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Fast DOA Estimation in the Spectral Domain and Its Applications

Le Zuo1, 2, *, Jin Pan1, and Boyuan Ma1

Abstract—This paper presents a direction of arrival (DOA) estimation method. Spectral-domain
interferometer equation is first established based on integral transforms of spatial interferometer
equations. The direction finding problem in the spatial domain is thereby mapped to that in the
spectral domain, relating angular parameters to spatial spectrums. This method is then applied to
DOA estimation with circular arrays and spherical arrays. As a result, the elevation angle and azimuth
angle are decoupled, giving closed-form and analytical formulae for DOA estimations by discrete phase
samples on a sampling aperture. Algebraic relations between angular parameters and phase samples
are established, and this method is hence computationally efficient. The Cramer-Rao lower bound
(CRLB) of the proposed method is derived, and accuracy analysis demonstrates that the proposed
method approaches the CRLB. In addition, mathematical insights into accuracy enhancement by large
number of samples are observed via Parseval’s theorem. Finally, numerical simulations and experimental
measurements are provided to verify the effectiveness and appealing performance of the proposed
method.

1. INTRODUCTION

Estimating two-dimensional (2-D) direction of arrival (DOA) of incident plane waves is important
in array signal processing due to its applications in radar, sonar, and mobile communications [1].
Radio frequency DOA estimation is implemented by a direction finding (DF) array, involving multiple
sensors placed at different positions in space to receive fields of a single incident wave or multiple
incident waves arriving from different directions. For a single incident wave, phase interferometers are
commonly employed, which utilize measured phase differences across the array to estimate DOAs [2].
Array configurations and the associated DOA algorithms are closely related to DF accuracy and
efficiency. Regarding to array configurations, a linear array (LA) was first studied, which provides
a one-dimensional (1-D) source bearing angle relative to the array axis [3]. Then a rectangular
array (RA) emerged to extend the LA when 2-D DOA is needed [4–8]. DOA estimations using LA
and RA interferometers are based on analytical and accurate functions relating phase differences to
angular parameters. Therefore, the calculation is computationally efficient. Nevertheless, a circular
array (CA) became the center of interest in the context of 2-D DOA estimation due to its attractive
advantages of 360◦ azimuthal coverage, almost unchanged directional pattern and additional elevation
angle information [1, 9, 10]. The dominant methods in analyzing CAs are by means of the so-called
phase-mode excitation, which is essentially the decomposition of the array excitation function into
different Fourier harmonics by using Fourier analysis. It comes from the fact that the beam pattern of
a CA is periodic in azimuth [11–14].

However, for a CA the source elevation cannot be estimated with the same accuracy as the azimuth
angle because of CAs’ planar structure. Moreover, a 180◦ ambiguity typically appears in the elevation
angle, since the azimuth plane is often a symmetrical plane for the array geometry. A spherical array
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(SA), where the sampling elements are distributed over a sphere, overcomes these disadvantages. A
spatially symmetrical spherical array can offer high estimation accuracies for both the elevation and
azimuth plane [15]. With the development of SAs, many existing algorithms were reformulated using
spherical harmonics (SHs) [16, 17] as counterparts to Fourier harmonics for CAs. A wide variety of DOA
estimation algorithms have been proposed employing SHs [18–27]. Most of these compute a metric over
a dense azimuth-inclination grid before identifying its peak(s) as the DOA(s) [23]. Generally, these
algorithms are based on the phase mode of receiving complex responses and require a sufficiently
large number of elements to avoid spatial aliasing. Moreover, although this method exhibits good
performance, it is associated with significant computational burden due to the eigenvalue decomposition
of a complex covariance matrix and the 2-D peak search as a whole, thus the computational load is still
significant [25].

