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Estimation of Motion Parameters with Dual-frequency InSAR
Imaging Technique

Kai-Shiun Yang, Po-Chih Chen, and Jean-Fu Kiang*

Abstract—A dual-frequency InSAR imaging technique is proposed to estimate the position and motion
parameters of a moving target, including velocity and cross-track acceleration. Conventional methods of
estimating the velocity and acceleration of a moving target, from the phase information of bistatic SAR
signal, are usually compromised by phase ambiguity. By applying the dual-frequency technique, phase
ambiguity is effectively removed to ascertain accurate estimation of motion parameters. In addition, an
alternative method is proposed to estimate different velocity components, by taking higher-order terms
and solving coupled linear equations of the velocity components. The simulation results verify that the
errors of velocity and acceleration are less than 1m/s and 0.25 m/s2, respectively.

1. INTRODUCTION

Various approaches, synthetic aperture radar (SAR) imaging techniques, have been proposed to estimate
the velocity and acceleration of a ground moving target. The range cell migration (RCM) in the received
signal of a moving target spreads to more range cells than that of a static target. The motion parameters
can be estimated more accurately if the range cell migration compensation (RCMC) can be conducted
more effectively.

Keystone transform has been used to compensate RCM [1], range walk migration [2] and range
curvature migration [3]. However, when a target moves at high cross-track speed, the keystone transform
may fail to compensate the RCM completely due to Doppler ambiguity of the target motion [4]. Thus,
an azimuth-dechirping algorithm was applied before taking the keystone transform, and RCMC was
carried out successfully to process multiple targets at high range velocity.

The keystone transform can correct severe range curvature which may occur at short ranges [5].
In [6, 7], a range curvature filter was applied to compensate the RCM, under the assumption that
the azimuth velocity of the target is small compared to the platform velocity and the target does not
accelerate. Usually, an RCMC filter works fine when Doppler ambiguity is present, but may fail if the
along-track velocity is not negligible. When the target appears at a short slant range, the filter may
fail more easily even if the target moves at a slow along-track speed. In [8, 9], a Doppler ambiguity-free
approach, based on Radon transform, was applied to estimate the range velocity by processing the
range walk in both the fast and the slow time domains. In [10], a velocity correlation function (VCF)
was proposed to estimate the range velocity and azimuth velocity, and the latter is estimated more
accurately than the former.

The phase of SAR signals can be represented as a polynomial phase signal (PPS). A general
ambiguity function (GAF) [11] or high-order ambiguity function (HAF) [12] can then be applied to
estimate the coefficients of the PPS. In [6], a GAF was applied to find the range acceleration and
azimuth velocity of a moving target. In [13], a Wigner-ville distribution (WVD) was applied to find
the azimuth chirp rate, from which the along-track velocity was estimated. In [14], a fractional Fourier
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transform (FrFT) was applied to estimate the azimuth chirp rate by concentrating the energy of a chirp
signal.

Doppler ambiguity occurs frequently in mm-wave SAR, in which the Doppler frequency of a
moving target is often larger than the pulse repetition frequency (PRF). In [15], a ground moving
target indication (GMTI) based on a dual-frequency SAR was proposed. By choosing a co-prime
wavelength, range velocity less than 110 m/s can be uniquely determined. In [16], an unambiguous slant-
range velocity estimation algorithm and two other methods for azimuth compression were proposed.
The resolution of carrier-phase ambiguity is also an important issue in the global navigation satellite
system (GNSS). In [17], a three-carrier ambiguity resolution (TCAR) was proposed by utilizing a linear
combination of signals at different frequencies.

In this work, a dual-frequency SAR imaging technique is proposed to estimate the position and
motion parameters of a moving target, including along-track and cross-track velocity components as
well as cross-track acceleration. The proposed method can be applied to missions with high squint
angles. This paper is organized as follows. The proposed InSAR model is presented in Section 2. The
estimation approach of position and motion parameters are presented in Section 3. The dual-frequency
technique for resolving phase ambiguity is presented in Section 4. An alternative method to estimate
velocity components is derived in Section 5. The simulation results are discussed in Section 6. Finally,
some conclusions are drawn in Section 7.

