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Electromagnetic Wave Reflectance, Transmittance, and Absorption
in a Graphene-Covered Uniaxial Crystal Slab
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Abstract—A theoretical investigation of the interaction of electromagnetic plane waves with a uniaxial
crystal slab bounded by two graphene layers from both sides placed in free space is presented in this
paper. An 8×8 matrix method is developed using boundary conditions at a grapheneuniaxial anisotropic
crystal interface and a uniaxial anisotropic crystal-graphene interface. The developed matrix is used
to find reflection and transmission coefficients by Crammer’s rule. Numerical results are presented to
demonstrate the effect of frequency of the incident wave, thickness of the uniaxial crystal slab, and
Fermi energy of the graphene on the reflected and transmitted energies. The presented formulations
and results are confirmed by published results of some limited cases.

1. INTRODUCTION

Material technology is progressing with great pace towards constructing new materials with specific
electromagnetic (EM) and optical properties which do not exist in natural materials. One of the
frontiers at which major conquests are being made is that of new materials like graphene. In recent years,
graphene has attained a lot of attention in terms of theoretical analysis of electrodynamic and optical
characterization [1–4]. Graphene is a monolayer of carbon atoms with mass-less linear electron/hole
dispersion with the effective velocity of light [5]. The special spectrum of the charge carriers leads to a
number of interesting transport properties, which have been intensively studied in the literature [6, 7].
Graphene has potential applications in optoelectronics [8–13]. It has renowned applications in the
development of bioelectric sensory devices to measure glucose levels, hemoglobin levels, and cholesterol
due to its high conductivity [14].

In metamaterial engineering, micro-sized devices have been theorized and realized for the
manipulation of Terahertz frequency range. It is noticed from literature that graphene based structures
can make more compact devices in the range of nano-scale, to manipulate and control the terahertz
frequencies which can bring more advancement in metamaterial engineering [5, 15–17]. Tunable THz
metamaterials are flexible in terms of their properties which can be varied through different influences.
Graphene possesses a number of unique and extraordinary properties, such as high charge carrier
mobility, electronic energy spectrum without a gap between the conduction and valence bands, and
frequency dependent absorption of electromagnetic radiation. Several researches have been carried
out on electromagnetic radiation interaction with graphene [18–20]. These studies show that both
TE and TM polarized plasmons can exist in graphene [5, 15–17]. The reflection and transmission of
electromagnetic waves by a graphene layer and graphene super lattice have been investigated [21, 22].
Othman et al. [23] studied the tuneability characteristics at THz frequencies of graphene-dielectric
multilayer.
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It is observed from literature survey that graphene coatings on different metamaterials (uniaxial
crystal) may route to promise for development of different nano-devices and hybrid optical elements
including modulators, biochemical sensors and polarizers [24, 25]. Interaction of electromagnetic waves
with a planar uniaxial crystal interface [26] is of great interest and practical importance because this
consideration is expected to play a role in the development of diagnostic tools for remote sensing, in
the design of electromagnetic shields, and in the inspection of structural deformation. However, the
impact of graphene on uniaxial crystal slab has not been addressed yet. In this paper we introduce
a concept for manipulating the interaction of electromagnetic wave at a graphene-uniaxial anisotropic
crystal interface and uniaxial anisotropic crystal-graphene interface. We derive a matrix which connects
the incident, reflected and transmitted fields to obtain the reflection and the transmission coefficients
by Crammer’s rule in matrix form. The numerical computations have been carried out to calculate
the reflectance, transmittance, and absorption of electromagnetic energy at different values of Fermi
energy of graphene, frequencies of the incoming wave, and slab thicknesses. The time-harmonic (iωt)
dependence is adopted and suppressed in what follows.

2. FORMULATIONS

Consider a uniaxial crystal slab of thickness d bounded by two graphene layers from both sides placed
in free space as shown in Figure 1.

Figure 1. Geometry of a graphene covered uniaxial crystal slab.

