric field. For
source-free fields, such as the fields of the eigenmodes of an electric quadrupolar array, the local electric
field illuminating each inclusion is solenoidal, the constitutive relation is characterized by just one
quadrupolarizability constant, and the electric quadrupolarization becomes traceless. It is also found
that the electric quadrupolarization becomes very large and effectively traceless near the resonant
frequencies of electrically small plasmonic spheres with negative permittivity and for somewhat larger
spheres with positive permittivity.

1. INTRODUCTION

To explain the purpose of this paper, begin by considering Maxwell’s space-time differential curl
equations (Faraday’s and Ampere’s laws) for a continuum containing electric quadrupoles as well as
electric and magnetic dipoles, namely [1, Chapter 4 and Page 172], [2, 3]

ku¢)+%_o (1)
1 0E(r,t)  OP(r,t) 1o 09(r,t)
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where € and B are the primary electric and magnetic fields; P and M are the electric and magnetic
dipolarization densities; Q is the electric dyadic quadrupolarization density; €y and pg are the
permittivity and permeability of free space; J, is the applied electric current density. For an enforced
plane-wave applied electric current density J,(r,t) = Jo(8,w)e!PT=%) with B = B,% + B,§ + B.2,
these Maxwellian equations in (1) and (2) become

8 B(B,w) — iwB(B,w) =0 3)
iw <« B(B,w) + iwesE(B,w) = —iwP(B,w) + iB x M(B,w) — %wﬁ QB +Tu(Bw)  (A)

where the plane-wave factor ¢ #T=«") multiplying each of the spectral vectors has been suppressed.
(Multiplying these two spectral equations by the e!BT=wl) factor and integrating over (Bz, By, Bz, w)
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from —oo to 400, that is, taking the four-fold Fourier transform, returns them to the space-time
equations in (1) and (2)). ~

Equation (4) reveals that the electric quadrupolarization density Q is multiplied by the product
wB, whereas the dipolarization densities P and M are only multiplied by w and 3, respectively. This
means that for w and 3 sufficiently small, the contribution of the electric quadrupolarization density Q
to the primary fields E and B is negligible compared to that of the electric and magnetic dipolarization
densities P and M (assuming P or M approach a nonzero value for small values of the spatial and
temporal frequencies 3 and w) [2]. Consequently, the electric quadrupolarization density in most natural
materials is negligible below optical frequencies [4, Page 111]. However, for natural materials used at
optical or greater frequencies, and for metamaterial arrays made with artificial molecules (inclusions),
the electric quadrupolarization can contribute significantly to the fields [5-7].

To theoretically investigate the propagation and scattering of fields in these electric quadrupolar
materials, it is useful to determine the electric quadrupolarizabilities of their constituent molecules
or inclusions. Toward this end, we determine in this paper the causal electric quadrupolarizability
of a dielectric sphere of radius a in an enforced plane-wave field produced by an applied current
density J,(8,w)e!BT=9Y for |Ba| < 1. Since this enforced plane wave is source driven with =+|3|
not generally equal to the free-space propagation constant, kg = w,/J0€o , we cannot simply use the Mie
solution [8, Sections 9.25-9.27] to the dielectric sphere illuminated by a plane wave in free space to derive
the source-driven electric quadrupolarizability of the sphere. Recent progress in the homogenization of
artificial materials has shown the effectiveness and rigor enabled by approaches based on a source-
driven excitation and Floquet modal analysis [2,9-11]. The analysis and results of the present paper
provide an important step toward a quantitative inclusion of electric quadrupolar effects in these rigorous
approaches to the modeling of complex materials.

