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Scattering and Transmission of Waves in Multiple Random Rough

Surfaces: Energy Conservation Studies with the Second
Order Small Perturbation Method

Tianlin Wang1, Leung Tsang1, Joel T. Johnson2, and Shurun Tan1, *

Abstract—Energy conservation is an important consideration in wave scattering and transmission
from random rough surfaces and is particularly important in passive microwave remote sensing. In this
paper, we study energy conservation in scattering from layered random rough surfaces using the second
order small perturbation method (SPM2). SPM2 includes both first order incoherent scattering and a
second order correction to the coherent fields. They are combined to compute the total reflected and
transmitted powers, as a sum of integrations over wavenumber kx, in which each integration includes
the surface power spectra of a rough interface weighted by an emission kernel function (assuming the
roughness of each interface is uncorrelated). We calculate the corresponding kernel functions which are
the power spectral densities for one-dimensional (1D) surfaces in 2D scattering problems and examine
numerical results for the cases of 2 rough interfaces and 51 rough interfaces. Because it is known that
the SPM when evaluated to second order conserves energy, and it can be applied to second order for
arbitrary surface power spectra, energy conservation can be shown to be satisfied for each value of kx in
the kernel functions. The numerical examples show that energy conservation is obeyed for any dielectric
contrast, any layer configuration and interface, and arbitrary roughness spectra. The values of reflected
or transmitted powers predicted, however, are accurate only to second order in small surface roughness.

1. INTRODUCTION

Electromagnetic scattering from layered media with random rough interfaces is of interest due to
its wide application to many problems, such as microwave remote sensing [1, 2], nanophotonics and
plasmonics [3–5], and layered metamaterials. Methods for determining the fields scattered in these
problems can be categorized into analytic methods, numerical methods, and empirical methods.

Classical analytic methods include the small perturbation method (SPM) and the Kirchhoff
approximation (KA), which have been extensively studied in [1, 2]. The SPM is a low frequency
approach valid for small roughness; most SPM studies consider only the first order terms [6, 7]. High
order corrections are included in [8–14], where fourth and higher order corrections are discussed in [11].
The SPM has also been extended to multilayer structures with an arbitrary number of layers [15–18],
and the fourth order SPM has been applied to a two-layer geometry in [19]. The KA is a high-frequency
approach valid for large curvature roughness, and has been extended to two-layer structure in [20, 21].

To extend the validity region, numerical methods including the Method of Moments (MoM),
3D Numerical Method of Maxwell’s equations (NMM3D) [22], Advanced Integral Equation Method
(AIEM) [23, 24], and Extended Boundary Condition Method (EBCM) [25–28], etc. have been developed.
However, the numerical methods have much higher computational cost than analytic methods, and face
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challenges with discretization errors. Numerical methods may not be suitable for layered media with a
large number of low contrast interfaces.

Interest has recently been increasing in predicting thermal emissions from layered media with
rough interfaces that represent ice sheets [29–31]. In particular, the Ultra-Wideband Software-Defined
Microwave Radiometer (UWBRAD) instrument is being developed to observe ice sheet emissions over
0.5–2 GHz, where understanding of the influence of layered roughness on UWBRAD measurements is
important. While the interfaces within an ice sheet typically have very small dielectric contrasts, the
accumulated effects of hundreds or thousands of interfaces can become significant.

In any simulation of thermal emission from a medium, ensuring energy conservation in the model
predictions is crucial. Should energy be not conserved, the brightness temperature computed from the
reflected and transmitted powers (in the case of lossless media) would differ, bringing ambiguities in
brightness temperature predictions. Requiring energy conservation makes the use of numerical methods
more challenging, as roundoff or discretization errors accumulate over a large number of interfaces. Due
to the low frequencies of interest for UWBRAD, interface roughness is expected to be small compared
to the wavelength, making the SPM approach more valid. The SPM2 is also known to conserve energy
[1], making it highly desirable for the computation of thermal emission. Energy conservation is achieved
to second order in the SPM because the incoherent power contained in the first order Bragg scattered
fields is compensated by a second order reduction in the power of the coherent fields.

In this paper, we examine and confirm SPM2’s energy conservation when predicting scattering
and thermal emission from multilayer 1D rough interfaces. The SPM2 formulation is reviewed using a
coupled Lippmann-Schwinger equations derived from Green’s theorem. The zeroth order, first order,
and second order (coherent averaged) fields are solved recursively. A recursive method is used so that
SPM2 can be applied to a large number of rough interfaces without high computational cost and memory
requirements.

The resulting zeroth order solution represents the flat surface coherent specularly reflected and
transmitted fields of the multilayer structure, while the first order solution captures the incoherent Bragg
scattered and transmitted fields scattered into all directions. The second order correction to the coherent
fields is determined through an integration over wavenumber kx that includes both “propagating” and
“evanescent” values for kx. The final total reflected and transmitted powers are expressed as a sum of
integrations over kx for each interface, with each including the surface power spectral density weighted by
a kernel function which corresponds to power spectral density of wave propagation. The resulting kernel
functions show that energy conservation is obeyed for any dielectric contrast, any layer configuration
and interface, and arbitrary roughness spectra.

The paper is organized as follows. In Section 2, we formulate the coupled Lippmann-Schwinger
equations in the spectral domain and derive the bistatic scattering and transmission coefficients for
multilayer rough interface scattering problem. A recursive method of solving the surface fields is given
in Section 3 which is useful for a large number of rough interfaces. Section 4 illustrates the numerical
simulation results. Section 5 concludes this paper. The derivation of Lippmann-Schwinger equation,
scattering potentials, and the solution of surface fields, as well as scattered and transmitted fields and
powers, are given in the appendices.

2. FORMULATION

2.1. Formulation using Extinction Theorem

We use extinction theorems to formulate the integral equations. Consider the multilayer structure shown
in Figure 1, there are n+ 1 regions separated by n rough interfaces at different depths. The lth rough
boundary is denoted by z = −dl + fl(x), with d0 = 0. The permittivity and permeability of region l are
denoted by εl, μl.

