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Precise Analysis on Paraxial Magnetic Field of Solenoid
with Relaxation Polarization Medium

Zhiyong Yang*, Wei Cai, Zhili Zhang, and Youan Xu

Abstract—This paper studies distribution characteristics of paraxial magnetic field of solenoid with
inner relaxation polarization medium and driven by ac signal. Firstly, the paraxial electromagnetic
field model of hollow solenoid was constructed by Maxwell equations, and the influence of the driving
signal frequency was analyzed. Then, based on the established paraxial electromagnetic field model of
hollow solenoid, the magnetic field model of solenoid with inner relaxation polarization medium was
established by ampere loop law. Finally, the effects of relaxation polarization medium and driving signal
frequency on magnetic field amplitude and phase shift were analyzed in detail. The conclusions were
drawn as follows: driving signal frequency affects magnetic field amplitude; the relaxation polarization
medium will cause the phase shift of magnetic field; and the phase shift will increase as the driving
signal frequency increases.

1. INTRODUCTION

Magneto-optical modulation technology has been widely used in fields like laser gyros and high-precision
measurement [1, 2], among which the precise analysis on paraxial magnetic field of solenoid driven by ac
signal is critically important because it is directly related to the accuracy of magneto-optical modulation.

Most of the current studies on magnetic field of solenoid focus on the following two points: (a)
Analysis on the distribution characteristics of magnetic field of solenoid with different methods, such
as the calculation of magnetic field of the central solenoid model coil for China Fusion Engineering
Experimental Reactor, analysis on the magneto hydrodynamic heat shield system for hypersonic
vehicles, magnetic field analysis of solenoid driven by square wave signal, and so on [3–10]. (b) System
optimal design based on the analysis of magnetic field of solenoid, such as design and analysis on
magnetic field configuration of electromagnetic coil launcher, analysis and optimization of magnetic
field of solenoid in magnetic lifting device prototype, analysis and optimization design of coil magnetic
field in linear inductance micrometer, etc. [11–15]. It can be seen that there are a few researches on
paraxial magnetic field of solenoid driven by ac signal. Only [16] presents a brief analysis on the whole
magnetic field of solenoid driven by ac signal, without an accurate elaboration of paraxial magnetic
field.

In this paper, the paraxial electromagnetic field model of hollow solenoid driven by ac signal was
established by Maxwell equation, and the influence of driving signal frequency on magnetic field was
analyzed. Based on the established electromagnetic field model, the magnetic field model of the solenoid
with inner relaxation polarization medium was established. Finally, the effects of relaxation polarization
medium and driving signal frequency on magnetic field amplitude and phase shift were analyzed in detail.
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2. PARAXIAL ELECTROMAGNETIC FIELD MODEL OF HOLLOW SOLENOID

2.1. Basic Model

Figure 1 shows the established cylindrical coordinate system of solenoid. The center of the solenoid is
the origin. The central axis is Z axis. The positive direction of Z axis and the direction of driving
current meet the right-hand helix relationship, and the current is equivalent to surface current.

Figure 1. The established cylindrical coordinate system of solenoid, where the radius is a, length is
2b, turns is N , driving current is I, and the coil density is n = N/2b.

The driving current is Is = Ime−iωt, a sine wave signal with magnitude Im and frequency ω.
Solenoid is axisymmetric, so there is no circumferential magnetic field Bϕ, axial electric field Ez or
radial electric field Er. Then the electromagnetic field of solenoid is as follows

B (r, z, t) = Br (r, z, t) r + Bz (r, z, t) z
E (r, z, t) = Eϕ (r, z, t) ϕ

(1)

where B and E represent the magnetic field and electric field; Br and Bz refer to the radial and axial
components of the magnetic field; Eϕ is the circumferential component of the electric field; r represents
the distance from radial direction to central axis; and t is the time.

The space time-varying electromagnetic field based on Maxwell equation is as follows

∇× E = −∂B
∂t

∇× H = J +
∂D
∂t

∇ ·D = ρ

∇ · B = 0

(2)

where J is the current density, ρ is the charge density, D = ε0E the electric displacement vector, ε0 the
vacuum dielectric constant, B = μ0H, and μ0 the vacuum permeability.

Inside the solenoid, J = 0 and ρ = 0, we put Eq. (1) into Eq. (2) and obtain the expressions of
magnetic field and electric field

∂Eϕ

∂z
= −iωBr (3)

1
r

∂ (rEϕ)
∂r

= −iωBz (4)

∂Br

∂z
− ∂Bz

∂r
= −iωμ0ε0Eϕ (5)

The magneto-optical material is placed in the central axis attachment of solenoid, and more
attention should be paid to the paraxial magnetic field (If there is no special explanation, all the
following discussions refer the magnetic field distribution in the magneto-optical material region inside
the solenoid as the paraxial magnetic field.). Because magneto-optical material is small and is placed
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on the axis of solenoid, and the solenoid is axisymmetric, the radial magnetic field Br can be neglected
when analyzing the paraxial magnetic field, then we acquire the electromagnetic field model as follows

r2 ∂2Bz

∂r2
+ r

∂Bz

∂r
+ k2

0r
2Bz = 0 (6)

r2 ∂2Eϕ

∂r2
+ r

∂Eϕ

∂r
+

(
k2
0r

2 − 1
)
Eϕ = 0 (7)

where the wave vector in vacuum is k0 = ω
√

μ0ε0 = ω/c, and c is the speed of light.

