
Progress In Electromagnetics Research M, Vol. 64, 157–166, 2018

Modeling of Dispersive Chiral Media Using the ADE-TLM Method
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Abstract—In this paper, an efficient Transmission Line Matrix (TLM) algorithm for modeling chiral
media is presented. The formulation is based on auxiliary differential equations (ADE) of electric and
magnetic current densities. Permittivity and permeability are assumed to follow the Lorentz model while
chirality is assumed to follow the Condon model. The proposed method models the dispersive nature of
permittivity, permeability, and chirality by adding both voltage and current sources in supplementary
stubs to the conventional symmetrical condensed node (SCN) of the TLM method. The electromagnetic
coupling appears explicitly in the update equations of the voltage and current sources. The algorithm
is developed to simulate electromagnetic wave propagation in a chiral medium. The co-polarized and
cross-polarized transmitted and reflected waves from a chiral slab due to a normal incident plane wave
are calculated. Validation is performed by comparing the results obtained from the proposed method
with those obtained analytically.

1. INTRODUCTION

Chiral materials have attracted great interest and inspired many theoretical and experimental
investigations and applications. They are still ideal candidates for future microwave devices and
structures due to their unique properties. Among the main interesting properties, we find optical activity
(OA), a property that reflects the ability of the medium to rotate the polarization plane of the incident
wave. The variation of optical activity as a function of frequency determines another important property
known as optical rotatory dispersion (ORD). Chiral materials are also characterized by an absorption
divergence depending on whether the circular polarization is right or left, the property known as circular
dichroism (CD). In virtue of these properties, chiral mediums are classified as materials having a
magnetoelectric coupling and find various applications in circular polarizers [1], microstrip substrates [2],
cloaking devices [3], absorbers [4], antennas radomes [5], antenna arrays [6] and waveguides [7].

Electromagnetic waves interaction with chiral medium is an important problem that has been widely
studied analytically and numerically. Several studies have dealt with the modeling of biisotropic and
chiral media by using the FDTD method. These studies, based on various assumptions of constitutive
relations, have proposed several modeling techniques. Among these techniques we find the modulation
of the Yee cell, presented by Grande et al. [8], as well as the decomposition of electric and magnetic
fields presented by Akyurtlu et al. [9–13]. The first rigorous formulation that gave a complete model
was obtained by incorporating the dispersive nature of the constituent parameters of the studied
media [14]. In this model, the frequency dependence of permeability and permittivity was presented
by the Lorentz model while chirality was presented by the Condon model. These models of frequency
dependencies were subsequently used with other techniques in several publications [15–19]. These
techniques include: z transform [15], Shift-Operator [16], auxiliary differential equations [17, 18], and
Mobius transformation [19].
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On the other hand, in the literature, few publications have dealt with the TLM modeling of chiral
media. We find the use of the Z-transform technique by Paul et al. [20], the use of constant recursive
convolution (CRC) technique with the SCN by Yaich et al. [21] and the use of analogies between field
and circuit parameters with the technique of adding voltage sources by Cabeceira et al. [22].

2. FORMULATIONS AND EQUATIONS

In the case of a chiral medium, Maxwell’s curl equations in time-harmonic forms are given by [23]:

∇ × E = −jωμ (ω)H +
ω

c0
κ(ω)E (1a)

∇ × H = jωε (ω)E +
ω

c0
κ(ω)H (1b)

where c0 is the speed of light, and ε, μ, and κ are respectively the permittivity, permeability and chirality
coefficients. The expressions of these parameters are given by the Lorentz model for ε and μ and by the
Condon model for κ:

ε (ω) = ε0

(
ε∞ +

(εs − ε∞) ω2
e

ω2
e + j2δeω − ω2

)
(2a)

μ (ω) = μ0

(
μ∞ +

(μs − μ∞) ω2
h

ω2
h + j2δhω − ω2

)
(2b)

κ (ω) =
τκ ω2

κ ω

ω2
κ + j2δκωκω − ω2

(2c)

where ε∞ and μ∞ are the relative permittivity and relative permeability at infinite frequency; εs and μs

are the relative permittivity and relative permeability at zero frequency; ωe, ωh and ωκ are the resonant
angular frequencies of the permittivity, permeability and chirality, respectively; δe, δh and δκ are the
corresponding damping coefficients. τk is a characteristic time constant describing the magnitude of
chirality.