2. DERIVATION OF THE ELECTRIC QUADRUPOLARIZABILITY

Consider the dyadic electric quadrupole moment of a dielectric sphere of radius a and relative complex
permittivity €, illuminated by an applied, current-driven electric field. This electric quadrupole
moment is produced by equal and opposite electric dipole moments in opposite hemispheres of the
sphere [12, Section 7.10.2]. To a first approximation, these opposite electric dipole moments are induced
by the first spatial derivatives of the incident electric field applied to the sphere. In particular, if we
consider a time-harmonic (e~*?) applied electric field in the Z direction equal to £, = E, e!(%2=wtz,
then the electric quadrupole moment q of the sphere is given by

. e v 0
q=[zz +ay (XX +§Y)] s (5)

where &,, = E,.e"#+* (with the time-harmonic dependence suppressed) and 0&,./0z = i3.Eq. ~ i3, Eq.
for a sphere that is small with respect to the enforced spatial wavelength (that is, |3,|a < 1) but with an
arbitrary real value of the temporal frequency w. The «ay term represents the 2z component of the electric
quadrupole moment induced directly by 0&,./0z. The ay term represents the orthogonal components
of the electric quadrupole moment produced by the equal and opposite electric fields induced in the
sphere by the Zz component of the electric quadrupole moment. Because of the spherical symmetry, the
same ao multiplies the XX and y¥ components. This same argument actually applies successively to
each of the components of the electric quadrupole moment to give an infinite series whose sum results
in the constants a; and .

Another way to understand (5) is to note that, with the applied electric field £, = E,,e'(3:*=«Vz,
the applied and scattered fields remain unchanged with the insertion of perfectly magnetically
conducting infinite planes at * = 0 and y = 0. Then it becomes apparent that the scattered &,
and &, fields, and, thus the P, and P, components of polarization have odd symmetry with respect to
x and y. This odd symmetry produces opposing electric dipoles in both the z and y directions that
generate the ¢, and gy, components of electric quadrupole moment in (5).

If the applied electric field also has 0., /0x and 0, /Oy variations, the expression in (5) generalizes

_ 0 ..  O0fay.. 0&u. . -
q= (a1 —a) < pe XX+ Dy vy + P zz> +ag(V - E,)L (6)

to




Progress In Electromagnetics Research B, Vol. 63, 2015 97

Moreover, as explained in the footnote of the next section, the diagonal terms in (6) are not excited
by the transverse derivatives of £,. The constants «; and «s are independent of &£, and the
orientation of the zyz rectangular coordinate system. Thus, they do not change under a rotation
of the coordinates. Also, V - £, is an invariant under a rotation of coordinates. However, the dyadic
(0&az/0x XX+ 0E4y /Oy §§ +0E,. /0% 22), which was derived under the assumption that all the other first
derivatives of €, are zero, transforms to (VE,+E&,V)/2 through a Eulerian-angle rotation of coordinates
(invoking spherical symmetry and the invariance of r, £,, and V&, under coordinate rotations) and,

thus, the full generalization of the expression in (6) for a sphere with £, = E,elBr-—uwi) |Bal < 1, is
1 _
q= (a1 — a2)§(v5a +E.V) + (V- E,)I (7)
where £,V denotes the transpose of the dyadic VE&,.

2.1. Determination of the Constants a;(w) and as(w)

The frequency dependent constants a;(w) and ag(w) in (7) can be found by returning to the simpler
Equation (5) and applying a 0&,,/0z field to the dielectric sphere. This applied electric field can be
produced by an applied electric current density J, = J,ze"* in which we have omitted the subscripts
z on (3 and J,, and again suppressed the e ! harmonic time dependence. Maxwell’s equations for the
applied fields in free space show that
E0 = Eyac™ (8)

with E, = J,/(iwep).

In view of (8), the total electric field of the dielectric sphere that produces the electric quadrupole
moment satisfies the Maxwellian equations

Vxe—iwb=0 (9)
1 . €r . iBz A
—V x b+ iwey e = iwegE,eP?Z (10)
Ho 1
where the relative dielectric constant equals €, inside the sphere (r < a) and 1 outside the sphere (r > a).
The electric and magnetic fields are denoted by lower case letters in (9) and (10) because they are the

microscopic fields of the dielectric sphere.
Substitution of b from (9) into (10) gives the following equation for the electric field

V><Vxe—k:g{ef}e:—kSEa(1+iﬁz+...)i. (11)