Constitutive relations for the uniaxial anisotropic medium are expressed as [26]
D = ε · E (1)
B = μH (2)

The permittivity tensor of the uniaxial crystal can be described as follows

ε =

∣∣∣∣∣
εt 0 0
0 εt 0
0 0 εz

∣∣∣∣∣ (3)

where εt is the permittivity of the uniaxial crystal perpendicular to the optical axis, and εz is
the permittivity along the optical axis of the uniaxial crystal under consideration. The free space
permeability and permittivity parameters are μ0 and ε0, respectively. Two propagation modes
exist inside the uniaxial crystal; one with ordinary wave number ko = ω

√
μ0εt and the other with

extraordinary wave number ke = k0

√
εz

εt+γ2(εz−εt)
, where γ is the direction cosine with respect to the

z-axis. The appropriate form to express the fields in the zone z ≤ 0 is represented by the follows:
E0i = Eiêx exp (jkiz) (4)
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H0i =
ki

ωμ
Eiêy exp (jkiz) (5)

where ki = ω
√

μ0ε0. The reflected electric and magnetic fields are

Er =
(
Er‖êx + Er⊥êy

)
exp(−jkiz) (6)

Hr =
ki

ωμ

(
Er⊥êx − Er‖êy

)
exp(−jkiz) (7)

The waves propagating into the uniaxial crystal slab, as ordinary and extraordinary waves, can be
written as

Eu =
(
Eo1e

jkoz + Eo2e
−jkoz

)
(êx cos ϕ + sin ϕêy)

+
(
Ee1e

jkez + Ee2e
−jkez

)
(êx sin ϕ cos δ − cos ϕ cos δêy) (8)

Hu =
ko

ωμ

(
Eo1e

jkoz + Eo2e
−jkoz

)
(êy sin ϕ − êx cos ϕ)

− ke

ωμ

(
Ee1e

jkez + Ee2e
−jkez

)
(êx sin ϕ cos δ + êy cos ϕ cos δ) (9)

where ϕ is the angle between the incident polarization and its normal.
The transmitted field out of the uniaxial crystal slab is represent by

Et =
(
Et‖êx + Et⊥êy

)
exp (jkt(z − d)) (10)

Ht =
kt

ωμ

(
Et‖êy − Et⊥êx

)
exp (jkt(z − d)) (11)

Applying the boundary conditions at z = 0
(Ei + Er) × êz = Eu × êz (12)
(Hi + Hr) × êz = Hu × êz + 4πJ/c (13)

With the boundary conditions at z = d given by
Eu × êz = Et × êz (14)

Hu × êz + 4πJ/c = Ht × êz (15)
Utilizing the continuity equation in momentum space given as [18]

ρ = jx(ω)kx/ω (16)
and Ohm’s law for the current component is written as

Jx (ω) = σ (ω) E1,2
o,e = σg (ω) E1,2

o,e (17)
where σg is the graphene conductivity and defined as

σg = σ′
1 + jσ′′

1 + σD (18)

where σ′
1 = σ0(1 + 1

π tan−1 �ω−2EF
�Γ − 1

π tan−1 �ω+2EF
�Γ −), σ′′

1 = σ0
1
π ln (2EF +�ω)2+�

2Γ2

(2EF−�ω)2+�2Γ2
, and σD =

σ0
4EF

π ln 1
�Γ−j�ω .

In graphene, σ0 = πe2

2�
is the universal conductivity, Γ the inverse of the momentum relaxation time,

and EF > 0 the Fermi level position with respect to the Dirac point. We solve the above equations in
sequence to seek the complete solutions which will lead to inspecting the magnitude of the respective
field components in the following forms.⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Er‖
Er⊥
Eo1

Eo2

Ee1

Ee2

Et‖
Et⊥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= A−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ei‖
0

kiEi‖
0
0
0

kiEi‖
kiEi⊥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(19)
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where

A=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 cos ϕ cos ϕ sin ϕ cos δ sinϕ cos δ 0 0
0 −1 sinϕ sinϕ cos ϕ cos δ − cos ϕ cos δ 0 0

ki 0 cosϕ
(
ko+

4πσg

c

)
− cosϕ

(
ko+

4πσg

c

)
sinϕcosδ

(
ke+

4πσg

c

)
− sinϕcosδ

(
ke+

4πσg

c

)
0 0

0 ki ko sin ϕ −ko sin ϕ sin ϕ cos δ − sinϕ cos δ 0 0
0 0 cos ϕejkod cos ϕe−jkod sin ϕ sin δejked sin ϕ sin δe−jked 0 −1
0 0 cos ϕejkod cos ϕe−jkod sin ϕ sin δejked sin ϕ sin δe−jked −1 0