We define the electric polarization P , Pc and the magnetization M , Mc as follow [24]:

P = ε0χe (ω) E (3a)
M = χm (ω) H (3b)
Pc = χc (ω) E (3c)
Mc = χ∗

c (ω) H (3d)

where χe and χm are respectively the electric and magnetic susceptibilities, and χc is the coupling
coefficient:

χe (ω) =
(εs − ε∞) ω2

e

ω2
e + j2δeω − ω2

(4a)

χm (ω) = μ0
(μs − μ∞)ω2

h

ω2
h + j2δhω − ω2

(4b)

χc (ω) = j
τκ ω2

κ ω

c0(ω2
κ + j2δκωκω − ω2)

(4c)

The corresponding electric and magnetic currents are obtained from the time derivatives. In the
frequency domain they can be respectively expressed:

Je = jωP (5a)
Jm = jωM (5b)
Jec = jωPc (5c)
Jmc = jωMc (5d)
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By combining Equations (3)–(5) we obtain:

(jω)2 Je + (jω)2δeJe + ω2
eJe = ε0 (εs − ε∞) ω2

e(jω)E (6a)

(jω)2 Jm + (jω)2δhJm + ω2
hJm = μ0 (μs − μ∞) ω2

h(jω)H (6b)

(jω)2 Jec + (jω)2ωκδκJec + ω2
κJec = (jω)2

τκω2
κ

c0
E (6c)

(jω)2 Jmc + (jω)2ωκδκJmc + ω2
κJmc = −(jω)2

τκω2
κ

c0
H (6d)

In the case of harmonic fields, the set of Equation (6) can be rewritten as:

∂2Jeu

∂t2
+ 2δe

∂Jeu

∂t
+ ω2

eJeu = ε0 (εs − ε∞)ω2
e

∂Eu

∂t
(7a)

∂2Jmu

∂t2
+ 2δh

∂Jmu

∂t
+ ω2

hJmu = μ0 (μs − μ∞)ω2
h

∂Hu

∂t
(7b)

∂2Jecu

∂t2
+ 2ωκδκ

∂Jecu

∂t
+ ω2

κJecu =
τκω2

κ

c0

∂2Eu

∂t2
(7c)

∂2Jmcu

∂t2
+ 2ωκδκ

∂Jmcu

∂t
+ ω2

κJmcu = −τκω2
κ

c0

∂2Hu

∂t2
(7d)

with u ∈ {x, y, z}.
The discretization of the set of Equation (7) allows us to write:

J
n+ 3

2
eu = αe J

n+ 1
2

eu + βe J
n− 1

2
eu + γe (n+1Vu − n−1Vu) (8a)

Jn+1
mu = αh Jn

mu + βh Jn−1
mu + γh

(
n+ 1

2
Iu − n− 3

2
Iu

)
(8b)

J
n+ 3

2
ecu = αc J

n+ 1
2

ecu + βc J
n− 1

2
ecu + γc (n+2Vu − 2 n+1Vu + nVu) (8c)

Jn+1
mcu = αc Jn

mcu + βc Jn−1
mcu − γc

(
n+ 3

2
Iu − 2n+ 1

2
Iu +n− 1

2
Iu
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(8d)

with:

αe =
2 − ω2

eΔt2

1 + δeΔt
, βe =

δeΔt − 1
1 + δeΔt

, γe =
ε0 (εs − ε∞) ω2

eΔt

2 (1 + δeΔt)Δl
, (9a)

αh =
2 − ω2

hΔt2

1 + δhΔt
, βh =

δhΔt − 1
1 + δhΔt

, γh =
μ0 (μs − μ∞) ω2

hΔt

2 (1 + δhΔt)Δl
, (9b)

αc =
2 − ω2

κΔt2

1 + ωκδκΔt
, βc =

ωκδκΔt − 1
1 + ωκδκΔt

, γc =
τκω2

κ

c0 (1 + ωκδκΔt)Δl
(9c)

where the analogies between electromagnetic field components and pulses on transmission lines for a
uniform TLM mesh are used [25]:

En
u = nVu

Δl
and H

n+ 1
2

u =
n+ 1

2
Iu

Δl
(10)

nVu and n+ 1
2
Iu are respectively the total voltage at the time step nΔt and the total current at the time

step (n + 1
2 )Δt in the u direction, and Δl is the length of the uniform cubical TLM cell.