Consider a wave incident from region 0 upon the rough surfaces:

ψinc(x, z) =
∫ ∞

−∞
dkxe

ikxx−ikzzψ̃inc(kx) (1)

where ψ̃inc(kx) represents the amplitude of any incident wave and kz =
√
k2
0 − k2

x. For plane wave
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Figure 1. Geometry of layered medium with rough interfaces.

incidence,
ψinc(x, z) =eikixx−ikizz (2)

By applying Green’s theorem [32] to region 0, we obtain the integral equation

ψinc (r̄) +
∫

S′
0

ds′n̂′0·
[
ψ0

(
r̄′
)∇g0 (r̄, r̄′)− g0

(
r̄, r̄′

)∇ψ0

(
r̄′
)]

=
{
ψ0 (r̄) r̄ in region 0

0 r̄ in region 1 (3)

By using Green’s theorem to region l, the integral equation is∫
S′

l−1

ds′n̂′l−1·
[
ψl−1

(
r̄′
)∇gl

(
r̄, r̄′

)− gl

(
r̄, r̄′

)∇ψl−1

(
r̄′
)]

−
∫

S′
l

ds′n̂′l·
[
ψl

(
r̄′
)∇gl

(
r̄, r̄′

)− gl

(
r̄, r̄′

)∇ψl

(
r̄′
)]

=

{ 0
ψl (r̄)

0

r̄ in region l−1
r̄ in region l
r̄ in region l+1

(4)

By applying Green’s theorem to region n+ 1, the integral equation is∫
S′

n

ds′n̂′n·
[
ψn

(
r̄′
)∇gn+1

(
r̄, r̄′

)− gn+1

(
r̄, r̄′

)∇ψn

(
r̄′
)]

=
{

0 r̄ in region n
ψt (r̄) r̄ in region n+1 (5)

Note that we have 2n+2 equations from the extinction theorem (1 equation from top region, 2 equations
from each intermediate region (totally n regions), and 1 from bottom region). The coupled equations
are used to solve the surface fields on the n + 1 boundaries. There are 2n + 2 surface unknowns for
zeroth order and 2n+ 2 boundary conditions. After solving the surface fields recursively, the scattered
and transmitted fields can be solved from Equations (3) and (5) by putting observation point in region
0 or region n+ 1, respectively.

The 2D Green’s function in region l is gl (r̄, r̄′) = i
4H

(1)
0

(
kl

√
(x− x′)2 + (z − z′)2

)
, with spectral

representation given by

gl

(
r̄,r̄′

)
=

i

4π

∫ ∞

−∞
dkx

1
klz

eikx(x−x′)+iklz |z−z′| (6)

where klz =
√
k2

l − k2
x and kl is the wave number in region l.
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We define surface unknowns as

al

(
x′
)

= ψl(x′, z′ = −dl + fl(x′))

bl
(
x′
)

=

√
1+

[
dfl(x′)
dx′

]2

n̂′·∇̄′ψl(x′, z′= −dl+fl(x′))
(7)

The boundary conditions on the lth rough interface z′ = −dl + fl(x′) are

al+1

(
x′
)

= al

(
x′
)

bl+1

(
x′
)

=
1

ρl,l+1
bl
(
x′
) (8)

where ρl,l+1 = εl
εl+1

for TM polarization and ρl,l+1 = μl
μl+1

for TE polarization.
Surface fields in the spectral domain are

Al (kx) =
1
2π

∫ ∞

−∞
dx′e−ikxx′

al

(
x′
)

Bl (kx) =
1
2π

∫ ∞

−∞
dx′e−ikxx′

bl
(
x′
) (9)

Substituting the spectral green’s function and the spectral domain surface fields into the coupled
equations, we obtain the Lippmann-Schwinger equations in the spectral domain.

The equation for region 0 is

−1
2
A0 (kx)−

∫ ∞

−∞
dk′xV

N−
00

(
kx, k

′
x

)
A0

(
k′x
)− i

2
1
k0z

B0 (kx)−
∫ ∞

−∞
dk′xV

D−
00

(
kx, k

′
x

)
B0

(
k′x
)

= −δ(kx−kix)

(10)
The coupled equations for region l are

1
2
eiklzdl−1Al−1 (kx) +

∫ ∞

−∞
dk′xV

N+
l,l−1

(
kx, k

′
x

)
Al−1

(
k′x
)− i

2
1
klz

1
ρl−1,l

eiklzdl−1Bl−1 (kx)

−
∫ ∞

−∞
dk′xV

D+
l,l−1

(
kx, k

′
x

)
Bl−1

(
k′x
)− 1

2
eiklzdlAl (kx) −

∫ ∞

−∞
dk′xV

N+
l,l

(
kx, k

′
x

)
Al

(
k′x
)

+
i

2
1
klz

eiklzdlBl (kx) +
∫ ∞

−∞
dk′xV

D+
l,l

(
kx, k

′
x

)
Bl

(
k′x
)

= 0

− 1
2
e−iklzdl−1Al−1 (kx) −

∫ ∞

−∞
dk′xV

N−
l,l−1

(
kx, k

′
x

)
Al−1

(
k′x
)− i

2
1
klz

1
ρl−1,l

e−iklzdl−1Bl−1 (kx)

−
∫ ∞

−∞
dk′xV

D−
l,l−1

(
kx,k

′
x

)
Bl−1

(
k′x
)
+

1
2
e−iklzdlAl (kx) +

∫ ∞

−∞
dk′xV

N−
l,l

(
kx,k

′
x

)
Al

(
k′x
)

+
i

2
1
klz

e−iklzdlBl (kx) +
∫ ∞

−∞
dk′xV

D−
l,l

(
kx,k

′
x

)
Bl

(
k′x
)
= 0

(11)

And the equation for region n+ 1 is

1
2
eik(n+1)zdnAn (kx) +

∫ ∞

−∞
dk′xV

N+
n+1,n

(
kx, k

′
x

)
An

(
k′x
)− i

2
1

k(n+1)z

1
ρn,n+1

eik(n+1)zdnBn (kx)

−
∫ ∞

−∞
dk′xV

D+
n+1,n

(
kx, k

′
x

)
Bn

(
k′x
)

= 0 (12)

The detailed derivations of Lippmann-Schwinger equations are given in Appendix A. The scattering
potentials are listed in Appendix B.1.
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2.2. Small Perturbation Theory and Surface Fields Solutions

The second order small perturbation method solves the coupled spectral domain equations in a recursive
manner up to second order.

To solve the surface fields, the perturbation method makes use of series expansions up to second
order. Let

Al (kx) = A
(0)
l (kx) +A

(1)
l (kx) +A

(2)
l (kx)

Bl (kx) = B
(0)
l (kx) +B

(1)
l (kx) +B

(2)
l (kx)

(13)

In this paper, we only solve zeroth, first and coherent averaged second order surface fields because it
is demonstrated that energy conservation for second order power is obeyed, irrespective of the roughness
parameters.

An assumption of the smallness of the surface height is used to balance the order of solutions. The
scattering potentials can be expressed in first and second orders according to Appendix B.2.

Vp,q

(
kx,k

′
x

)
= V (1)

p,q

(
kx,k

′
x

)
+ V (2)

p,q

(
kx,k

′
x

)
(14)

Then by balancing the zeroth order of the Lippmann-Schwinger equations, the zeroth order surface
fields are obtained as

Ū (0) = Ū
(0)
C δ (kx − kix) (15)

Mathematically, there is no scattering potential of the rough interfaces included in zeroth order
coupled equations. Physically, the zeroth order solution is the exact solution for a multilayer medium
with flat interfaces.

By balancing the first order of the Lippmann-Schwinger equations and substituting the zeroth
order surface fields and first order scattering potentials, the first order surface fields are obtained as a
summation of Fourier transforms multiplied by Fourier coefficients as follows

Ū (1) = ¯̄U (1)
C F̄ (16)

where ¯̄U (1)
C is the Fourier coefficients matrix, and F̄ is the vector of aligned Fourier transforms of each

rough interface.
By balancing the second order of the Lippmann-Schwinger equations, the second order surface fields

after coherent averaging are obtained as follows.