The exponential on the right-hand side of (10) has been replaced by its power series in (11). The
first term in the power series induces an electric dipole field in the sphere, the second term produces
an electric quadrupole field in the sphere, and |Sa| for the sphere is assumed small enough that the
contribution of the higher-order terms in the power series is negligible. Thus, for the sake of determining
the electric quadrupole fields, we can ignore all the terms in the power series except the second and
rewrite (11) as

VxVxe—k} {61} e = —ifkiE,22. (12)
A particular solution e, to (12) is
. et
e, =i3E,2% 1 (13)
and the corresponding magnetic field is found from (9) as

1
bp = av X ep = 0. (14)

T It can be proven that if there were a transverse applied electric field on the right-hand side of (11), for example, €, = Eaﬁei(ﬁ""*m),
it would excite only a y-directed magnetic dipole and a ¢z> = .z electric quadrupole, thereby confirming in (6) and (7) that the
diagonal terms are produced only by the longitudinal derivatives of the applied electric field.
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The remaining homogeneous solution satisfies the equations

VXVXeh—kg{elr}eh_O (15)
1
bh = —V X ey (16)
w
with continuous total tangential e and b across the surface r = a of the sphere, where
e=e,+e (17)
b =b, + by. (18)

The function zZ can be written in spherical coordinates (r, 6, ¢) as
1 ~
2Z=r <cos2 0t — 3 sin 26 0> (19)
whose tangential component (the ] term) is proportional to Stratton’s nge even electric quadrupolar

vector spherical mode. Therefore, the solution to (15)-(16) can be obtained from Pages 416 and 608 of
Stratton [8] as

A .
e, = Angy = 23—K'r {fg(KT)(3 cos 20 + 1) & — [Kr fo(Kr)] sin 20 9} (20)
by, = .LV X ep = [.{—AmOQ = SKAf2(K7”) 5in 20 ¢ (21)
w w 2iw
where (k)
|k A _ ) J2lkr r<a
K= {ko} , A= {AQ} » oK) = {hgl)(kor)} r>a (22)

with k& = ko,/€,. The j is the second order spherical Bessel function and h(21) is the second order
spherical Hankel function of the first kind. The prime denotes differentiation with respect to the
dimensionless product Kr, the Stratton function mgy = V X ngy /K, and the constants, A; and Ag, are
found, as follows, from the boundary conditions of continuous tangential e and b fields across r = a.

Equating across r = a the tangential components of e and b obtained by adding the particular
fields in (13)—(14) to the homogeneous fields in (20)—(21), we find the two equations

3A1 ., . ,  ifak,  3A; (1) ;.
a [kajs(ka)] + - o [koahy ' (koa)|” +ifakE, (23)
jo (K
Ay = & *(712)(7“)141. (24)
Solving these two equations for A; yields
201 _ 1y, (1)
A(): ,ICAl _ (,IC(]CL) (1 €, )h2 (,IC(]CL) (25)

iBE, 3 {e;lhgl)(koa)[kajg(ka)]’ - jg(ka)[koahgl)(koa)]’}

with Ag given by (24) in terms of A;.
The total electric field inside the sphere can be found by inserting A; from (25) into (20) for the
homogeneous electric field and adding the particular electric field in (13) to get

e(r <a,b) —iﬂEa{[M + 1] cos? ) — SALQUW)}I”‘—l {M + i}sin%@. (26)

k2r € k2r 2 k2r €r
The electric polarization density of the sphere is given by
p = (e — 1)ege(r < a,0) (27)

which is used in the next section to evaluate the electric quadrupole moment of the sphere.
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2.1.1. Fvaluation of the FElectric Quadrupole Moment