In the case of the traditional SCN, the requirement that all link lines have the same characteristic
impedances equal to the intrinsic impedance of free-space (Z0 =

√
(μ0ε0)) implies that the SCN

models the background medium (the free space in this case). In order to accommodate the SCN and
electromagnetic parameters of chiral medium, stubs are loaded into the TLM nodes. So, as it appears
in Figures 1(a), (b), three open-circuit stubs (one for each direction) and three short-circuit stubs are
used to account for, respectively, extra capacitance and inductance [25]. The dispersive behaviour can
be incorporated in the TLM model in a similar manner, by introducing additional stubs. So three stubs
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(a) (b)

Figure 1. SCN loaded with (a) capacitive stub in the x direction, (b) inductive stub in the x direction.

are added to the loaded SCN (one for each direction of the space) and are considered as voltage sources,
and three other stubs are added to the node and are considered as current sources.

In order to obtain the expression of the 12 stubs, we use a comparison between discritized Maxwell
equations of the chiral medium and the discretized SCN loaded stubs mesh equations.

According to Equation (1) we have:

∇ × H = jωε0ε∞E + jω ε0χeE − jωχc H (11a)
∇ × E = −jωμ0μ∞H − jω μ0χmH − jωχc E (11b)

Substituting Equations (3)–(5) into Equation (11), we get:

∇ × H = ε0ε∞
∂E
∂t

+ Je + Jmc (12a)

∇ × E = −μ0μ∞
∂H
∂t

− Jm − Jec (12b)

The discretization of Equation (12) allows us to write:

n+1Vu = nVu +
ΔlΔt

ε0ε∞

[
(∇ × H)

n+ 1
2

u −
(

J
n+ 1

2
eu + Jn

mcu

)]
(13a)

n+1Iu = nIu − ΔlΔt

μ0μ∞

[
(∇ × E)

n+ 1
2

u +
(

J
n+ 1

2
mu + Jn

ecu

)]
(13b)

The followed approach for calculating node parameters in TLM schemes is based on equating total
capacitance and inductance contributed by the link and stub lines of a TLM cell to the corresponding
parameters of the block of modelled medium [25]. The equivalent total voltage Vu is derived by
combining conditions for charge balance and charge conservation for the transmission-lines coupling
with Eu field component, while the equivalent total current Iu is derived by combining conditions for
magnetic flux balance and conservation for the transmission-lines coupling with Hu field component.
The resulting voltage and current at each node can be expressed as:

n+1

⎛
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⎞
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4 + Ŷocx

2
4 + Ŷocy
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12 + ŶocxV

i
ocx + 0.5 n+1Vsx

n+1V
i
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11 + ŶocyV

i
ocy + 0.5 n+1Vsy

n+1V
i
5 + n+1V

i
6 + n+1V

i
7 + n+1V

i
10 + ŶoczV
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where Ŷocu and Ẑscu are respectively the normalized admittance of the open circuit capacitive stub
and the normalized impedance of the short circuit inductive stub in the u direction; V i

ocu is the incident
voltage on the open circuit stub; Ii

scu is the incident current on the short circuit stub; n+1Vsu and n+1Isu

are respectively the voltage and current sources at the time step (n + 1)Δt.
Then, the use of the expression of EM field components in function of incident and reflected pulses

so as to obtain the equivalent voltages and currents in the node at the time step (n+1)Δt [26] gives us:

n+1Vu = nVu +
1

4 + Ŷocu

(n+1Vsu + nVsu) +
4

4 + Ŷocu

ΔlΔt

ε0
(∇× H)n+ 1

2
u (15a)

n+1Iu = nIu +
1

4 + Ẑscu

(n+1Isu + nIsu) − 4
4 + Ẑscu

ΔlΔt

μ0
(∇× E)n+ 1

2
u (15b)

The analogy between the sets of Equations (13) and (15) allows us to obtain the update expression
of the voltage and current sources:

n+1Vsu = −nVsu − 4
ΔlΔt

ε0

(
J

n+ 1
2

eu + Jn
mcu

)
(16a)

n+1Isu = −nIsu − 4
ΔlΔt

μ0

(
J

n+ 1
2

mu + Jn
ecu

)
(16b)

and the expression of the admittance and the impedance of capacitive and inductive stubs:

Ŷocu = 4 (ε∞ − 1) (17a)

Ẑscu = 4 (μ∞ − 1) (17b)

3. VALIDATION OF THE ADE-TLM MODEL FOR CHIRAL MEDIA

In order to verify the validity and accuracy of the TLM model proposed above for the chiral media,
the interaction of an EM wave in normal incidence with a chiral slab is simulated. The structure
used is subdivided into 400 cells, each with thickness 75 µm. The chiral medium occupies cells 101 to
300 while the free space occupies cells 1 to 100 and 301 to 400. The chiral medium in the structure
has the following parameters: εs = 4.4, ε∞ = 3.5, μs = 1.1, μ∞ = 1, ωe = ωh = ωk = 16π GHz,
δe = δh = 0.07ωe, δk = 0.09 and τk = 1 ps.