2. PROPOSED INSAR MODEL

Figure 1 shows the schematic of dual-receiver along-track interferometric SAR (InSAR), and Fig. 2 shows
the flowchart to estimate the motion parameters [18]. In conventional methods, the along-track velocity
is estimated first, and the cross-track velocity is then estimated by using the along-track velocity just
acquired. In this work, by including more higher-order terms that were neglected in the conventional
methods, the along-track and the cross-track velocity components can be estimated simultaneously by
solving coupled linear equations of these velocity components.

Figure 1. Schematic of dual-receiver InSAR [18].

The received signals after demodulation can be represented as

s1rb(τ, η) = A0wr (τ − 2R1(η)/c) ej2πf0[τ−2R1(η)/c]+jπKr [τ−2R1(η)/c]2 + nr(τ, η)

s2rb(τ, η) = A0wr (τ − [R1(η) + R2(η)]/c) ej2πf0{τ−[R1(η)+R2(η)]/c}+jπKr{τ−[R1(η)+R2(η)]/c}2
+ nr(τ, η)

where R1(η) and R2(η) are the slant ranges from Rx1 and Rx2, respectively, to the target, and nr(τ, η)
is white Gaussian noise with zero mean and variance σ2. The signal-to-noise ratio is defined as
10 log10(A2

0/σ
2), and A0 is set to unity without loss of generality.

The received signals after range compression can be represented as

s1rc(τ, η) = e−j4πf0R1(η)/csinc(Br(τ − 2R1(η)/c))

s2rc(τ, η) = e−j2πf0[R1(η)+R2(η)]/csinc (Br [τ − [R1(η) + R2(η)]/c])

� e−j2πf0[2R1(η)+ΔR(η)]/csinc (Br{τ − [2R1(η) + ΔR(η)]/c})
(1)
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Figure 2. Flowchart to estimate motion parameters. Process 2 marks the proposed method which is
different from process 1 [18].

where Br is the bandwidth of the chirp signal and ΔR(η) = R2(η) − R1(η). The slant range R1(η) is
expanded up to the second order of η as

R1(η) � R0 +
vxx0 − y0(vp − vy)

R0
η +

(vp − vy)2 + axx0

2R0
η2

then ΔR(η) is approximated as

ΔR(η) � da sinα � da

(
y0

R0
− vp − vy

R0
η

)
(2)

where da is the distance between Rx1 and Rx2. By taking the Fourier transform of s1rc(τ, η) and
s2rc(τ, η) with respect to τ , we obtain

S1rc(fτ , η) = A1wa(η)Wr(fτ ) exp
{
−j4π

f0 + fτ

c

[
R0 +

vxx0 − y0(vp − vy)
R0

η +
(vp − vy)2 + axx0

2R0
η2

]}

S2rc(fτ , η) = A1wa(η)Wr(fτ ) exp
{
−j4π

f0 + fτ

c

[
R0 +

ΔR(η)
2

+
vxx0 − y0(vp − vy)

R0
η

+
(vp − vy)2 + axx0

2R0
η2

]}
where A1 is a constant independent of either τ or η.

Next, applying the second-order keystone transform to S1rc(fτ , η) and S2rc(fτ , η), with η2 =
f0

f0 + fτ
t2, we have

S1k(fτ , t) � A1wa(t)Wr(fτ ) exp
{
−j

4π
c

[
(f0 + fτ )R0 +

(
f0 +

fτ

2

)
vxx0 − y0(vp − vy)

R0
t

+f0
(vy − vp)2 + axx0

2R0
t2

]}

S2k(fτ , t) � A1wa(t)Wr(fτ ) exp
{
−j

4π
c

[
(f0 + fτ )

(
R0 +

1
2

day0

R0

)

+
(

f0 +
fτ

2

)[
−1

2
da(vp − vy)

R0
+

vxx0 − y0(vp − vy)
R0

]
t + f0

(vy − vp)2 + axx0

2R0
t2

]}
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By taking the inverse Fourier transform of S1k(fτ , t) and S2k(fτ , t) with respect to fτ , we obtain

s1k(τ, t) = A1wa(t)sinc
(

Br

{
τ − 2

c

[
R0 +

vxx0 − y0(vp − vy)
2R0

t

]})

exp
{
−j

4πf0

c

[
R0 +

vxx0 − y0(vp − vy)
R0

t +
(vy − vp)2 + axx0

2R0
t2

]}

s2k(τ, t) = A1wa(t)sinc
(

Br

{
τ − 2

c

[
R0 +

vxx0 − y0(vp − vy)
2R0

t +
day0

2R0
− da(vp − vy)