< Ū (2) >=< ¯̄U (2)
C > W̄δ(kx − kix) (17)

where ¯̄U (2)
C is the spectral density coefficients matrix, and W̄ is the vector of aligned spectral densities

of each rough interface. The detailed matrix forms and direct-inverting method are given in Appendix
C.

Physically, the zeroth order solution is found as same as the case with flat interfaces. The first
order solution can be interpreted as a Bragg scattering modulation from incident direction to arbitrary
direction determined by kx. The second order solution can be interpreted as a double modulation of
scattering by the rough interface, the coherent averaging of which gives a Dirac delta function.

To apply this method to the case of a large number of rough interfaces, a recursive method
is proposed in Section 3, which cascades the top and bottom surface fields and thus reduces the
computational cost and memory requirement.

2.3. Bistatic Scattering and Transmission Coefficients

Putting the observation point in region 0 and region n + 1 and expressing the integral Equations (3)
and (5) into their spectral domain forms produce

ψs (kx) =
1
2
A0 (kx)+

∫ ∞

−∞
dk′xV

N+
00

(
kx, k

′
x

)
A0

(
k′x
)− i

2
1
k0z

B0 (kx)−
∫ ∞

−∞
dk′xV

D+
00

(
kx, k

′
x

)
B0

(
k′x
)

(18)
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ψt (kx) =
1
2
e−ik(n+1)zdnAn (kx) +

∫ ∞

−∞
dk′xV

N−
n+1,n

(
kx, k

′
x

)
An

(
k′x
)

+
i

2
1

k(n+1)z

1
ρn,n+1

e−ik(n+1)zdnBn (kx) +
∫ ∞

−∞
dk′xV

D−
n+1,n

(
kx, k

′
x

)
Bn

(
k′x
)

(19)

Substituting surface fields and scattering potentials of the top and bottom rough surfaces, we obtain
zeroth to second order scattered and transmitted fields. The simplified solutions are given below, while
detailed solutions are listed in Appendix D.1.

The zeroth order solution is a product of a coefficient and a delta function.

ψ(0)
s (kx) = ψ̃(0)

s (kx) δ(kx − kix)

ψ
(0)
t (kx) = ψ̃

(0)
t (kx) δ(kx − ktix)

(20)

where kix denotes the specular reflection direction, and ktix denotes the specular transmission direction.
The first order solution is a summation of the Fourier transforms of the rough interfaces with

differing amplitudes ψ̃(1)
sl (kx) (determined by the layered medium properties and scattering geometry)

ψ(1)
s (kx) =

n∑
l=0

ψ̃
(1)
sl (kx, kix)Fl(kx − kix)

ψ
(1)
t (kx) =

n∑
l=0

ψ̃
(1)
tl (kx, kix)Fl (kx − kix)

(21)

Note that the coherent averaging of two Fourier transforms gives a delta function when the
roughnesses on distinct interfaces are assumed to be uncorrelated:

< Fp(kx − k′x)Fq(k′x − kix) >=
{
δ(kx − kix)Wp(k′x − kix) p = q

0 p �= q
(22)

The second order solution is a summation of the product of two arbitrary Fourier transforms of
the rough interfaces with individual coefficients. When calculating the second order power, only the
coherent averaged second order fields are needed. After coherent averaging, only those products of same
Fourier transforms are left

< ψ(2)
s (kx) > = δ(kx − kix)

∫ ∞

−∞
dk′x

n∑
l=0

ψ̃
(2)
sl

(
k′x, kix

)
Wl(k′x − kix)

< ψ
(2)
t (kx) > = δ(kx − ktix)

∫ ∞

−∞
dk′x

n∑
l=0

ψ̃
(2)
tl

(
k′x, kix

)
Wl(k′x − kix)

(23)

The reflected and transmitted powers are calculated from the surface fields, up to second order. The
detailed derivations are given in Appendix D.2. Normalized by the incident power, the total coherent
and incoherent scattering and transmission coefficients are obtained as follows, for TM polarization,

γTM
coh (θi, θ

spec
s )=

{∣∣∣ψ̃(0)
s (kix)

∣∣∣2 + 2Re

[
ψ̃(0)

s (kix)
∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
sl (kx, kix)Wl(kx − kix)

]}

τTM
coh (θi, θ

spec
t )=

√
ε0
εn+1

cos θspec
t

cos θi

{∣∣∣ψ̃(0)
t (kix)

∣∣∣2+2Re

[
ψ̃

(0)
t (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
tl (kx, kix)Wl(kx−kix)

]}

γTM
incoh(θi, θs)=

∫ π/2

−π/2
dθsk0

cos2 θs

cos θi

n∑
l=0

∣∣∣ψ̃(1)
sl (kx, kix)

∣∣∣2Wl(kx − kix)

τTM
incoh(θi, θt)=

∫ π/2

−π/2
dθtk0

cos2 θt

cos θi

n∑
l=0

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2Wl(kx − kix)

(24)
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where γ and τ are scattering and transmission coefficients, respectively; θspec
s and θspec

t are the specular
reflection and transmission angles, respectively, determined by the incident angle and the permittivities
of top and bottom medium, θspec

s = θi, θ
spec
t = sin−1 (

√
ε0

εn+1
sin θi), according to Snell’s law. The

coherent waves are in the specular directions while the incoherent waves are in all directions from −π/2
to π/2.

And for TE polarization,

γTE
coh(θi, θ

spec
s )=

{∣∣∣ψ̃(0)
s (kix)

∣∣∣2 + 2Re

[
ψ̃(0)

s (kix)
∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
sl (kx, kix)Wl(kx − kix)

]}

τTE
coh (θi, θ

spec
t )=

√
εn+1

ε0

cos θspec
t

cos θi

{∣∣∣ψ̃(0)
t (kix)

∣∣∣2+2Re

[
ψ̃

(0)
t (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
tl (kx, kix)Wl(kx−kix)

]}

γTE
incoh(θi, θs)=

∫ π/2

−π/2
dθsk0

cos2 θs

cos θi

n∑
l=0

∣∣∣ψ̃(1)
sl (kx, kix)

∣∣∣2Wl(kx − kix)

τTE
incoh(θi, θt)=

∫ π/2

−π/2
dθtk0

εn+1

ε0

cos2 θt

cos θi

n∑
l=0

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2Wl(kx − kix)

(25)

2.4. SPM Kernel Functions of Power Spectral Densities

The zeroth order energy obeys energy conservation. The first order energy is zero because the averages
of first order fields are zero. Thus change arises from second order energy.