Since —iwp in (27) is the equivalent electric current density of the dielectric sphere, the electric
quadrupole moment of the sphere can be expressed as [1, Page 83]

gq= / (pr + rp)dV (28)
J

where the integration spans the volume V of the dielectric sphere. Carrying out this integration over
the sphere by substituting p and e from (27) and (26) into (28), then expressing the spherical unit

vectors (£, 0) in terms of the rectangular unit vectors (X, ¥, 2), we find

_ 8ma’(er— Ve [(1  27TApA3\ .. 9AgAs=] 0&,..
LU S 7 5% — I 2
4 15 €r * (ka)® “ (ka)® 0z (29)
in which 0&,,/0z has replaced i3E, and
Az = [1 — (ka)?/3]sin ka — ka cos ka. (30)
Comparing (5) with (29), one obtains the constants a1 and s as
8mad(e; — 1) (1 27TAgAs3
_ =\t R e 31
a1(w) — az(w) B - + (ha)? (31)
247’(&5(61« — 1)60 AOA3
S . 2
03() T (32)
For an arbitrary applied electric field, the full generalization of (29), as given in (7), is
_ 87Ta5(6r— 1)60 1 27AOA3 (V8a+8aV) 9AOA3 =
S A N — ET
d 15 Ke (ka)? 2 Toa)p OV Ea) (33)
o (VE, + E.V)
— a + a T
q= aqleof + Oéq2€0(v . 8a)I (34)
where 5 ) A
. 8ma €r — 1 1 2 0A3
ag1(w) = 15 (€r + (ka) ) (35)
and 5 W
24 r—1
pali) = e D 20 (36)

5 (ka)®”

Recall that V- €, is not necessarily zero because we are assuming a general applied electric field €, that
is produced by an applied electric current density that (theoretically) permeates the sphere. (Theoretical
electric current density with e’ spatial dependence that permeates all space becomes confined to a
finite volume upon a three-fold 8 = 3,§ + 8,% + .z Fourier transformation.) Nonetheless, it is shown
in Section 4 that the electric-quadrupolarizability expression in (34) is compatible with the Mie solution
to the dielectric sphere for which V- &, = 0.

3. LOW-FREQUENCY APPROXIMATION FOR THE ELECTRIC
QUADRUPOLARIZABILITY

The electric quadrupolarizability expression in (34) for the dielectric sphere in a source-driven applied
electric field holds for |Ba| < 1 and for all real frequencies w or, equivalently for all kga. At low
frequencies, kgpa — 0 and the small-argument approximations to Ap in (25) and Az in (30) obtained

from

1 u—0 31 . u—0 u2
B () "= -5 a) "R (37)
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and 3 5 2 4
. u u 0 u u
P — — 4 — P T
sin(u) U g + 120° cos(u) 5 + 21 (38)
give
A kog\/—>0 5(61« - ].) (39)
0 & (26 +3)°
koa—0 (k'a)5
Ag T~ 4
oo (e (40)
which reduce (34)—(36) to
_ koa—0 ST(er — 1)a® VE,+ENV (e, — 1) -
a _ V- EN|. 41
326, 1+ 3) 2 5o ¢ ) (41)

An interesting feature of the quasi-static sphere electric quadrupolarizability in (41) is its resonance
as the value of the relative dielectric constant €, approaches —3/2 [13,Eq.(12.1)], [14]. For the
general-frequency electric quadrupolarizability factors o4 and age in (34)-(36), a large resonance
occurs for electrically small spheres (0 < kpa < 0.5) as the relative permittivity varies between the
values (—1.5 < ¢ < —1.6), as demonstrated in Figure 1 for the lossless ¢, = —1.55. This large
resonance suggests that electrically small metallic spheres at plasmonic frequencies may be used to
design metamaterials with a strong electric quadrupolar response. The loss tangents in the permittivity
of metals at plasmonic frequencies are higher than 0.1 [15] and, for fully metallic spheres, this amount
of loss essentially eliminates the resonance in the electric quadrupolar response, as indicated in Figure 2

x 104

25 ! ! : : 100 r r ! !
e B —_———e"iiLR-n -
— Jagla® I —
w 15[ R T 0] R RRRREEEEEE B Rt S h

] - logla® < ~leala®
- s

3 Y 5ttt et Sttt Sttt Wttt it A0 - |aq2 |/a5 *********************** -
05 R . 20 PR L L L L b kol ilelellulutoliulplolediiploibiuiebeebbuaisniufefatngol

0 i : 0 H H H H

0 0.1 0.2 0 0.1 02 03 04 05
koa koa

Figure 1. Absolute value of the quadrupolariz- Figure 2. Absolute value of the quadrupolariz-

ability factors versus kga for lossless ¢, = —1.55. ability factors versus koa for lossy e, = —1.55(1 —
0.14).
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Figure 3. Absolute value of the ratio of the quadrupolarizability factors versus kga for the lossless
e = —1.55 and the lossy ¢, = —1.55(1 — 0.27).