The problem of reducing the computational complexity by using simple formulations has attracted
substantial attention. Decoupling two bearing angles is attractive, since it can relax computational
complexity. The UCA-RARE algorithm for CAs [26, 27] and a two-stage method for SAs [15] were
developed since they decouple the estimation of the azimuth angle from the estimation of the elevation
angle. However, due to a residual error, these methods introduce errors in form of bias and excess
variance and hence, the obtained estimates may be far from optimal, especially when the number of
sensors is small [14]. Accordingly, to avoid biased estimation and complex computation, an unbiased
DOA estimation method for CA and SA interferometers is developed in this paper. The method is
based on the spectral-domain interferometer equation (SDIE), which transforms the DF problem from
the spatial domain to its corresponding spectral domain by integral transforms. The underlying DOA
estimation problem is then reformulated as an equivalent spectrum extraction problem in the spectral
domain via integral transforms of phase data on a sampling aperture. When it is applied to CA and
SA interferometers, the two angular parameters, i.e., the azimuth and elevation angles, are decoupled
and an analytical solution to 2-D DOA is thereafter obtained from phase samples of an incident plane
wave. In addition, the proposed method only requires algebraic operations. The estimation accuracy is
further explained by Parseval’s theorem in the context of spectral domain, which enables us to develop
some mathematical insights into how the element number of a DF array affects the estimation accuracy.
Accuracy analysis is devised by the benchmark evaluation of the Cramer-Rao lower bound (CRLB). The
results demonstrate that the proposed method attains the CRLBs for both CAs and SAs, and hence
it is an optimal estimation method. Finally, numerical examples and experimental measurements are
provided to verify the proposed method.

The proposed method differs from the existing ones mainly in that it decomposes phases of incident
fields rather than complex values of fields. The main contribution of this paper is to present such a
strategy of analysis that wave functions are exploited to expand the phase distribution of the incoming
wave. Furthermore, algebraic relations between angular parameters and DOA-related spectrums are
established, and consequently, the algorithm is computationally efficient and accurate in that it provides
algebraic and exact formulations for 2-D DOA estimation. The major advantages of the strategy are
the resultant analytical formulations, reduced element number requirement, unbiased estimation, and
computational efficiency.

The rest of the paper is organized as follows. Section 2 establishes the interferometer equation in
the spatial domain. In Section 3, the IE is transformed into the spectral domain. The DOA-related
spectrum calculation is developed in Section 4. Section 5 addresses accuracy analysis of the method.
Simulation and measurement results are presented in Section 6 and Section 7, respectively. Section 8
concludes this paper.

2. INTERFEROMETER EQUATION IN THE SPATIAL DOMAIN

For a single incident wave from the far-field with elevation angel θs and azimuth angle ϕs, where the
elevation angle θs ∈ [0, π) is measured down from the z axis, and the azimuth angle ϕs ∈ [0, 2π) is
measured counterclockwise from the x axis, the phase of the electric field is expressed as

Φ = k · r (1)
where k is the wave vector, represented by k = k(sin θs cosϕsâx + sin θs sinϕsây + cos θsâz), with
k = 2π/λ the wave number in free space, λ the wavelength of the incident wave, and âx, ây, âz unit
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vectors of x, y, z axis, respectively.
An interferometer is a receiving system composed of elements located at r, which adopts the sampled

phases of electric fields to determine the DOA of an incident wave. The phase distribution and 2-D
DOA satisfy the following interferometer equation (IE),

Φ = Φ (r; θs, ϕs) . (2)

In the IE, the bearing angles are manifested in the wave vector, and the resultant phase distribution
is determined by the projection of the wave vector, i.e., k, onto the position vector, i.e., r. For a circular
aperture with a radius of ρ0 in the xoy-plane, as shown in Fig. 1, the spatial distribution of the phase
of the incoming wave can be expressed as

ΦCA (r; θs, ϕs) = kρ0 sin θs cos (ϕs − ϕ) + Φ0 (3)

where Φ0 is the initial phase of the incoming wave, which can also be interpreted as the phase of the
incident wave arriving at the center of the array. Meanwhile, for a spherical aperture with a radius of
r0 centered at the origin of the spherical coordinate, as shown in Fig. 2, the spatial distribution of the
phase of the incoming wave is represented by

ΦSA (r; θs, ϕs) = kr0 sin θ sin θs cos (ϕs − ϕ) + kr0 cos θ cos θs + Φ0. (4)

It is worth noting that Eqs. (3) and (4) are systems of transcendental equations about θs and ϕs,
in which the two unknowns are coupled, and hence not analytical. Therefore, we expect to develop an
accurate and efficient solution to these equations.

x

y

z

O

k

1 2

s

0

θ

ϕ
ρ

s

N

Figure 1. Geometry of a circular aperture.
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Figure 2. Geometry of a spherical aperture.