The second order coherent energy is the average of the product of zeroth order field and complex
conjugate of the second order field while the second order incoherent energy comes from the product of
first order field and its complex conjugate. The former captures a decrease in the specularly reflected
and transmitted powers, while the latter includes the Bragg scattered and transmitted powers in all
bistatic directions. The combination of these terms should satisfy energy conservation for any dielectric
contrast, any layer configuration and interface, and arbitrary roughness spectra. Thus we only need to
examine the kernel functions as follows.

r
(2)
coh =

∫ ∞

−∞
dkx

n∑
l=0

R
(2)
coh,l (kx, kix)Wl(kx − kix)

t
(2)
coh =

∫ ∞

−∞
dkx

n∑
l=0

T
(2)
coh,l (kx, kix)Wl(kx − kix)

r
(2)
incoh =

∫ k0

−k0

dkx

n∑
l=0

R
(2)
incoh,l (kx, kix)Wl(kx − kix)

t
(2)
incoh =

∫ kn+1

−kn+1

dkx

n∑
l=0

T
(2)
incoh,l (kx, kix)Wl(kx − kix)

(26)

where for lth rough interface

R
(2)
coh,l (kx, kix) =

⎧⎨
⎩ 2Re

[
ψ̃

(0)
s (kix) ψ̃

(2)

sl (kx, kix)
]

for |kx| ≤ k0

0 for |kx| > k0

T
(2)
coh,l (kx, kix) =

{
2Re

[
ρ0,n+1

k(n+1)iz

k0iz
ψ̃

(0)
t (kix) ψ̃(2)

tl (kx, kix)
]

for |kx| ≤ kn+1

0 for |kx| > kn+1

R
(2)
incoh,l (kx, kix) = Re

[
k∗z
k0iz

∣∣∣ψ̃(1)
sl (kx, kix)

∣∣∣2]
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T
(2)
incoh,l (kx, kix) = Re

[
ρ0,n+1

k∗(n+1)z

k0iz

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2
]

(27)

where ρ0,n+1 = ε0
εn+1

for TM polarization, ρ0,n+1 = μ0

μn+1
for TE polarization.

It is noted that the incoherent waves arise only from the “propagating waves”, i.e., for scattered wave
kx∈ [−k0, k0] while for transmitted wave kx∈ [−kn+1, kn+1]. The coherent waves come from both the
“propagating waves” and the “evanescent waves” where kx∈ [−∞,∞]. There are four kernel functions
for each interface.

Then, since zeroth order energy conserves, the second order terms need to sum to zero to conserve
energy as

r
(2)
coh+t(2)coh+r(2)incoh+t(2)incoh = 0 (28)

which means∫ ∞

−∞
dkx

n∑
l=0

[
R

(2)
coh,l (kx,kix)+T (2)

coh,l (kx,kix)+R(2)
incoh,l (kx,kix)+T (2)

incoh,l (kx,kix)
]
Wl(kx − kix)= 0 (29)

The above seems to be complicated because it seems that one has to specify all Wl (kx − kix)
(l = 0, 1, . . . , n), substitute kernel functions and roughness spectral densities, sum from 0 to n, and
integrate from −∞ to ∞ to get 0. The key result we show in this paper is that this is not necessary as
we show the much stronger condition that

R
(2)
coh,l (kx,kix) +T (2)

coh,l (kx,kix) +R(2)
incoh,l (kx,kix)+T (2)

incoh,l (kx,kix)= 0 (30)

for each kx and each l.
We examine these kernel functions for a 2-layers case and a 51-layers case in Section 4. The detailed

derivations are given in Appendix D.2.

3. RECURSIVE METHOD OF SOLVING THE COEFFICIENTS

The basic method to solve the surface fields is by inverting the matrix on the left hand side and
multiplying with the right hand side of the equations. However, when the number of interfaces increases,
the computational cost and requirement of memory will increase rapidly. A recursive method by
cascading the surface fields of the top and bottom rough surfaces is used for fast computation.

The recursive relation can be derived from two coupled equations for each intermediate medium
layer, and the key to this method is to develop a recursive relation between the unknowns of top and
bottom surfaces.

Use the zeroth order solution as an example. For the lth medium, the coupled equations can be
expressed as

1
2
eiklzdl−1A

(0)
l−1 (kx) − i

2
1
klz

1
ρl−1,l

eiklzdl−1B
(0)
l−1 (kx) − 1

2
eiklzdlA

(0)
l (kx) +

i

2
1
klz

eiklzdlB
(0)
l (kx) = 0

− 1
2
e−iklzdl−1A

(0)
l−1 (kx) − i

2
1
klz

1
ρl−1,l

e−iklzdl−1B
(0)
l−1 (kx) +

1
2
e−iklzdlA

(0)
l (kx)

+
i

2
1
klz

e−iklzdlB
(0)
l (kx) = 0

(31)

The recursive relation can be expressed in a matrix form as[
A

(0)
l (kx)

B
(0)
l (kx)

]
= ¯̄Ml,l−1

[
A

(0)
l−1 (kx)

B
(0)
l−1 (kx)

]
(32)

where

¯̄Ml,l−1 =
1
2

⎡
⎢⎢⎣

eiklztl + e−iklztl
i

klz

1
ρl−1,l

(
eiklztl − e−iklztl

)
−iklz

(
eiklztl − e−iklztl

) 1
ρl−1,l

(
eiklztl + e−iklztl

)
⎤
⎥⎥⎦
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where tl = dl − dl−1 is the thickness of the lth medium.
Using this recursive relation, we can relate the surface fields on the top surface to the surface fields

on the bottom surface. [
A

(0)
n (kx)

B
(0)
n (kx)

]
=

[
n∏

l=1

¯̄Ml,l−1

] [
A

(0)
0 (kx)

B
(0)
0 (kx)

]
(33)

Substitute in the two equations for top and bottom surfaces

− 1
2
A

(0)
0 (kx) − i

2
1
k0z

B
(0)
0 (kx) = −1

1
2
eik(n+1)zdnA(0)

n (kx) − i

2
1
knz

1
ρn,n+1

eik(n+1)zdnB(0)
n (kx) = 0

(34)

We only need to invert a 2× 2 matrix to obtain the zeroth order surface fields solution on top and
bottom surfaces. Then we can compute the surface field solutions of all rough interfaces. The solution
agrees with that computed from matrix inverting method.

The recursive relation of first order fields for the lth medium is[
A

(1)
l (kx)

B
(1)
l (kx)

]
= ¯̄Ml,l−1

[
A

(1)
l−1 (kx)

B
(1)
l−1 (kx)

]
+¯̄V (1)

l,l−1

[
A

(0)
l−1 (kx)

B
(0)
l−1 (kx)

]
Fl−1(kx−kix)+ ¯̄V (1)

l,l

[
A

(0)
l (kx)

B
(0)
l (kx)

]
Fl(kx−kix)

(35)
where the first order scattering potential matrices are

¯̄V (1)
l,l−1 =

⎡
⎣ − (eiklztl − e−iklztl

)
Ṽ

N+(1)
l,l−1 (kx, kix) − (eiklztl + e−iklztl

)
Ṽ

D+(1)
l,l−1 (kx, kix)

iklz

(
eiklztl + e−iklztl

)
Ṽ

N+(1)
l,l−1 (kx, kix) iklz

(
eiklztl − e−iklztl

)
Ṽ

D+(1)
l,l−1 (kx, kix)