Progress In Electromagnetics Research B, Vol. 63, 2015 101

for the lossy €, = —1.55(1 — 0.17) [16]. However, for metallic shells covering ordinary dielectric spheres,
the losses can be kept low enough to retain significant electric quadrupolar plasmonic resonances [17].
And, of course, if the fully plasmonic spheres could be enhanced with gainy material, this gainy material
could compensate for the reduction in the size of the resonances produced by the passive loss tangents.
For spatially dispersive metamaterials used in applications that can tolerate resonances at larger values
of kga, ordinary dielectric constants with positive real parts can be used to obtain electric quadrupolar
resonances. For example, a sphere with e, = 10(1+0.17) has a significant electric quadrupolar resonance
at koa =~ 1.7 despite the fairly high loss tangent of 0.1.

A property of the electric quadrupolarizability relation in (34) near the plasmonic resonance is that
the ratio of ay2 to ay is approximately equal to —1/3, as shown in Figure 3. In other words, near the
plasmonic resonance, the trace of q/aq1 is approximately zero even though V - €, # 0. Moreover, this
zero-trace ratio of approximately —1/3 is maintained if there are losses in the sphere as long as the loss
tangent in the permittivity is appreciably less than 1; see Figure 3.

4. COMPATIBILITY WITH THE MIE SOLUTION FOR THE DIELECTRIC SPHERE

The Mie solution for the dielectric sphere has the applied electric field equal to the incident plane wave
given by [8, Section 9.25] ‘
£, = Egetoix (42)

which satisfies the solenoidal condition V - £, = 0. Such a plane wave will excite only the

Qe» = (. components of the electric quadrupole moment of the electrically small dielectric sphere.

From [1, Page 96] the far scattered electric field of these components of the electric quadrupole moment

is given by

ik - ., etkor

—— s (cos 260 cos ¢ @ — cos 0 sin ¢ d)) . (43)
0

E TT)VOO .
8me T

The angular dependence in (43) corresponds to that of Stratton’s even njs vector spherical mode.
Therefore, E in (43) can also be written in terms of the Mie solution in [8, Eq. (5), Page 565], namely

eikor

E"=° —%ngo (cos 26 cos ¢ O — cos@sinqb(})
0

where b5 is Stratton’s notation for the second-order electric-quadrupole scattering coefficient in the Mie
solution. Equating the electric far fields in (43) and (44) gives g, in terms of b

(44)

r

=Y Eqbb. (45)

The low-frequency (kgpa — 0) expression for q that we derived in (41) predicts that ¢,, should also
be given by
0&,

9z

. .1 1.
Qez=X-q-2= 5 0q1€0 = §zkoaqleoE0 (46)

with
koa—0 8m(ep — 1)a®
gl ~ .
3(2e; + 3)

With ¢, from (46) inserted into (45), one finds that the Stratton Mie scattering coefficient b5 should
be given approximately by

(47)

4ot (F0)* (e = 1)
2 15(2¢; + 3)
This small kopa approximation to b, agrees with Stratton’s asymptotic expansion of b}

in [8, Eq. (40), Page 571] (except for a sign error in Stratton’s formula for by) and with the quasi-static
electric quadrupolarizability given by Alu and Engheta [14].