0 0
cos ϕ(ko

+4πσg

c

)
ejkod

− cos ϕ (ko

+4πσg

c

)
e−jkod

sinϕ cos δ (ke

+4πσg

c

)
ejked

− sin ϕ cos δ (ke

+4πσg

c

)
e−jked 0 −ki

0 0 ko sin ϕ cos δejkod −ko sinϕ cos δe−jkod ke sin ϕ cos δejked −ke sin ϕ cos δe−jked ki 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The above system of eight nonhomogeneous equations in 8 × 8 matrix form is used to calculate
the refection and transmission coefficients of the uniaxial crystal slab covered by graphene which can
be found numerically by using Crammer’s rule. The reflected power, transmitted power and absorption
power can be found by the following formulas

Pr =
∣∣Er‖

∣∣2 + |Er⊥|2 (20)

Pt =
∣∣Et‖

∣∣2 + |Et⊥|2 (21)
A = 1 − Pr − Pt (22)

3. NUMERICAL RESULTS AND DISCUSSION

In this section, the above-described procedure is applied to compute the values of the reflection
coefficients and the transmission coefficients at the interfaces. Consequently, the reflected power,
transmitted power, and absorbed power by the uniaxial crystal plate covered by the graphene layers,
when it is excited by an electromagnetic plane wave from free space, are acquired. If we let σg = 0, the
resulting reflected power, transmitted power, and absorbed power exactly match with reflected power,
transmitted power, and absorbed power obtained using Equations (33) and (37) of Lenker [26] by
replacing Er‖ = r, Er⊥ = r′, Et‖ = t and Et⊥ = t′ as depicted in Figure 2. Figure 2 shows comparison
of reflected power, transmitted power and absorption power for our case (solid line) and of Lenker [26]
(dashed line) at ϕ = 45◦, δ = 45◦, d = 10, Γ = 2.6meV, εt = 4ε0, εz = 3ε0, and γ = 0.96. If ϕ = 0,
εt = εz = ε2, ε0 = ε1, the resulting expressions can approach the transmissivity and reflectivity of two

Figure 2. Comparison of (a) reflected power (b) transmitted power, and (c) absorbed power in
the graphene-covered uniaxial crystal slab versus operating frequency for our case (solid line) and for
Lenker [26] (dashed line).
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(a) (b)

(c)

Figure 3. Comparison of (a) reflected (b) transmitted and (c) absorbed powers in the graphene-covered
uniaxial crystal slab versus optical angle ϕ for different values of ω for (case-i).

media separated by a graphene sheet derived by Stauber et al. in [18] and are left for readers. These
comparisons confirm the validity and accuracy of the developed formulations of this work.

Three different cases of the constitutive parameters for the uniaxial anisotropic medium; εt >
0, εz > 0 (case-i), εt < 0, εz < 0 (case-ii), and εt < 0, εz > 0 (case-iii) are considered to illustrate
the reflected power, transmitted power, and power absorption in the graphene-coated material. It
is assumed that μt = μz = μ0 throughout the presented study. Figures 3(a)–(c) show the reflected
powers, transmitted powers, and power absorption as functions of the optical angle ϕ for case-i with
ω = 100 THz (thick solid line), ω = 102 THz (dotted line), ω = 104 THz (dashed line), and ω = 103 THz
(solid line) at Γ = 2.6 meV, εt = 4ε0, εz = 0.5ε0, and γ = 0.96. It is noted that at lower values
of the incoming wave frequency, the reflected powers increase, and transmitted powers decrease. The
same absorption powers appear to some extent along optical angle ϕ. The reflected and transmitted
powers are inverse with the increase in the optical angle ϕ. It is also seen that there is no change in
bandwidth of reflected and transmitted powers with variation in optical angle ϕ. Figures 4(a)–(c) show
the reflected powers, transmitted powers and power absorption as functions of the optical angle ϕ for
case-ii with ω = 100 THz (thick solid line), ω = 102 THz (dotted line), ω = 104 THz (dashed line), and
ω = 103 THz (solid line) at Γ = 2.6 meV, εt = 4ε0, εz = −0.5ε0, and γ = 0.96. It is noted that trends of
the reflected power transmitted power and power absorption are the same as case-i with observation that
both powers increase and decrease fast as compared to case-i along optical angle ϕ. Minute increase in
absorption powers is observed. It is also seen that the bandwidths of reflected and transmitted powers
decrease at higher value of optical angle ϕ with these frequencies. Figures 5(a)–(c) show the reflected
powers, transmitted powers and power absorption as functions of the optical angle ϕ for case-iii with
ω = 100 THz (solid line), ω = 102 THz (dotted line), ω = 104 THz (dashed line), and ω = 103 THz
(solid line) at Γ = 2.6 meV, εt = −4ε0, εz = 0.5ε0, and γ = 0.96. It is noted that maximum constant
power is reflected whereas no transmitted power and power absorption are observed.