⎤
⎦

¯̄V (1)
l,l =

⎡
⎣ 0 2e−iklztl Ṽ

D+(1)
l,l (kx, kix)

−2iklze
−iklztl Ṽ

N+(1)
l,l (kx, kix) 0

⎤
⎦

(36)

The recursive relation of second order fields for the lth medium is[
< A

(2)
l (kx) >

< B
(2)
l (kx) >

]
= ¯̄Ml,l−1

[
A

(2)
l−1 (kx)

B
(2)
l−1 (kx)

]
+ < ¯̄V (2)

l,l−1 >

[
A

(0)
l−1 (kx)

B
(0)
l−1 (kx)

]
Wl−1(kx − kix)

+ < ¯̄V (2)
l,l >

[
A

(0)
l (kx)

B
(0)
l (kx)

]
Wl(kx − kix)+ < ¯̄V (1)

l,l−1 >

[
A

(1)
l−1 (kx)

B
(1)
l−1 (kx)

]
Wl−1(kx − kix)

+ < ¯̄V (1)
l,l >

[
A

(1)
l (kx)

B
(1)
l (kx)

]
Wl(kx − kix) (37)

where the first order scattering potential matrices operate with the first order surface fields, the second
order scattering potential matrices operate with the zeroth order surface fields, and both of them
contribute to the second order fields. The second order scattering potential matrices are

¯̄V (2)
l,l−1 =

⎡
⎣ (

eiklztl + e−iklztl
)
Ṽ

N+(2)
l,l−1 (kx, kix)

(
eiklztl − e−iklztl

)
Ṽ

D+(2)
l,l−1 (kx, kix)

−iklz

(
eiklztl − e−iklztl

)
Ṽ

N+(2)
l,l−1 (kx, kix) −iklz

(
eiklztl + e−iklztl

)
Ṽ

D+(2)
l,l−1 (kx, kix)

⎤
⎦

¯̄V (2)
l,l =

⎡
⎣ −2e−iklztl Ṽ

D+(1)
l,l (kx, kix) 0

0 2iklze
−iklztl Ṽ

N+(1)
l,l (kx, kix)

⎤
⎦

(38)

Equations (36), (38) are simplified scattering potential matrices by using Ṽ
N+(1)
p,q = −Ṽ N−(1)

p,q ,
Ṽ

D+(1)
p,q = −Ṽ D−(1)

p,q , Ṽ N+(2)
p,q = Ṽ

N−(2)
p,q , and Ṽ D+(2)

p,q = Ṽ
D−(2)
p,q .

The recursive relation avoids the high computational costs of CPU and memory for inverting large
matrix.
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4. NUMERICAL RESULTS

Energy conservation is checked for both TM and TE polarizations for 2-layers and 51-layers cases. As
shown in Section 2, scattering coefficients for reflection and transmission are expressed as an integration
of the product of SPM kernel functions and surface spectral densities over the spectral domain. Energy
conservation can therefore be examined using the SPM kernel functions without any specification of the
surface roughness. Note the fact that energy conservation is satisfied does not imply that the reflected
or transmitted powers individually are accurate; they should be expected to be accurate only in the
case of small surface heights relative to the electromagnetic wavelength.

4.1. Results for a 2-Layers Case

The parameters are as follows: frequency = 1.4 GHz, nadir incidence, layer thickness is 0.1 m, and the
permittivities of region 0, region 1, and region 2 are 1, 1.4, and 2, respectively. SPM kernel functions
for TM and TE polarizations are shown in Figures 2 and 3, respectively. The figures illustrate the

(a) (b)

Figure 2. Kernel functions for TM polarization for 2-layers case, (a) W0, (b) W1.

(a) (b)

Figure 3. Kernel functions for TE polarization for 2-layers case, (a) W0, (b) W1.
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coherent scattered and transmitted contributions, as well as the incoherent scattered and transmitted
contributions, for the roughness of the upper interface (left plots) and for the roughness of the lower
interface (right plots). The figures also include the sum of all contributions, which should equal zero if
energy is conserved.

The sum results confirm energy conservation for the method as expected. Note that the incoherent
scattered and transmitted waves have contributions only for kx < 29.3 and kx < 41.5, respectively,
while the coherent contributions extend over the entire wavenumber range. When recombined to create
an SPM kernel for emission (i.e., combining for example the reflected coherent and incoherent terms),
the “critical phenomena” known to occur in microwave emission [33] arises, with distinct locations for
the upper and lower interfaces. The SPM kernel functions for a given interface are dependent on the
entire layered medium structure, and capture any “multi-bounce” interaction of the Bragg waves with
the flat interfaces of the layered medium.

4.2. Results for a 51-Layers Case

The parameters are as follows: frequency = 1.4 GHz, the total number of rough interfaces is 51, and
the layer thickness is 0.01 m for all layers. The wave approaches from nadir incidence. The top
region permittivity is 1, the bottom region permittivity is 1.5, and the permittivities are of the form

(a) (b)

(c)

Figure 4. Kernel functions for TM polarization for 51-layers case, (a) W0, (b) W25, (c) W50.
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(a) (b)

(c)

Figure 5. Kernel functions for TE polarization for 51-layers case, (a) W0, (b) W25, (c) W50.

[1, 1.5, 1, 1.5, . . . , 1, 1.5, 1, 1.5] from top to bottom.
The SPM kernel functions for W0, W25, and W50 for TM and TE polarizations are shown in

Figures 4 and 5, respectively.
The results again confirm energy conservation for the second order SPM.

5. CONCLUSION

This paper investigates the energy conservation of the second order small perturbation method. We
develop a 2D multilayer SPM to calculate the bistatic scattering and transmission kernel functions of
layered media with multiple 1D roughness. A recursive method to solve the surface fields up to second
order is developed to save the computational cost of CPU and memory. The results were used to
compute the SPM kernel functions for the total reflected and transmitted powers up to second order in
the form of an integration over kx of coherent and incoherent contributions for each interface. Energy
conservation is confirmed in terms of the SPM kernel functions alone, so that the method is desirable for
thermal emission computations. Numerical examples show that energy conservation is obeyed for any
dielectric contrast, any layer configuration and interface, and arbitrary roughness spectra. Extensions
to 3D cases are in process and will be reported in the future.
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APPENDIX A. DERIVATION OF LIPPMANN-SCHWINGER EQUATIONS

The details of derivation of Lippmann-Schwinger equations in spectral domain are listed.
Substitute the spectral domain green’s function to extinction theorem in Equations (3)–(5), we

obtain the following coupled equations.
The equation for region 0 is∫ ∞

−∞
dkxe

ikxx−ik0zzψ̃inc(kx) +
i

4π

∫ ∞

−∞
dkx

1
k0z

eikxx−ik0zz

×
∫ ∞

−∞
dx′

{
a0

(
x′
) [
ikx

df0 (x′)
dx′

+ ik0z

]
− b0

(
x′
)}× e−ikxx′+ik0zf0(x′) = 0 (A1)