3. SPECTRAL-DOMAIN INTERFEROMETER EQUATION

The main strategy of the spectral-domain interferometer equation (SDIE) is patterned on the integral
transform of Eq. (1), which transforms the DF problem in the spatial domain to that in its corresponding
spectral domain, expecting to get a simple and analytical solution to the angular parameters. The
general formation of an integral transform is given by

Ψ (λ; θs, ϕs) =
∫

Φ (r; θs, ϕs) t (r,λ) dr (5)

where λ = (λ1, λ2, λ3) is the spectral variable, and t(r,λ) is the kernel of the integral transform,
which can be derived from the eigen-functions of wave equations under various coordinates. The
dependence of θs and ϕs on r in the spatial domain is transformed to the dependence on λ in the
spectral domain. Therefore, Eq. (5) is termed spectral-domain interferometer equation (SDIE). For
convenience of notation, we will drop the explicit dependence of θs and ϕs in the following.



76 Zuo, Pan, and Ma

Electromagnetic waves in free space satisfy scalar Helmholtz equations in homogeneous media [28],
i.e.,

∇2ψ + k2ψ = 0 (6)

where ψ denotes a scalar potential. Wave functions are canonical solutions to Helmholtz equations under
different coordinates and form complete sets that can be used as bases to expand general solutions of
Helmholtz equations. In the Cartesian coordinate, eigen-functions of wave equations are in the form
of exp(jλ · r), where j =

√−1, which makes the integral in Eq. (5) the Fourier transform. Thus, the
DOA estimation in the spatial domain is transformed to the spectral domain, i.e., the Fourier domain,
resulting in the solution to the IE in the spectrum of the Fourier transform, and yielding

Ψ (λ) =
∫

Φ (r) exp(jλ · r)dr. (7)

Given a planar array at z = 0 that samples the phase distribution of Φ(r)|z=0, the SDIE of which
can be obtained from Eq. (7) and yields

Ψ (λ) = 2πδ (λ3)
∫ +∞

−∞

∫ +∞

−∞
Φ (r)|z=0 exp (jλ1x+ jλ2y) dxdy. (8)

where δ(λ3) is an impulse function. Since the DOA estimation utilizing phases is irrelevant of the
coefficient, the SDIE of planar arrays is then the 2-D Fourier transform of the IE in the spatial domain
and is given by

Ψ (λ1, λ2) =
∫ +∞

−∞

∫ +∞

−∞
Φ (r)|z=0 exp (jλ1x+ jλ2y) dxdy. (9)

The three-dimensional (3-D) SDIE can be obtained similarly in various coordinates with
corresponding kernels of integrals. In the spherical coordinate, the SDIE is given by

Ψ (m,n, λ) =
∫ +∞

0

∫ 2π

0

∫ π

0
Φ (r) jn (λr)Pm

n (cos θ) exp (jmϕ) sin θdθdϕdr (10)

where Pm
n (cos θ) denotes the associate Legendre function of degree m and order n, jn(λr) denotes the

spherical Bessel function of order n of first kind. The 2-D spherical SDIE can be set up as an alternative
of Eq. (10), i.e., sampling the phase distribution of Φ(r)|r=r0 gives

Ψ (m,n) =
∫ 2π

0

∫ π

0
Φ (r)Pm

n (cos θ) exp (jmϕ) sin θdθdϕdr. (11)

Similarly, the 3-D SDIE in the cylindrical coordinate is given by

Ψ (n, λ1, λ2) =
∫ 2π

0

∫ +∞

−∞

∫ +∞

0
Φ (r)Jn (λ2ρ) exp (jnϕ) exp (jλ1z) dρdzdϕ (12)

where Jn(λ2ρ) denotes the Bessel function of order n of first kind. Sampling the phase distribution of
Φ(r)|ρ=ρ0 gives the 2-D cylindrical SDIE, namely

Ψ (n, λ1) =
∫ +∞

−∞

∫ 2π

0
Φ (r)|ρ=ρ0

exp (jnϕ) exp (jλ1z) dϕdz. (13)

Furthermore, sampling the phase distribution of Φ(r)|ρ=ρ0,z=0 gives the 1-D circular SDIE

Ψ(n) =
∫ 2π

0
Φ (r)|ρ=ρ0,z=0 exp (jnϕ) dϕ, (14)

which is also recognized as the 1-D Fourier transform. Taking Eq. (3) into Eq. (14) leads to the analytic
expression of the SDIE for a CA, namely