Figure 2 illustrates the real and imaginary parts of the relative permittivity, relative permeability
and chirality for the chiral medium used in the simulation. As can be seen, the resonant frequency is
equal to 8GHz.

The structure is excited by a differential Gaussian pulse of expression in the time domain:
Ei(t) = (t−t0)

τ exp (−4π(t−t0)2

τ2 ), with t0 = 120Δt and τ = 150Δt. The excitation is introduced at
the 10th cell, and the simulations are programmed to effect 20,000 iterations. The co-polarized and
cross-polarized transmission and reflection coefficients are computed numerically by the ADE-TLM
approach and compared to the exact results [27].

The time domain response of the co-polarized and cross-polarized reflected and transmitted waves
computed using the ADE-TLM method introduced in this paper are shown in Fig. 3. Since the incident
wave is polarized in the x direction, the appearance of the y component in the transmitted wave
proves the ability of chiral medium to rotate the incident wave polarization plane. In order to visualize
the influence of the chirality parameter on the optical activity, we have made numerical validation
experiment. As the characteristic time constant describes the chirality magnitude, we have chosen
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Figure 2. Relative permittivity, permeability and chirality of the chiral medium used in the simulation.
(a) Real part. (b) Imaginary part.
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Figure 3. Co-polarized and cross polarized of reflected and transmitted wave. (a) Reflected wave. (b)
Transmitted wave. (c) Transmitted wave. (d) Transmitted wave.

two values of τk = 1 ps and τk = 4.7 ps for the characteristic time constant; the other parameters of
the medium and the excitation are kept the same as in the previous simulation. The results of this
numerical experiment are presented in Figs. 3(b) and 3(c). Comparison between these figures shows
that the optical activity is proportional to the characteristic time constant. An additional numerical
experiment is performed with chiral medium occupying cells 101 to 500 to visualize the influence of the
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slab thickness on the optical activity. Result is presented in Fig. 3(d). It can be observed from Figs. 3(c)
and 3(d) that the amount of rotation in the plane of polarization is proportional to the thickness of the
medium traversed by the wave.
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Figure 4. Propagation of co- and cross-polarized fields.
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Figure 5. (a) Co polarized transmission coefficient, (b) co polarized reflection coefficient.
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The developed dispersive chiral TLM formulation is used to visualize how the co- and cross-
polarized fields propagate through the chiral media in the time domain. A chiral slab of thickness
3 cm is illuminated by a Gaussian waveform of expression Ei(t) = exp (−4π(t−t0)2

τ2 ), with t0 = 120Δt and
τ = 150Δt. The medium parameters are the same as in the previous simulation with τk = 4.5 ps. Results
are presented in Fig. 4. It is clearly visible that cross-polarized field is generated as the Gaussian wave
propagates through the chiral slab. Transmitted field has a cross-polarized component while reflected
field does not. The amplitude of the cross polarized component increases as the wave travels in the
z-direction through the chiral domain, while the co-polarized component amplitude decreases.

Figures 5–6 show the magnitudes of co-polarized and cross-polarized reflection and transmission
coefficients in frequency domain computed using the ADE-TLM method introduced in this paper and
the analytical method. From these figures, we can observe that the ADE-TLM simulation results are
in excellent agreement with their analytical counterparts at all frequencies.
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Figure 6. Cross-polarized transmission coefficient.

4. CONCLUSION

In this paper, a TLM based method for modelling wave interaction with chiral medium is derived using
auxiliary differential equations. To illustrate the efficiency and accuracy of this method, co-polarized and
cross-polarized reflection and transmission coefficients in frequency domain through a chiral material
are computed and compared to the analytical ones. Results demonstrate excellent agreement between
the proposed algorithm and analytical scheme. Additional numerical experiment is performed in order
to visualize the effect of polarization rotation due to the chirality parameter and medium thickness.
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