The equations for region l are

i

4π

∫ ∞

−∞
dkx

1
klz

eikxx+iklzz

∫ ∞

−∞
dx′

{
al−1

(
x′
) [
ikx

dfl−1 (x′)
dx′

− iklz

]
− 1
ρl−1,l

bl−1

(
x′
)}

× e−ikxx′−iklz[−dl−1+fl−1(x
′)]− i

4π

∫ ∞

−∞
dkx

1
klz

eikxx+iklzz

∫ ∞

−∞
dx′

{
al

(
x′
) [
ikx

dfl(x′)
dx′

− iklz

]
−bl

(
x′
)}

× e−ikxx′−iklz[−dl+fl(x
′)] = 0

i

4π

∫ ∞

−∞
dkx

1
klz

eikxx−iklzz

∫ ∞

−∞
dx′

{
al−1

(
x′
) [
ikx

dfl−1 (x′)
dx′

+ iklz

]
− 1
ρl−1,l

bl−1

(
x′
)}

× e−ikxx′+iklz[−dl−1+fl−1(x
′)]− i

4π

∫ ∞

−∞
dkx

1
klz

eikxx−iklzz

∫ ∞

−∞
dx′

{
al

(
x′
) [
ikx

dfl(x′)
dx′

+ iklz

]
−bl

(
x′
)}

× e−ikxx′+iklz[−dl+fl(x
′)] = 0

(A2)

The equation for region n+ 1 is

i

4π

∫ ∞

−∞
dkx

1
k(n+1)z

eikxx+ik(n+1)zz

∫ ∞

−∞
dx′

{
an

(
x′
) [
ikx

dfn (x′)
dx′

− ik(n+1)z

]
− 1
ρn,n+1

bn
(
x′
)}

×e−ikxx′−ik(n+1)z[−dn+fn(x′)] = 0 (A3)

Using the Fourier transforms in Equation (9), we obtain the spectral domain equations.
Substituting the scattering potentials listed in Appendix B.1, we obtain the coupled Lippmann-
Schwinger equations as Equations (10)–(12).

APPENDIX B. SCATTERING POTENTIALS AND SMALL HEIGHT
APPROXIMATION

B.1. Scattering Potentials

Four pairs of scattering potentials for lth region in Equation (11) are listed below.
The notations are: for the subscripts, first alphabet means the number of region, second alphabet

means the number of rough interface; for the superscripts, N means Neumann boundary condition, D
means Dirichlet boundary condition, and + means upward going wave, − means downward going wave.

V N+
l,l−1

(
kx,k

′
x

)
=

1
2k2

lz

eiklzdl−1
(
k2

l − kxk
′
x

)
I+
l,l−1

(
kx,k

′
x

)
V D+

l,l−1

(
kx,k

′
x

)
=

i

2klz

1
ρl−1,l

eiklzdl−1
(
k2

l − kxk
′
x

)
I+
l,l−1

(
kx,k

′
x

)
V N+

l,l

(
kx,k

′
x

)
=

1
2k2

lz

eiklzdl
(
k2

l − kxk
′
x

)
I+
l,l

(
kx,k

′
x

)
V D+

l,l (kx, k
′
x) =

i

2klz
eiklzdl

(
k2

l − kxk
′
x

)
I+
l,l

(
kx,k

′
x

)
(B1)
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where

I+
l,l−1

(
kx,k

′
x

)
=

1
2π

∫ ∞

−∞
dx′e−i(kx−k′

x)x′
[e−iklzfl−1(x′)−1]

I+
l,l

(
kx,k

′
x

)
=

1
2π

∫ ∞

−∞
dx′e−i(kx−k′

x)x′
[e−iklzfl(x

′)−1]
(B2)

Similarly,

V N−
l,l−1

(
kx,k

′
x

)
=

1
2k2

lz

e−iklzdl−1
(
k2

l − kxk
′
x

)
I−l,l−1

(
kx,k

′
x

)
V D−

l,l−1

(
kx,k

′
x

)
=

i

2klz

1
ρl−1,l

e−iklzdl−1
(
k2

l − kxk
′
x

)
I−l,l−1

(
kx,k

′
x

)
V N−

l,l (kx, k
′
x) =

1
2k2

lz

e−iklzdl
(
k2

l − kxk
′
x

)
I−l,l

(
kx,k

′
x

)
V D−

l,l (kx, k
′
x) =

i

2klz
e−iklzdl

(
k2

l − kxk
′
x

)
I−l,l

(
kx,k

′
x

)
(B3)

where

I−l,l−1

(
kx,k

′
x

)
=

1
2π

∫ ∞

−∞
dx′e−i(kx−k′

x)x′
[eiklzfl−1(x

′)−1]

I−l,l
(
kx,k

′
x

)
=

1
2π

∫ ∞

−∞
dx′e−i(kx−k′

x)x′
[eiklzfl(x

′)−1]
(B4)

B.2. Small Height Approximation

To solve the SPM coupled equations for different orders, we need to specify the first and second order
scattering potentials, which can be further calculated from the first and second order integration terms.

The small height approximation of the scattering potentials applies to Equations (B2), (B4).
The Fourier transform and inverse Fourier transform of the lth rough interface can be expressed as

Fl (kx) =
1
2π

∫ ∞

−∞
dx′e−ikxx′

fl

(
x′
)

fl

(
x′
)

=
∫ ∞

−∞
dkxe

ikxx′
Fl (kx)

(B5)

The first order and second order expressions of the integration can be expressed as

I
+(1)
l,l−1

(
kx,k

′
x

)
= −iklzFl−1

(
kx − k′x

)
I
+(2)
l,l−1

(
kx,k

′
x

)
= −k

2
lz

2

∫
dk

′′
xFl−1

(
kx − k′x − k

′′
x

)
Fl−1

(
k

′′
x

)
I
+(1)
l,l

(
kx,k

′
x

)
= −iklzFl

(
kx − k′x

)
I
+(2)
l,l

(
kx,k

′
x

)
= −k

2
lz

2

∫
dk

′′
xFl

(
kx − k′x − k

′′
x

)
Fl

(
k

′′
x

)
I
−(1)
l,l−1

(
kx,k

′
x

)
= iklzFl−1

(
kx − k′x

)
I
−(2)
l,l−1

(
kx,k

′
x

)
= −k

2
lz

2

∫
dk

′′
xFl−1

(
kx − k′x − k

′′
x

)
Fl−1

(
k

′′
x

)
I
−(1)
l,l

(
kx,k

′
x

)
= iklzFl

(
kx − k′x

)
I
−(2)
l,l

(
kx,k

′
x

)
= −k

2
lz

2

∫
dk

′′
xFl

(
kx − k′x − k

′′
x

)
Fl

(
k

′′
x

)

(B6)

Note that there is no need to generate surface profile and compute the Fourier transform. We only
need to compute the Fourier coefficients.
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APPENDIX C. MATRIX FORM SOLUTION OF SURFACE FIELDS

The zeroth order fields are solved by balancing the zeroth order terms of Equations (10)–(12).
The matrix form can be expressed as

¯̄Z(0)Ū (0) = R̄(0) (C1)

where ¯̄Z(0) is a (2n+ 2)× (2n + 2) matrix, Ū (0) and R̄(0) are (2n+ 2)× 1 vectors. The unknown vector
Ū (0) is a combination of zeroth order solution for surface fields.