ΨCA(n) = πkρ0 sin θs (δ [n− 1] exp (jϕs) + δ [n+ 1] exp (−jϕs)) + 2πΦ0δ[n] (15)

where δ[n] is a Kronecker delta function. Finally, the SDIE for a CA is obtained, in which the two
angular parameters are contained in the spectrum of 1 and −1. According to the symmetry property
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of Fourier transform, ΨCA(1) = Ψ∗
CA(−1), where ∗ denotes complex conjugate, i.e., the two points in

the spectral domain contain the same information about the DOA, and ΨCA(1) gives the 2-D DOA,
namely

ΨCA(1) = πkρ0 sin θs exp (jϕs) . (16)
Note that in Eq. (16) the two angular parameters, i.e., θs and ϕs, are decoupled in the spectrum of 1,
depending on the magnitude and the phase of ΨCA(1), respectively, namely

θs = sin−1 (|ΨCA(1)| / (πkρ0)) , (17)
ϕs = arg (ΨCA(1)) , (18)

where arg(x) is the argument of x, which signifies that θs and ϕs can be extracted through the acquisition
of phases around a circular aperture.

For a CA, the eigen function is the 1-D Fourier transform, while for a SA, the eigen function is
Legendre function and Fourier function. With regards to a SA, substituting Eq. (4) into Eq. (11) leads
to the analytic expression of the SDIE for a SA, namely

ΨSA (0, 0) =
∫ 2π

0

∫ π

0
ΦSA (r)P 0

0 (cos θ) sin θdθdϕ =4π2Φ0, (19)

ΨSA (0, 1) =
∫ 2π

0

∫ π

0
ΦSA (r)P 0

1 (cos θ) sin θdθdϕ = 4πkr0 cos θs/3, (20)

ΨSA (1, 1) =
∫ 2π

0

∫ π

0
ΦSA (r)P 1

1 (cos θ) exp (jϕ) sin θdθdϕ = 2πkr0 sin θs exp (jϕs) /3. (21)

Observe that the azimuth angle can be extracted from ΨSA(1, 1), while the elevation angle can be
decoupled from the manipulations of ΨSA(0, 1) and ΨSA(1, 1), namely

θs = tan−1 (2 |ΨSA (1, 1)| /ΨSA (1, 0)) , (22)
ϕs = arg (ΨSA (1, 1)) . (23)

Note that in these DOA estimation formulae based on the SDIE, two angular parameters are
decoupled, resulting in a simple and compact solution to 2-D DOA. Moreover, acquisition of informative
spectrums by sensor displacement can provide 2-D DOA estimations.

4. SPECTRUM CALCULATION

For applications, it is necessary to sample a continuous aperture at discrete positions [16]. The DOA
information is contained in the spectrums, which can be calculated through the orthogonality of eigen
functions. Orthogonality connotes the notation of perpendicularity between vectors. Since the wave
functions are orthogonal, evaluating each spectrum is based on the projection of phase samples onto its
corresponding wave functions.

4.1. Circular Array

According to Eq. (15), the discrete phase samples on the circumference of a circular aperture can be
rewritten as

Φi = kρ0 sin θs cos (ϕs − ϕi) + Φ0 = ΨCA(−1) exp (jϕi) + ΨCA(1) exp (−jϕi) + ΨCA(0). (24)
Each spectrum can be extracted by the inner product of the corresponding basis function. When N ≥ 3,
the orthogonal property of 1-D Fourier transform is represented by

〈exp (jlϕi) , exp (jkϕi)〉 =
1
2π

N∑
i=1

exp (jlϕi) exp (jkϕi) = δ (l − k) . (25)

It is followed by the inner product of the discrete Fourier harmonicas on both sides of Eq. (24) that

1
2π

N∑
i=1

Φi exp (jϕi) = ΨCA(1). (26)
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The other two spectrums vanish because of the orthogonal property of eigen functions.
Finally, considering Eqs. (17) and (18), the analytic and explicit formulae for the two angular

parameters based on a CA are derived, namely

θ̂s = sin−1

(
2

∣∣∣∣∣
N∑

i=1

Φi exp (jϕi)

∣∣∣∣∣
/

(Nkρ0)

)
, (27)

ϕ̂s = arg

(
N∑

i=1

Φi exp (jϕi)

)
. (28)

4.2. Spherical Array

According to Eqs. (19)–(21), the discrete phase samples on a spherical aperture can be rewritten as