4R0
t

]})

exp
{
−j

4πf0

c

[
R0− 1

2
da(vp−vy)

R0
t+

1
2

day0

R0
+

vxx0−y0(vp−vy)
R0

t+
(vy−vp)2+axx0

2R0
t2

]}
The argument in the sinc function depicts a linear equation in the τ -t plane, with a slope of

�τt =
cR0

vxx0 − y0(vp − vy)
(3)

which is numerically extracted by applying a Radon transform to s1k(τ, t).
To implement range walk migration compensation, a range walk filter, Hw(fτ , t) = ej2πfτ t/�τt , is

applied to S1k(fτ , t) and S2k(fτ , t) to obtain

S1c(fτ , t) = S1k(fτ , t)Hw(fτ , t)

= A1wa(t)Wr(fτ ) exp
{
−j

4π
c

[
(f0+fτ )R0 + f0

vxx0−y0(vp−vy)
R0

t+f0
(vy−vp)2+axx0

2R0
t2

]}

S2c(fτ , t) = S2k(fτ , t)Hw(fτ , t) = A1wa(t)Wr(fτ ) exp
{
−j

4π
c

[
(f0 + fτ )

(
R0 +

day0

2R0

)

−(f0 + fτ/2)
1
2

da(vp − vy)
R0

t + f0
vxx0 − y0(vp − vy)

R0
t + f0

(vy − vp)2 + axx0

2R0
t2

]}

By taking the inverse Fourier transform of S1c(fτ , t) and S2c(fτ , t) with respect to fτ , we obtain

s1c(τ, t) = A1wa(t) sinc(Br(τ − 2R0/c)) exp
{
−j

4πf0

c
φ(t)

}

s2c(τ, t) = A1wa(t) sinc
(
Br

[
τ− 2R0

c
− day0

cR0
+

da(vp−vy)
2cR0

t

])
exp

{
−j

4πf0

c

[
φ(t)+

day0

2R0
− da(vp−vy)

2R0
t

]}

� A1wa(t) sinc(Br(τ − 2R0/c)) exp
{
−j

4πf0

c

[
φ(t) +

day0

2R0
− da(vp − vy)

2R0
t

]}
where

φ(t) = R0 +
vxx0 − y0(vp − vy)

R0
t +

(vy − vp)2 + axx0

2R0
t2

3. ESTIMATION OF POSITION AND MOTION PARAMETERS

The maximum amplitude of s1c(τ, t) occurs at τ = τp, where the argument of sinc function is equal to
zero, namely, τp − 2R0/c = 0. Thus, R0 is estimated as R̃0 = cτ̃p/2.

By taking Rx1 as the reference and multiplying s1c(τ = 2R0/c, t) with s∗2c(τ = 2R0/c, t) [18], an
interferometric intensity is derived as

I(t) = s1c (τ = 2R0/c, t) s∗2c (τ = 2R0/c, t) = w2
a(t)e

jϕ(t) (4)

where

ϕ(t) =
4πf0

c

[
day0

2R0
− da(vp − vy)

2R0
t

]
(5)
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From ϕ(0) =
4πf0

c

da

2R0
y0, y0 can be estimated as ỹ0 =

cR̃0

2πf0da
ϕ(0). Based on R̃0 and ỹ0, x0 is estimated

as x̃0 =
√

R̃2
0 − h2 − ỹ2

0.