(48)
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5. PASSIVITY CONDITIONS FOR THE ELECTRIC QUADRUPOLARIZABILITY
FACTORS

The time-average power P delivered by an externally applied time-harmonic electric field £,(r) to a
distribution of time-harmonic electric current density J(r) in a volume V' is given by

]' *
P = Re / T (x) - E(r)dV (49)
14

where the superscript * denotes the complex conjugate. From the Maxwellian equation in (2), one
sees that the equivalent electric current density for electric quadrupolarization density Q(r) is equal to
iwV - Q(r)/2. Thus, the time-average power P, delivered by an externally applied electric field £,(r)
to the electric quadrupole moment q at the point r = rg, for which Q(r) = qd(r — rp), is given by

Py=Req / V- @ —1o)] - £1(x)dV b (50)
1%

With the help of the vector-dyadic identities
V- [@d(r —xo)] - £5(r) = Vi(r —ro) - q- E4(r) = V- [6(r —r0)q - E4(r)] — 6(r — o)V - [q- E,(r)] (51)
(50) integrates to

P, — —Re {%“’vo [q- gj;(ro)]} — _Re {%"Tr[q . vog;(ro)]} . (52)

With £, = E.e®T, we have Vo&(rg) = —iBEe ™ and the electric quadrupole moment q can be
written from (34) in terms of E, as

E E =
q=: [aqleow + aq2€0(16 . Ea)I:| eiBTo (53)
which converts (52) to
TWe « " «o .
P, = —Re{ : 0Ty [TQI],BFEGE& + (Tﬂ n a(ﬂ) (8- Ea)ﬁEa] } (54)
o weo Qg1 2121 |2 Qq1 2
Py =0 [“2BPIR, + (S +ag) 18- Edl?] > 0. (55)

The inequality in (55) holds for passive electric quadrupole moments because passivity requires that
power cannot be extracted from the quadrupoles and thus the power delivered to the quadrupole moment
by the externally applied field must be equal to or greater than zero.
Since E, can be chosen arbitrarily, first let 3 - E, = 0, which implies from (55) the electric
quadrupolar passivity condition
wlmlog] >0 (56)

provided, of course, that the microscopic permittivity €, of the dielectric sphere satisfies the passivity
relation wlmle;] > 0. As an example of this quadrupolar passivity condition, the real and imaginary
parts of a41 are plotted over the domain 0 < kpa < 10 in Figure 4 for the lossy relative microscopic
permittivity e, = —1.55(1 — 0.17) used in Figure 2. Although the real part of o, in Figure 4 ranges
over positive and negative values, its imaginary part remains positive over the entire range.
If next one chooses E, = E,z with 8 = [z, the inequality in (55) implies the second electric
quadrupolar passivity condition
wim[(ag1 + ag2)] 2 0 (57)

assuming the microscopic permittivity e, of the dielectric sphere satisfies the passivity relation wlmle;| >
0. The real and imaginary parts of (g1 + aq2) are plotted over the domain 0 < kgpa < 10 in Figure 5 for
the lossy relative microscopic permittivity ¢, = —1.55(1 — 0.14) used in Figure 2. Again, although the
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real part of (g1 + ag2) in Figure 5 ranges over positive and negative values, its imaginary part remains
positive over the entire range.

Lastly, we note that one can prove by inserting Ay and Az from (25) and (30) directly into (36)
that wIm[age] < 0. However, it appears that this result cannot be proven from the general passivity
condition in (55).

6. CAUSALITY OF THE ELECTRIC QUADRUPOLARIZABILITY FACTORS

One of the distinct advantages of the source-driven constitutive relations is that the constitutive
parameters are causal functions of the temporal frequency w at each fixed value of the real spatial
frequency B [2]. (This stands in contrast to the noncausal constitutive parameters defined for source-
free incident fields [18].) The basic reason for this is that none of the material in the inclusions is subject
to incident fields before the time at which the source current turns on (usually taken to be the time ¢t = 0)
and the polarizations are defined directly in terms of integrals of the sources as in (28). The electric
quadrupolarizability constitutive relation for a fixed 8 is given in (53) for a source-driven incident E,
electric field. This constitutive relation implies that iBaq;(w) and iSage(w) should be causal functions
of w at a fixed B = 3. Specifically, in terms of kya = wa/c, where ¢ = 1/,/J1p€g is the free-space speed
of light, these causality relations can be written as