The zeroth order solution can be expressed as

Ū (0) = Ū
(0)
C δ (kx − kix) (C2)

where

Ū
(0)
C =

[
A

(0)
0 (kix) B

(0)
0 (kix) · · · A

(0)
l (kix) B

(0)
l (kix) · · · A

(0)
n (kix) B

(0)
n (kix)

]T
(C3)

where the subscript means the number of interface.
The first order fields are solved by balancing the first order terms of Equations (10)–(12).
The matrix form is

¯̄Z(1)Ū (1) = R̄(1) (C4)

where ¯̄Z(1) is a (2n + 2) × (2n+ 2) matrix, and Ū (1) is a (2n+ 2) × 1 unknown vector.
R̄(1) is the product of zeroth order solutions and first order scattering potentials

R̄(1) = − ¯̄V (1)
c

¯̄U (0)
D F̄ (C5)

where ¯̄V (1)
c is the (2n+ 2)×(2n+ 2) first order potential matrix, ¯̄U (0)

D is the (2n+ 2)×(2n + 2) diagonal
matrix of zeroth order solution, and F̄ is an aligned (2n+ 2)× 1 vector composed of Fourier transforms
of interfaces. However, there is no need to generate the surface profiles F̄ while only ¯̄V (1)

c and ¯̄U (0)
D are

necessary.
The first order surface fields can be found expressed as

Ū (1) =
[
A

(1)
0 (kx, kix) B

(1)
0 (kx, kix) · · · A(1)

l (kx, kix) B
(1)
l (kx, kix) · · · A(1)

n (kx, kix) B
(1)
n (kx, kix)

]T

(C6)
where each term is a summation of Fourier transforms weighted by Fourier coefficients.

The second order fields are solved by balancing the second order terms of Equations (10)–(12).
¯̄Z(2)Ū (2) = R̄(2) (C7)

Only the coherent averaging terms are needed to compute second order power.

< ¯̄Z(2) >< Ū (2) >=< R̄(2) > (C8)

where < ¯̄Z(2) > is coherent averaged second order impedance matrix, which equals to the zeroth order
impedance matrix ¯̄Z(0) because of the delta function δ(kx − kix), < Ū (2) > is the coherent average of
the second order solutions.

The right hand side is composed of two parts: first is the product of zeroth order fields and second
order scattering potentials, and second is the product of first order fields and first order scattering
potentials.

Based on Equation (22) for uncorrelated relation of distinct rough interfaces, the right hand side
can be separated into two parts:

< R̄(2) >=< R̄
(2)
02 > + < R̄

(2)
11 > (C9)

where
< R̄

(2)
02 >= − < ¯̄V (2)

C > ¯̄U (0)
D W̄ (C10)
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where the ¯̄V (2)
C is the (2n+ 2) × (2n+ 2) second order scattering potential matrix, and ¯̄U (0)

D is the
(2n+ 2) × (2n + 2) diagonal matrix of zeroth order fields, W̄ is the vector composed of (2n+ 2)×1
vector of spectral densities.

< R̄
(2)
11 >= − < ¯̄V (1)

C > ¯̄I < ¯̄U (1)
D > W̄ (C11)

where the < ¯̄V (1)
C > is the (2n + 2) × (2n + 2) coherent averaged first order potential matrix, and ¯̄U (1)

D
is the (2n+ 2) × (2n+ 2) diagonal matrix of first order coefficients.

The second order surface fields can be expressed as

< Ū (2) >=
< [A(2)

1 (kx, kix) B(2)
1 (kx, kix) . . . A

(2)
l (kx, kix) B(2)

l (kx, kix) . . . A(2)
n (kx, kix) B(2)

n (kx, kix)]T > (C12)

where each term is a summation of spectral densities weighted by spectral density coefficients.

APPENDIX D. SCATTERED AND TRANSMITTED FIELDS AND POWERS

D.1. Scattered and Transmitted Fields

The scattering and transmission coefficients can be solved by applying the Green’s theorem to the top
and bottom regions.

The scattered wave is solved from

ψs

(
r̄′
)

=
∫

S′
0

ds′n̂′0·
[
ψ0

(
r̄′
)∇g0 (r̄, r̄′)− g0

(
r̄, r̄′

)∇ψ0

(
r̄′
)]

(D1)

by putting observation point in region 0.
The spectral domain solution of the scattered field is

ψs (kx) =
1
2
A0 (kx)+

∫ ∞

−∞
dk′xV

N+
00

(
kx, k

′
x

)
A0

(
k′x
)− i

2
1
k0z

B0 (kx)−
∫ ∞

−∞
dk′xV

D+
00

(
kx, k

′
x

)
B0

(
k′x
)

(D2)

Substituting the surface fields and scattering potentials, we obtain the zeroth, first, and coherent
averaged second order scattered fields as follows

ψ̃(0)
s (kx) =

1
2
A

(0)
0 (kx) − i

2
1
k0z

B
(0)
0 (kx) (D3)

ψ(1)
s (kx) =

1
2
A

(1)
0 (kx) − i

2
1
k0z

B
(1)
0 (kx) + V

N+(1)
00

(
kx, k

′
x

)
A

(0)
0

(
k′x
)− V

D+(1)
00

(
kx, k

′
x

)
B

(0)
0

(
k′x
)

(D4)

< ψ(2)
s (kx) >=

1
2
< A

(2)
0 (kx) > − i

2
1
k0z

< B
(2)
0 (kx) > + < V

N+(2)
00 (kx, kix)A(0)

0 (kix) >

− < V
D+(2)
00 (kx, kix)B(0)

0 (kix) >+< V
N+(1)
00 (kx, k

′
x)A(1)

0 (k′x) >−< V
D+(1)
00 (kx, k

′
x)B(1)

0 (k′x) > (D5)

The first order scattered field is simplified as

ψ(1)
s (kx) =

n∑
l=0

ψ̃
(1)
sl (kx, kix)Fl(kx − kix) (D6)

The coherent averaged second order scattered field is expressed as

< ψ(2)
s (kx) >= δ(kx − kix)

∫ ∞

−∞
dk′x

n∑
l=0

ψ̃
(2)
sl (k′x, kix)Wl(k′x − kix) (D7)

Similarly, the transmitted wave is solved from

ψt

(
r̄′
)

=
∫

S′
n

dsn̂′n·
[
ψn

(
r̄′
)∇gn+1

(
r̄, r̄′

)− gn+1

(
r̄, r̄′

)∇ψn

(
r̄′
)]

(D8)

by putting observation point in region n+ 1.
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The spectral domain solution of the transmitted field is

ψt (kx) =
1
2
e−ik(n+1)zdnAn (kx) +

∫ ∞

−∞
dk′xV

N−
n+1,n

(
kx, k

′
x

)
An

(
k′x
)

+
i

2
1

k(n+1)z

1
ρn,n+1

e−ik(n+1)zdnBn (kx)