The slope of phase angle ϕ(t) in Eq. (5) versus t is � = −4πf0

c

da(vp − vy)
2R0

. The slope �̃ is numerically

extracted and used to estimate vy as

ṽy = vp + �̃
c

2πf0

R̃0

da
(6)

The signal S1c(fτ , t) can be rewritten as

S1c(fτ , t) = A1wa(t)Wr(fτ ) exp
{
−j

4π
c

(f0 + fτ )R0 + jα1t + jα2t
2

}
(7)

where

α1 = −4π
c

f0
vxx0 − y0(vp − vy)

R0
, α2 = −4π

c
f0

(vy − vp)2 + axx0

2R0

The value of ax is estimated from the expression of α2 as

ãx =
1
x̃0

[
−α̃2

cR̃0

2πf0
− (ṽy − vp)2

]
(8)

where α̃2 is the estimated value of α2.
The value of vx can be estimated from the slope in Eq. (3) as

ṽx =
1
x̃0

[
cR̃0

�̃τt

+ ỹ0(vp − ṽy)

]
(9)

It can also be estimated in an alternative way. Define a second-order compensation filter, H2(fτ , t) =
e−jα2t2 , which is applied to S1c(fτ , t) to derive

S′
1c(fτ , t) = S1c(fτ , t)H2(fτ , t) = A1wa(t)Wr(fτ ) exp

{
−j

4π
c

(f0 + fτ )R0 + jα1t

}

where α1 = −4π
c

f0
vxx0 − y0(vp − vy)

R0
is the slope of phase of S′

1c(fτ , t) versus t. The slope, α̃1, is

numerically extracted and then used to estimate vx as

ṽx =
1
x̃0

[
−α̃1

cR̃0

4πf0
+ ỹ0(vp − ṽy)

]
(10)

The value of vx can be estimated by using Eq. (9) or (10), which are derived from the amplitude of
s1k(τ, t) and the phase of S′

1c(fτ , t), respectively. Empirically, the phase information is more reliable
than the amplitude information.

4. DUAL-FREQUENCY TECHNIQUE FOR RESOLVING PHASE AMBIGUITY

When using ϕ(0) in Eq. (5) to estimate y0, the phase ambiguity may result in an erroneous estimation
as

ϕ(0) = βỹ0m + 2Nπ

where β =
2πf0da

cR0
, ỹ0m is an ambiguous azimuth position, and N is an ambiguity number. The phase

ambiguity will be resolved by applying a dual-frequency technique. Consider two LFM signals with
carrier frequencies of fc1 and fc2, respectively, with fc1 > fc2. LFM signals at the difference frequency



166 Yang, Chen, and Kiang

fd = fc1 − fc2 and the sum frequency fs = fc1 + fc2 are also available via intermodulation. Thus, the
phase at t = 0 in Eq. (5), at one of the four different frequencies, is

ϕα(0) =
2πfαda

cR0
y0 = βαỹ0α + 2Nαπ (11)

with α = c1, c2, s, d, where ϕα(0) and Nα are the phase and ambiguity number, respectively, at frequency

fα, and βα =
2πfαda

cR0
. Eq. (11) implies that y0 satisfies

2πda

R0
y0 =(βc1ỹ0c1+2Nc1π) λc1 =(βc2ỹ0c2+2Nc2π) λc2 =(βsỹ0s+2Nsπ) λs =(βdỹ0d+2Ndπ)λd (12)

where λα = c/fα is the wavelength at frequency fα.

(a)

(b)

Figure 3. Possible values of (βαỹα + 2Nαπ)λα, (a) (f1, f2, f3, f4) = (0.7, 8.9, 9.6, 18.5) GHz, (b)
(f1, f2, f3, f4) = (1.1, 8.8, 9.9, 18.7) GHz. Black arrow marks correct estimation and blue lines mark
erroneous estimations.

Proper selection of carrier frequencies is critical to resolve the ambiguity. Fig. 3 demonstrates how
to select proper carrier frequencies. At first, a pair of fc1 and fc2 are empirically chosen. Then, they are
sorted with fs and fd, then relabeled as f1, f2, f3 and f4, in an ascending order. Fig. 3 shows possible
values of (βαỹα + 2Nαπ)λα at all the four frequencies. Note that f4 = fs is relatively higher than the
others, and f1 = fd is relatively lower than the others. Thus, it is convenient to use possible values at
f1 to determine if the selection of frequencies is proper. Fig. 3(a) illustrates an obvious candidate of
ambiguity number, while Fig. 3(b) shows multiple candidates, which may lead to an incorrect estimation
of y0, especially in the presence of noise.