+oo
a,1(7) =2Re / [ag1 (Koa) — agr(o0)]e™*0*d(koa) = 0 (58)

0
+oo

0,(r) = 2Re / s (koa)e 07 d(koa) = 0 (59)
0

for 7 = c¢t/a < 0, where the sources turn on at the time ¢ = 0. (Note that the driving field in (53) is
iBE,, whose w Fourier transform is an imaginary field since the Fourier transform of E, must be a real
field. Also, ag2(00) = 0.) The Fourier transforms can be written as in (58) and (59) because of the
reality conditions satisfied by iBaq1 and ifage, namely [2]

iBag (W) =li(=Plag (-w)]" = an(w) =an(-w) (60)
iBag(w) = [iI(=Fag(-w)I" =  ap(w) = ap(-w). (61)

It is assumed that the integrands in (58) and (59) approach zero as kpa — oo and that the frequency
dependence of €, is chosen such that the integrals exist. The causality of the electric quadrupolarizability
factors is confirmed, as shown in Figures 6 and 7, by computing the integrals in (58) and (59) for a
causal, lossy €, = 5 + i/(koa) inserted into the expressions for o, and g in (35) and (36). (The
slight imperfections in the causality curves are caused by the finite increments as well as finite upper
limits chosen for the integrations, and the finite time intervals in 7 used to plot the curves.) There are
discrete jumps in the time-domain electric quadrupolarizability functions a,(7) and a () separated

80 T T T T 80
pa | | | |
[ bromeoeeoee- boooeoeeeees e S . 60
-~ Imaginary part | =" "F Tttt r e 7 % 407t
,,,,,,,,,,,,,,,,,,,,,,,, 3,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 5 20,,,,," -
: +,
S e s 0
aof-\ o o R : 20
1 1 © i | | i
6 8 10 0 2 4 6 8 10
koa koa

Figure 4. Real and imaginary parts of the Figure 5. Real and imaginary parts of the
quadrupolarizability factor a1 versus kga for the  quadrupolarizability factor oy + ag2 versus kpa
lossy ¢ = —1.55(1 — 0.13). for the lossy e, = —1.55(1 — 0.14).
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Figure 6. Causality of the quadrupolarizability Figure 7. Causality of the quadrupolarizability
factor agq for lossy e, =5 +1i/(koa); T = ct/a. factor ago for lossy €, = 5+ i/(koa); T = ct/a.

by AT = 2,/€;; ~ 4.5 (€;; = 5 is the real part of €.) because for kya > 1

8m(er —1)2 a® sin(ka)
. . 62
aqg1(koa) — agi(o0) Sev/€&  koalcos(ka) — i\/€ sin(ka)] o
8m(ey — 1)2 a’ sin(ka)
aga(koa) ~ — 15¢1/€  koalcos(ka) — iy/€ sin(ka)] o)
and for kga > 1

sin(ka) 1 2ink
~ An MK €rra’ ATL l 64
koalcos(ka) —iy/ersin(ka)]  ikoa 7;) ’ - !

whose Fourier transform is the unit step-function series

=21 Y Apul(T — 2n\/exr ). (65)
n=0

The terms in the series of (64) represent successive internal reflections of the fields across the dielectric
sphere. A Fourier transform of the electric-dipole polarizability found in equation (13.107) of the first
reference in [2] shows that it exhibits similar successive internal reflections in the frequency domain
and step-function series in the time domain. These internal reflections are analogous to those found
in the scattered field produced by a plane wave incident on a dielectric slab. For the sphere, which
is entirely illuminated in the time domain by an applied-current field with delta function (4(¢)) time
dependence, the boundary at » = a produces sources of a spherical wave beginning at ¢t = 0 that not
only radiates outwardly but also inwardly through the center of the sphere and back out to the boundary
at r = a where it reflects and transmits another spherical wave. It does this ad infinitum to form the
unit step-function time series in (65).