Φil = kr0 sin θl sin θs cos (ϕs − ϕi) + kr0 cos θl cos θs + Φ0

= ΨSA (1, 1)P 1
1 (cos θl) exp (jϕi) + ΨSA (−1, 1)P−1

1 (cos θl) exp (−jϕi)

+ΨSA (0, 1)P 0
1 (cos θl) + ΨSA (0, 0)P 0

0 (cos θl) (29)

where ϕi = 2π(i − 1)/N , θl = π(l − 0.5)/M , i = 1, 2, ..., N , l = 1, 2, ...,M [29, 30]. The orthogonal
property of associated Legendre functions and Fourier functions is represented by〈

P k
p (cos θl) exp (jkϕi) , Pm

q (cos θl) exp (jmϕi)
〉

=
M∑
l=1

N∑
i=1

P k
p (cos θn) exp (jkϕi)Pm

q (cos θl) exp (−jmϕi). (30)

When M ≥ 2 and N ≥ 3, it holds that〈
P k

p (cos θl) exp (jkϕi) , Pm
q (cos θl) exp (jmϕi)

〉
=

4π
2q + 1

(q +m)!
(q −m)!

δ (k −m) δ (p− q) . (31)

To extract ΨSA(1, 1), project phase samples onto {P 1
1 (cos θl) exp(ϕi)}, giving

ΨSA (1, 1) =
M∑
l=1

N∑
i=1

Φil sin θl exp (jϕi)ΔθΔϕ (32)

where Δθ = π/M and Δϕ = 2π/N . Meanwhile, projection of phase samples onto {P 0
1 (cos θl)} leads to

ΨSA (0, 1) =
M∑
l=1

N∑
i=1

Φil cos θlΔθΔϕ. (33)

Following Eqs. (32), (33), and combining Eqs. (22), (23), we obtain the algebraic formulae for 2-D DOA
estimation based on the phase samples on a spherical aperture, namely

θ̂s = tan−1

(
2

∣∣∣∣∣
M∑
l=1

N∑
i=1

Φil sin θl exp (jϕi)

∣∣∣∣∣
/ M∑

l=1

N∑
i=1

Φil cos θl

)
. (34)

ϕ̂s = arg

(
M∑
l=1

N∑
i=1

Φil sin θl exp (jϕi)

)
, (35)

Note that Eqs. (27) and (28) have established algebraic relations between the DOA and discrete
phase samples on the circumference of a circular aperture, while Eqs. (34) and (35) have established
the algebraic relations between the DOA and the discrete phase samples on the periphery of a spherical
aperture. In these formulations no approximations are made. It also worth noting that the minimum
element number for a CA is three, and the minimum element number for a SA is three in the azimuth
plane and two in the elevation plane. Even though a small number of elements is utilized, the estimation
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is accurate, since there are no residual errors in neither phase distribution expansion nor spectrum
computations. Besides, the initial phase Φ0 is immaterial, as it does not appear in these estimation
formulations and needs not even be known. Alternatively and conveniently, the phases can be measured
with respect to any particular array element.

5. ACCURACY ANALYSIS

The SDIE implies that the computation of spectrums requires sampling phase data. However, in
practice, some errors are expected in estimations, caused by several factors, such as thermal noises and
hardware imperfections. The sampling errors will degrade spectrum calculation accuracy and hence
DOA estimation accuracy.

5.1. Phase Extraction

As indicated in Eqs. (27), (28), (34), and (35), given the discretely sampled phases on an aperture, the
2-D DOA can be obtained without accuracy loss. In applications, the response observed at the receiver
output is the exponent of phase distribution corrupted by additive white Gaussian noise (AWGN).
The output of the ith element has the form yi(t) = A exp(jωt + jΦi) = ni(t), where ω is the angular
frequency, A is the magnitude of the signal, and ni(t) is an AWGN with zero mean and covariance σ2

noi.
The noises of each receiving channel are independent. The signal-to-noise ratio (SNR) is defined by
SNR = A2/σ2

noi.
The frequency of the signal is assumed to be accurately estimated using a number of well-known

techniques [31]. The phase of each receiver output can be obtained by [32]

Φ̃i = arg

(
(1/M )

M∑
t=1

yi(t)e−jωT t

)
(36)

where T is the inverse of the constant sampling rate, and M is the number of snapshots. At moderately
high SNR, an AWGN can be converted into an equivalent additive phase noise [33], i.e.,