Figures 6(a)–(c) depict the reflected powers, transmitted powers and absorbed powers for different
thicknesses as varying with the optical angle ϕ for (εt > 0, εz > 0) case i with d = 10µm (thick solid
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(a) (b)

(c)

Figure 4. Comparison of (a) reflected (b) transmitted and (c) absorbed powers in the graphene-covered
uniaxial crystal slab versus optical angle ϕ for different values of ω case ii.

(a) (b)

(c)

Figure 5. Comparison of (a) reflected (b) transmitted and (c) absorbed powers in the graphene-covered
uniaxial crystal slab versus optical angle ϕ for different values of ω case iii.
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(a) (b)

(c)

Figure 6. Comparison of (a) reflected (b) transmitted and (c) absorbed powers in the graphene-covered
uniaxial crystal slab versus the optical angle ϕ for different values of thickness of slab.

(a) (b)

(c)

Figure 7. Comparison of (a) reflected (b) transmitted and (c) absorbed powers in the graphene-covered
uniaxial crystal slab versus the optical angle ϕ for different values of EF .
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line) d = 15µm (dotted line), d = 20µm (dashed line), and d = 25µm (solid line) at Γ = 2.6 meV,
εt = 4ε0, εz = 0.5ε0, and γ = 0.96. It is observed that if the thickness of the slab is increased, then the
reflected powers decrease, and transmitted powers increase with variation to optical angle ϕ. It is also
observed that absorbed power increases with lower thickness of slab at lower value of optical angles.
This feature might also provide an effective route for tuning the reflected powers, transmitted powers
and absorbed powers.

Figures 7(a)–(c) show the reflected powers, transmitted powers, and absorbed powers as functions
of the optical angle ϕ for (εt > 0, εz > 0) case-i with Fermi energies EF = 0.5 eV (thick solid line),
EF = 1.5 eV (dotted line), EF = 3.0e (dashed line), and EF = 6.0 eV (solid line) at Γ = 2.6 meV,
εt = 4ε0, εz = 0.5ε0, and γ = 0.96. The reflected power increases, and the transmitted power decreases
as the optical angle ϕ increases. Lower values of Fermi level surges the rate of increase of reflected
power and the rate of decrease of transmitted power with the optical angle ϕ. It is also noted that the
reflectance and absorption can be maximized at higher values of Fermi level position at lower optical
angle. It is observed that we can obtain reflected power further when increasing the Fermi energy more
by means of decrease in conductivity of graphene. From obtained analysis it is shown that the external
applied voltage plays a significant role in achieving the reflected power near the resonant frequency.
The study offers an effective route of manipulating the powers by an external control field with such a
configuration.

4. CONCLUSION

This paper has theoretically investigated the interaction of electromagnetic waves with a uniaxial
crystal slab bounded by two graphene layers from both sides placed in free space. Formulations of the
reflectance, transmittance, and absorption of a plane wave incident on the uniaxial crystal slab covered
by the graphene sheets from both sides have been derived. It is displayed that higher reflectance and
lower transmittance occur at lower frequencies of the incident wave for different positive and negative
crystal material parameters. More importantly, the powers could be dynamically tuned with varying
the thickness of the slab and the Fermi energy of the graphene. Moreover, it can be pointed out that the
total reflectance can be attained with neither transmittance nor absorption if transverse permittivity of
the crystal is negative. Finally, the reflected power and absorbed power are enhanced at higher values
of the Fermi energy of graphene as expected. Such material scheme and analysis could have potential
applications for the design of novel optical devices.
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