A rule of thumb for frequency selection is to make possible values of (βαỹα + 2Nαπ)λα aligned at
only one ambiguity number. In practice, fc1 and fc2 are selected to satisfy

fc1 mod fd � fd/2, fc2 mod fd � fd/2

5. ALTERNATIVE METHOD TO ESTIMATE VELOCITY

Equation (2) can be expanded in an alternative way as

ΔR(η) = da

{
y0

R0
− η

[
vp − vy

R0
+ y0

vxx0 − y0(vp − vy)
R3

0

]}
(13)

Then, the phase in the interferometric intensity, defined in Eq. (4), becomes

ϕ(t) =
4πf0

c

{
day0

2R0
−

[
vp − vy

2R0
+ y0

vxx0 − y0(vp − vy)
2R3

0

]
t

}
(14)
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which implies a slope of

� = −2πf0da

c

[
vp − vy

R0
+ y0

vxx0 − y0(vp − vy)
R3

0

]
(15)

In contrast to the previous approach of estimating vy first, then using the estimated vy to estimate
vx, here, Eqs. (3) and (15) are reorganized as

vx +
y0

x0
vy =

1
x0

(
cR0

�τt
+ y0vp

)

− x0y0

R3
0

vx +
(

1
R0

− y2
0

R3
0

)
vy =

vp

R0
− y2

0vp

R3
0

+
c

2πf0da
�

(16)

which are then solved simultaneously for vx and vy.

6. SIMULATIONS AND DISCUSSIONS

Table 1 lists the parameters of an X-band InSAR mission [18]. The acceleration is fixed at ax = 3 m/s2,
and both the cross-track and along-track velocities are varied in the range from −20 to 20 m/s.

Table 1. Parameters of X-band InSAR mission [18].

parameter symbol magnitude unit

first carrier frequency fc1 9.6 GHz
second carrier frequency fc2 8.9 GHz

light speed c 299,792,458 m/s
pulse length Tp 5 µs
chirp rate Kr 1 × 1013 1/s2

bandwidth Br 50 MHz
fast time sampling frequency 1/(4Br) 200 MHz

number of range samples Nr 2,048
pulse repetition frequency PRF 4,000 Hz

number of azimuth samples Na 2,048
antenna separation da 1 m

center range R0 3,111 m
platform height h 2,200 m

platform velocity vp 90 m/s
exposure time Ta 2 s

look angle φ 45 deg.
squint angle α 7 deg.

Figure 4 shows the error of ṽx at different vxs and vys. By applying Eqs. (9) and (16), larger error
occurs when vx is larger than 10 m/s. Otherwise, the error is less than 1 m/s. It is also observed that
the estimation error by using Eq. (10) is smaller than those obtained by using Eq. (9) or (16).

Figure 5 shows the error of ṽy at different vxs and vys. The error with Eq. (6) is larger than that
with Eq. (16). The error of applying Eq. (6) also displays a large offset and linear trend with respect
to both vx in Fig. 5(a) and vy in Fig. 5(b).

Figure 6 shows the error of ãx at different vxs and vys. It is observed that the estimated ax is
always smaller than 0.25 m/s2 with both methods.
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(a) (b)

Figure 4. Error of ṽx, (a) vy = 0 m/s, (b) vx = 0 m/s, ——: with (16), −− −: with (9), − ◦ −: with
(10).

(a) (b)

Figure 5. Error of ṽy, (a) vy = 0m/s, (b) vx = 0m/s, ——: with (16), −−−: with (6).

(a) (b)

Figure 6. Error of ãx, (a) vy = 0m/s, (b) vx = 0m/s, ——: substituting the values obtained from (6)
into (8), −−−: with (8).

7. CONCLUSION

A dual-frequency InSAR imaging technique is proposed to estimate the position and motion parameters
of a moving target, including along-track and cross-track velocity components as well as cross-track
acceleration. By applying the dual-frequency technique, phase ambiguity is effectively removed to
ascertain accurate estimation of the motion parameters. In addition, an alternative method is proposed
to estimate both velocity components, by including more higher-order terms and simultaneously solving
coupled linear equations of both velocity components. The simulation results demonstrate that the
errors of velocity and acceleration are less than 1m/s and 0.25 m/s2, respectively.
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