Φ̃i = arg (yi) = Φi + ξi (37)
where ξi is the phase noise of the receiver, which is also Gaussian [33]. The variance of ξi is thus given
by

var(ξi) = 1/ (2M SNR) . (38)

Hence, the phase noise model reveals the interconnections between an AWGN and the phase sampling
noise. Besides, since a typical implementation of a passive DF system involves a dedicated signal
acquisition channel (receiver, analog-to-digital converter, etc.) for each sensor, phase measurement
noises also arise from the presence of receiver noise, hardware imperfection, front end noise, etc. [34].
Then the phase samples can be written as Φ̃i = Φi + εi, where εi is the overall phase noise on the
ith receiving channel, which is assumed to be Gaussian with zero mean, σ2 variance, and statistically
independent [4], i.e.,

mean (εiεl) = σ2δ (i− l) . (39)

5.2. Bounds

In a measurement system, it is important to derive the best estimation that can be made with available
observations. This section derives the CRLB in the absence of phase ambiguity, in order to demonstrate
the potential predominance of the SDIE in the 2-D DOA estimation accuracy.

According to Eq. (24), the Jacobi matrix of DOA estimation using a CA is found by

J =

⎡
⎢⎢⎢⎢⎣

∂Φ1
∂θs

∂Φ1
∂ϕs

∂Φ2
∂θs

∂Φ2
∂ϕs

...
...

∂ΦN
∂θs

∂ΦN
∂ϕs

⎤
⎥⎥⎥⎥⎦ = kρ0

⎡
⎢⎢⎢⎣

cos θs cos (ϕs − ϕ1) − sin θs sin (ϕs − ϕ1)
cos θs cos (ϕs − ϕ2) − sin θs sin (ϕs − ϕ2)

...
...

cos θs cos (ϕs − ϕN ) − sin θs sin (ϕs − ϕN )

⎤
⎥⎥⎥⎦ . (40)
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Hence, the Fisher information matrix (FIM) is given by [35]

F =
1
σ2

JTJ =
[
f11 f12

f21 f22

]
(41)

where f11 = (kρ0 cos θs/σ)2
∑N

i=1 cos2(ϕs − ϕi) = N(kρ0 cos θs)2/(2σ2), f12 = f21 =
−(kρ0/σ)2 sin θs cos θs

∑N
i=1 cos(ϕs − ϕi) sin(ϕs − ϕi) = 0, f22 = (kρ0 sin θs/σ)2

∑N
i=1 sin2(ϕs − ϕi) =

N(kρ0 sin θs)2/(2σ2). The CRLB is followed by the inverse of FIM, namely

var (Δθs) ≥ 2σ2 (kρ0 cos θs)
−2 /N, (42)

var (Δϕs) ≥ 2σ2 (kρ0 sin θs)
−2 /N. (43)

With regards to a SA, after considerable manipulations, the CRLB is evaluated by

var (Δθs) ≥ 4σ2 (kr0)
−2 (1 + sin2 θs

)−1
/ (MN) , (44)

var (Δϕs) ≥ 4σ2 (kr0 sin θs)
−2 / (MN) . (45)

As indicated in Eqs. (42) and (43), the lower bounds of DOA estimation based on a CA are
inversely proportional to the number of elements, and as the elevation angle increases, the accuracy of
elevation angle estimation decreases, while the accuracy of azimuth angle estimation increases. It is
worth mentioning that an inaccurate azimuth estimation is more important when the elevation angle is
close to 90◦, compared to the azimuth estimation of a signal located near the pole of the sphere (θs = 0◦
or 180◦) [25]. As shown in Eq. (42), the accuracy of elevation estimation is inversely proportional to
the cosine of the elevation angle, suggesting poor performance at the elevation angle of 90◦. This is
clear because a planar array provides a larger aperture in the azimuth plane compared to the elevation
plane. Comparing (44), the accuracy dependence on elevation angle is alleviated. It is also implied
in Eqs. (42)–(45) that given a restricted aperture, one can increase element number to obtain high
estimation accuracy.