Because agq1(w) and ag(w) are causal functions, they also satisfy the Kramers-Kronig causality
relations, which can be found by taking the real and imaginary parts of their compact complex version
given as [19, Page 98]

i ap(v) = ag(0)

g (w) — agi(o0) = - j;o — dv (66)
apw) =+ f 22y, (67

T Yoo W—V
where the lines through the integrals denote Cauchy principal values. It is assumed in (66) that a1 (00)

is real. A sufficient condition for the principal value integrals to be well defined for all real w is that
aq1(w) — ag1(00) and ago(w) be Holder continuous [20, Chapter 1].

7. CONCLUDING DISCUSSION

The expression in (34) for the electric quadrupolarizability of a dielectric sphere of radius a, illuminated
by an applied, source-driven electric field €, = E,e/®T=%) with |Bal < 1 and V - €, not necessarily
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equal to zero, holds for all real temporal frequencies w and for all passive, causal complex dielectric
constants ¢,. If the incident electric field has no sources over the volume of the sphere, then V- &, =0

and (34) reduces to
_ (V&'a + SaV>

q = Qq1€0 5 (68)

The trace of q in (68) is zero since
Tl"((]) = Qgq1€0 (V . 8a) = 0. (69)

We observe from (41) that, even if V- &, # 0, (68) applies approximately to electrically small
spheres (|kga| < 1) for weak dielectrics with €, close to the free space value, that is, for ¢, = 1. As
koa — 0, the electric quadrupole moment @ becomes resonant with an unbounded value as ¢, — —3/2.
This unbounded resonance as kga — 0 becomes bounded if either kga # 0 or €, has a small loss, that
is, if we, has a small positive imaginary part.

Lastly, consider a random three-dimensional distribution of inclusions with the electric
quadrupolarizability of each of the inclusions given in (34). Assuming the temporal and spatial
frequencies of the sources and fields are low enough that the ensemble behaves as an isotropic continuum,
the source-free modes in the continuum will have a macroscopic electric quadrupole density that is
traceless because the electric quadrupole moment of each of the inclusions is traceless in the microscopic,
solenoidal, source-free, electric field that illuminates each inclusion. In other words, the source-free,
macroscopic, time-harmonic electric quadrupolarization density Q will satisfy the traceless isotropic
constitutive relation [3]

1 1
Q = agep Q(VE +EV) - -

3 (V-E)I (70)
where E is the macroscopic continuum electric field, which is not necessarily solenoidal because

v-E:iv-(v-Q) (71)
2¢p
even though Tr(Q) = 0. The ag in (70) is a bulk electric quadrupolarizability constant.

Even for source-driven macroscopic fields, the trace of the electric quadrupolarization density Q
does not affect the magnetic field. However, the trace of Q does, in general, change the electric field
and thus, in general, it is not permissible to redefine Q to make its trace equal to zero. To prove this,
express B in terms of its vector potential A; specifically

B(r) = V x A(r) = 0y / Q') - VG(r, v')dv’ (72)
1%

2

with G(r,r") = exp(iko|r — r'|)/(4n|r — r'|). Next, let
Qo(r) = Q(r) - Th[Q(r)[I/3 = Q(r) - C(r)I (73)

so that Qq(r) has zero trace for all r. Then

B(r)="10vx / Qu(r') - VGV’ + =10y / O vGay'="10v x / Qo(r') - VG(r,v')dV’ (74)
1% 1% 1%

because V x VG = 0. Thus, B(r) has not been changed by making the trace of Q(r) zero, and it can
be rewritten in terms of the traceless Qq(r).

The electric field E(r) can be expressed in terms of the magnetic field and electric quadrupolar
density Q(r) along with the applied current density J,(r) from Maxwell’s second equation as

Ja(r)
iweo ’

1 1 ~
E(r) = — V x B —V- 75
(1) = oV X B(r) £ 5V - Qlr) + (75)
This equation reveals that even though making the trace of Q(r) zero, that is, replacing it by Qq(r),
does not change B(r) or J,(r), it would change V - Q(r) by an amount equal to VC(r), and therefore
E(r) would change unless VC(r) = 0. Consequently, for source-driven macroscopic fields, the electric

quadrupolarization density Q(r) cannot generally be redefined to reduce its trace to zero.
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