+
∫ ∞

−∞
dk′xV

D−
n+1,n

(
kx, k

′
x

)
Bn

(
k′x
)

(D9)

Substituting the surface fields and scattering potentials, we obtain the zeroth, first, and coherent
averaged second order transmitted fields as follows

ψ̃
(0)
t (kx) =

1
2
e−ik(n+1)zdnA(0)

n (kx) +
i

2
1

k(n+1)z

1
ρn,n+1

e−ik(n+1)zdnB(0)
n (kx) (D10)

ψ
(1)
t (kx) =

1
2
e−ik(n+1)zdnA(1)

n (kx) +
i

2
1

k(n+1)z

1
ρn,n+1

e−ik(n+1)zdnB(1)
n (kx) + V

N−(1)
n+1,n

(
kx, k

′
x

)
A(0)

n

(
k′x
)

+V D−(1)
n+1,n

(
kx, k

′
x

)
B(0)

n

(
k′x
)

(D11)

< ψ
(2)
t (kx) > =

1
2
e−ik(n+1)zdn < A(2)

n (kx) > +
i

2
1

k(n+1)z

1
ρn,n+1

e−ik(n+1)zdn < B(2)
n (kx) >

+ < V
N−(2)
n+1,n (kx, k

′
x)A(0)

n (k′x) > + < V
D−(2)
n+1,n (kx, k

′
x)B(0)

n (k′x) >

+ < V
N−(1)
n+1,n (kx, k

′
x)A(1)

n (k′x) > + < V
D−(1)
n+1,n (kx, k

′
x)B(1)

n (k′x) > (D12)

The first order transmitted field is simplified as

ψ
(1)
t (kx) =

n∑
l=0

ψ̃
(1)
tl (kx, kix)Fl(kx − kix) (D13)

The coherent averaged second order transmitted field is expressed as

< ψ
(2)
t (kx) >= δ(kx − ktix)

∫ ∞

−∞
dk′x

n∑
l=0

ψ̃
(2)
tl

(
k′x, kix

)
Wl(k′x − kix) (D14)

D.2. Scattered and Transmitted Powers per Unit Area

For TM polarization, the incident power is < S̄inc · (−ẑ) >TM= 1
2ωε0

k0iz.
The scattered power can be divided into coherent and incoherent components:

< S̄s · ẑ >TM
coh = Re

{
1

2ωε0

[
< ψ(0)

s (r̄) >
∂

∂z
< ψ(0)∗

s (r̄) >

+ < ψ(0)
s (r̄) >

∂

∂z
< ψ(2)∗

s (r̄) > + < ψ(2)
s (r̄) >

∂

∂z
< ψ(0)∗

s (r̄) >
]}

(D15)

< S̄s · ẑ >TM
incoh= Re

{
1

2ωε0

[
< ψ(1)

s (r̄) >
∂

∂z
< ψ(1)∗

s (r̄) >
]}

(D16)

Substituting the spectral domain solution, we obtain

< S̄s · ẑ >TM
coh = Re

{
k0iz

2ωε0

[∣∣∣ψ̃(0)
s (kix)

∣∣∣2 + 2ψ̃(0)
s (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
sl (kx, kix)Wl(kx − kix)

]}
(D17)

< S̄s · ẑ >TM
incoh= Re

{
1

2ωε0

[∫ k0

−k0

dkx

n∑
l=0

k∗z
∣∣∣ψ̃(1)

sl (kx, kix)
∣∣∣2Wl(kx − kix)

]}
(D18)
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Similarly, the transmitted power can be divided into coherent and incoherent components:

< S̄t · (−ẑ) >TM
coh = Re

{
1

2ωεn+1

[
< ψ

(0)
t (r̄) >

∂

∂z
< ψ

(0)∗
t (r̄) > + < ψ

(0)
t (r̄) >

∂

∂z
< ψ

(2)∗
t (r̄) >

+ < ψ
(2)
t (r̄) >

∂

∂z
< ψ

(0)∗
t (r̄) >

]}
(D19)

< S̄t · (−ẑ) >TM
incoh= Re

{
1

2ωεn+1

[
< ψ

(1)
t (r̄) >

∂

∂z
< ψ

(1)∗
t (r̄) >

]}
(D20)

Substituting the spectral domain solution, we obtain

< S̄t · (−ẑ) >TM
coh = Re

{
k(n+1)iz

2ωεn+1

[∣∣∣ψ̃(0)
t (kix)

∣∣∣2 + 2ψ̃(0)
t (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
tl (kx, kix)Wl(kx − kix)

]}

(D21)

< S̄t · (−ẑ) >TM
incoh= Re

{
1

2ωεn+1

[∫ kn+1

−kn+1

dkx

n∑
l=0

k∗(n+1)z

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2Wl(kx − kix)

]}
(D22)

We examine the second order kernel functions (normalized by the incident power) as follows

r
TM(2)
coh = 2Re

[
ψ̃(0)

s (kix)
∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
sl (kx, kix)Wl(kx − kix)

]

t
TM(2)
coh = 2Re

{
ε0
εn+1

k(n+1)iz

k0iz

[
ψ̃

(0)
t (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
tl (kx, kix)Wl(kx − kix)

]}

r
TM(2)
incoh = Re

{
1
k0iz

[∫ k0

−k0

dkx

n∑
l=0

k∗0z

∣∣∣ψ̃(1)
sl (kx, kix)

∣∣∣2Wl(kx − kix)

]}

t
TM(2)
incoh = Re

{
ε0
εn+1

1
k0iz

[∫ kn+1

−kn+1

dkx

n∑
l=0

k∗(n+1)z

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2Wl(kx − kix)

]}
(D23)

It is noted that the incoherent waves arise only from the propagating waves, where for scattered
wave kx ∈ [−k0, k0] and for transmitted wave kx ∈ [−kn+1, kn+1]. The coherent waves are from both
the propagating waves and the evanescent waves where kx ∈ [−∞,∞].

For TE polarization, the incident power is < S̄inc · (−ẑ) >TE= 1
2ωμ0

k0iz.
Using same procedure, we obtain

r
TE(2)
coh = 2Re

[
ψ̃(0)

s (kix)
∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
sl (kx, kix)Wl(kx − kix)

]

t
TE(2)
coh = 2Re

{
μ0

μn+1

k(n+1)iz

k0iz

[
ψ̃

(0)
t (kix)

∫ ∞

−∞
dkx

n∑
l=0

ψ̃
(2)
tl (kx, kix)Wl(kx − kix)

]}

r
TE(2)
incoh = Re

{
1
k0iz

[∫ k0

−k0

dkx

n∑
l=0

k∗0z

∣∣∣ψ̃(1)
sl (kx, kix)

∣∣∣2Wl(kx − kix)

]}

t
TE(2)
incoh = Re

{
μ0

μn+1

1
k0iz

[∫ kn+1

−kn+1

dkx

n∑
l=0

k∗(n+1)z

∣∣∣ψ̃(1)
tl (kx, kix)

∣∣∣2Wl(kx − kix)

]}
(D24)
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