5.3. Accuracy Analysis in the Spectral Domain

The algorithms exploit integral transforms, and therefore the accuracy of estimation should also be
interpreted in the context of spectral domain. In the DOA estimation formulae, the underlying DOA
estimation problem has been reformulated as an equivalent expansion coefficient extraction problem
by discrete phase samples on the sampling aperture of a CA or a SA. The extraction of the angular
parameters from the spectrums in the spectral domain is exact and hence accurate. Nevertheless,
estimation errors arise from the inaccuracies of spectrum calculations. The spectrum calculations using
noise-contaminated phases are evaluated as

Ψ̃(n) =
K∑

i=1

Φ̃iψ
∗
i (n) = Ψ(n) + ΔΨ(n) (46)

where K = N for a CA, K = MN for a SA, and

Ψ(n) =
K∑

i=1

Φiψ
∗
i (n), (47)

ΔΨ(n) =
K∑

i=1

εiψ
∗
i (n). (48)

Since ψ∗
i (n) is a complete set of orthonormal basis functions, Parseval’s theorem for a complete set

of orthonormal basis functions relates the signal’s energy to its expansion coefficients [36], i.e.,
K∑

n=1

|ΔΨ(n)|2 =
1
K

K∑
i=1

ε2i , (49)
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Therefore, the energy of the phase noises is evenly projected onto each spectrum, indicating that the
noise energy contaminating the DOA estimation is inversely proportional to the total number of sampling
elements, because only one coefficient for a CA and two coefficients for an SA are involved in the DOA
estimation. As a result, element number enhancement can alleviate the effect of phase noises upon
spectrum calculations, consequently giving higher estimation accuracy. The following two sections will
elaborate the accuracies of CAs and SAs in the spectral domain.

5.4. Estimation Accuracy of CA

Derivative of Eq. (16) gives

dΨCA(1) = πkρ0

(
ejϕs cos θsdθs + j sin θse

jϕsdϕs

)
. (50)

First-order approximation of Eq. (50) yields

ΔΨCA(1) = πkρ0

(
ejϕs cos θsΔθs + j sin θse

jϕsΔϕs

)
. (51)

Comparison of real and imaginary parts of Eq. (50) with Eq. (51) leads to

Δθs =
2

kρ0 cos θs

(
cosϕs

N∑
i=1

εi cosϕi + sinϕs

N∑
i=1

εi sinϕi

)
, (52)

Δϕs =
2

kρ0 sin θs

(
cosϕs

N∑
i=1

εi sinϕi − sinϕs

N∑
i=1

εi cosϕi

)
. (53)

Taking Eq. (39) into Eqs. (52) and (53), respectively, we get the mean and variance of 2-D DOA
estimations of an N -element CA, namely

mean (Δθs) = 0, (54)
mean (Δϕs) = 0, (55)

var (Δθs) = 2σ2 (kρ0 cos θs)
−2 /N, (56)

var (Δϕs) = 2σ2 (kρ0 sin θs)
−2 /N. (57)

Equations (54) and (55) suggest that applications of SDIE to DOA estimations are unbiased. Also,
as shown in Eqs. (56) and (57), the variances of angle estimations by a CA are independent of the
azimuth angle ϕs, which agrees with the rotation invariance of CAs.

5.5. Estimation Accuracy of SA

First-order approximation of derivative of Eq. (21) gives

ΔΨSA (1, 1) = 2πkr0
(
ejϕs cos θsΔθs + j sin θse

jϕsΔϕs

)
/3. (58)

Taking Eq. (48) into Eq. (58) leads to

Δϕs =
2

2πkr0/3
(Q cosϕs − P sinϕs) . (59)

where P =
∑M

l=1

∑N
i=1 εil sin θl cosϕi and Q =

∑M
l=1

∑N
i=1 εil sin θl sinϕi. Hence, comparing real and

imaginary parts of Eqs. (58) and (59), we get the mean and variance of the azimuth angle by a SA,
namely

mean (Δϕs) = 0, (60)

var (Δϕs) = 4σ2 (kr0 sin θs)
−2 / (MN) . (61)

First-order approximation of derivative of Eqs. (20) and (21) gives

Δθs =
2Δ |ΨSA (1, 1)| cos θs − ΔΨSA (0, 1) sin θs

|ΔΨSA (0, 1) + 2jΔ |ΨSA (1, 1)|| , (62)
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Meanwhile, first-order approximation of derivative of the magnitude of ΨSA(1, 1) also gives

Δ |ΨSA (1, 1)| = 2πkr0 sin θs (P cos θs +Q sin θs)
/

(3 |ΨSA (1, 1)|) . (63)

Considering ΔΨSA(1, 0) =
∑M

l=1

∑N
i=1 εil cos θl, then we have

mean (Δθs) = 0, (64)

var (Δθs) = 4σ2 (kr0)
−2 (1 + sin2 θs

)−1
/

(MN) . (65)

Equations (60) and (64) suggest unbiased estimations of the SDIE for SAs, while Eqs. (61) and (65)
indicate that the estimation accuracies are inversely proportional to the number of sampling elements.
Comparison of the results in Section 5.2 with Section 5.4 and Section 5.5 reveals that the lower bounds
are attained, and hence the SDIE realizes an optimal estimation.

6. SIMULATION RESULTS

A CA and an SA were employed for simulations, respectively. The elevation angle was varied from
0 degree to 90 degrees, and the azimuth angle was fixed at 70 degrees. Phase noises were considered
as independent AWGN with covariance of (5◦)2. Two uniform CAs with radius ρ0 = λ and element

Figure 3. RMSEs of elevation angle estimation
by a CA.

Figure 4. RMSEs of azimuth angle estimation
by a CA.

Figure 5. RMSEs of elevation angle estimation
by a SA.

Figure 6. RMSEs of azimuth angle estimation
by a SA.
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number N1 = 3 and N2 = 12 were first exemplified. One thousand Monte Carlo simulations were run to
estimate 2-D DOAs by Eqs. (27) and (28). Root mean square errors (RMSEs) of elevation and azimuth
angles are shown in Fig. 3 and Fig. 4, respectively. As shown in Fig. 3 and Fig. 4, the simulated results
approach the CRLB, indicating that the optimal estimation is achieved. The ratio of RMSE by N1 = 3
to that by N2 = 12 is 2, which equals

√
N2/N1 in this example. It is also noted that the RMSE rises

as the elevation angle increases.
In the second simulation, we investigated the performance of SAs. The radius was r0 = λ, and

the numbers of elements were chosen as the minimum number, i.e., M1 = 2 and N1 = 3, as well as
M2 = 4 and N2 = 6 for comparison. RMSEs of elevation and azimuth angles were calculated via one
thousand Monte Carlo simulations, shown in Fig. 5 and Fig. 6, respectively. In Fig. 5, it is clearly seen
that the accuracy dependence on the elevation angle is alleviated. In Fig. 6, the RMSE of azimuth
estimation also agrees with the CRLB. It can also be seen that 4 times of element number give an
accuracy enhancement by a factor of 2.

7. MEASUREMENT RESULTS

To verify the effectiveness of the proposed algorithm, a CA consisting of 15 log periodic dipole antennas
was utilized for measurement in a microwave anechoic chamber. The radius of the measured CA was
1.5 m, as illustrated in Fig. 7. The CA was placed on a rotator, scanning the incident angle horizontally
from −60 degrees to 60 degrees. The operating frequency was 1.8 GHz. A network analyzer was used to
measure the phase of each antenna element. The SNR is 30 dB, and the phase measurement noises arose
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Figure 7. Measured UCA.

Figure 8. Elevation angle error. Figure 9. Azimuth angle error.
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mainly from hardware imperfections. The standard deviation of phases of the antennas is 10 degrees.
The simulated and measured elevation and azimuth angle estimation errors are shown in Fig. 8 and
Fig. 9, respectively. As seen from Fig. 8 and Fig. 9, the accuracy of elevation angle estimation is higher
than 0.2 degrees, and the accuracy of azimuth angle estimation is higher than 0.5 degrees.

8. CONCLUSIONS

This paper has proposed the SDIE through integral transforms, and two DOA estimation algorithms for
CA and SA interferometers based on it. SDIEs for planar arrays, SAs and CAs have been established.
The underlying DOA estimation problem has been reformulated as an equivalent expansion coefficient
extraction problem by discrete phase samples. DOAs have been estimated in the spectrums of spatial
phase distribution. Elevation and azimuth angles have been decoupled and calculated by analytical
and accurate formulae relevant to discrete phase data. Accuracy analysis of the proposed method has
demonstrated that it attains the CRLB, and hence it is an optimal estimation. Furthermore, Parseval’s
theorem has enabled us to show that larger number of sampling elements gives higher DOA estimation
accuracy. Analysis and numerical examples have also provided mathematical insights into advantages
in DOA estimation accuracy using the SDIE. Finally, a CA consisting of 15 antennas has been measured
to verify the proposed method.
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