2.2. Construction of Paraxial Electromagnetic Field Model of Hollow Solenoid

According to Eq. (6), we acquire the axial magnetic field Bz inside the solenoid as follows

Bz (r) = AJ0 (k0r) + CN0 (k0r) (8)

where A and C are the integral constants; J0 (k0r) is the first kind of zero-order Bessel function; and
N0 (k0r) is the second kind of zero-order Bessel function.

Because Bz (ω → 0) = AJ0 (k0r → 0)+CN0 (k0r → 0) = B0, J0 (k0r → 0) = 1, and N0 (k0r → 0) =
−∞, A = B0 and C = 0, then the axial magnetic field is as follows

Bz (r, t) = B0J0 (k0r) · e−iωt (9)

where B0 is the magnetic field of solenoid driven by dc signal.
With the method mentioned above, circumferential electric field inside the solenoid is obtained as

follows
Eϕ (r) = A′J1 (k0r) + C ′N1 (k0r) (10)

where A′ and C ′ are integral constants; J1 (k0r) is the first kind of first-order Bessel function; and
N1 (k0r) is the second kind of first-order Bessel function. C ′ = 0, when ω → 0, J1 (k0r → 0) = 0, and
N1 (k0r → 0) = −∞. The value of A′ is determined by the following formula

E =
i

ωμε
∇× B = − i

ωμε

dB

dr
eϕ (11)

According to Eqs. (9), (10) and (11), we acquire A′ = icA and obtain the expression for the
circumferential electric field inside the solenoid as follows

Eϕ (r, t) = icB0J1 (k0r) · e−iωt (12)

According to the magnetic field model in Eq. (9) and the electric field model in Eq. (12), it can be
seen that the paraxial electromagnetic field is closely related to the frequency of driving signal and test
point position. Fig. 2(a) shows the relationship between magnetic field amplitude and driving signal
frequency, and Fig. 2(b) shows the relationship between electric field amplitude and driving signal
frequency. The two curves in the same figure show two test points r = 1 cm and r = 2cm.

The amplitude of magnetic field in Fig. 2(a) hardly changes, because the driving signal frequency
is less than 100 MHz, and the additional magnetic field excited by low frequency alternating electric
field is weak. When the driving signal frequency is high, the amplitude of magnetic field attenuates
obviously, which is caused by the magnetic field excited by high frequency alternating electric field.
According to the comparison of two curves in the same figure, it can be seen that the magnetic field
amplitude attenuates with the increase of driving signal frequency, but the magnetic field attenuates
faster at a farther test point (r = 2cm), which means that the magnetic field near the central axis is
insensitive to the driving signal frequency.

Both curves in Fig. 2(b) show an increasing trend from zero, signifying that there is electric field
excited by alternating magnetic field, and the amplitude of electric field increases with the increase of
driving signal frequency. The electric field far from the axis changes faster, indicating the closer to the
axis of solenoid, the better the stability of electromagnetic field.
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Figure 2. Relationship between electromagnetic field amplitude and driving signal frequency.
(a) Magnetic field with driving signal frequency, (b) electric magnetic field with driving signal frequency.

3. PARAXIAL MAGNETIC FIELD OF SOLENOID WITH INNER RELAXATION
POLARIZATION MEDIUM

When there is relaxation polarization medium inside the solenoid, the relationship between the electric
field frequency and the relaxation time should be taken into account. When the electric field frequency
is low, its variation period is longer than relaxation time, and there is no relaxation polarization
phenomenon. With the increase of driving signal frequency, the period of electric field becomes shorter.
When the electric field period is equal to or shorter than the relaxation time, the relaxation polarization
progress will lag behind the variation of electric field, which will result in phase shift. Hence the influence
of the phase shift should be taken into consideration when there is relaxation polarization medium inside
the solenoid.

Figure 3 shows the magnetic field of solenoid. Its field region is divided into three domains with the
boundary of medium and coil. Domain I (r < R) presents the magnetic field Bin

zr , electric field Ein
ϕr and

phase shift φi of inner medium. Domain II (R < r < a) presents the magnetic field Bin
zo, electric field

Ein
ϕo and phase shift φ of inner solenoid and outside medium. Domain III (r > a) presents the magnetic

field Bout
zo , electric field Eout

ϕo and phase shift φo outside of solenoid.
The progress of establishing electromagnetic field model is the same as the above method, but due

to the relaxation polarization medium, the phase shift parameter is added here. Hence the magnetic

Figure 3. Division of solenoid electromagnetic field.
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field expression is acquired as follows

Bin
zr (r, t) = B0J0 (kr) e−i(ωt+φi) (r < R)

Bin
zo (r, t) = AJ0 (k0r) e−i(ωt+φ) (R < r < a)

Bout
zo (r, t) = CH1

0 (k0r) e−i(ωt+φo) (r > a)

(13)

According to the electromagnetic relation presented in expression (11), the electric field expression
is obtained by applying a similar method.

Ein
ϕr (r, t) = (iωB0/k)J1 (kr) e−i(ωt+φi) (r < R)

Ein
ϕo (r, t) = (iωA/k0)J1 (k0r) e−i(ωt+φ) (R < r < a)

Eout
ϕo (r, t) = (iωC/k0)H1

1 (k0r) e−i(ωt+φo) (r > a)

(14)

where A and C are the integral constants; H1
0 (k0r) is the first kind of zero-order Hankel function;

H1
1 (k0r) is the first kind of first-order Hankel function, satisfying H1

v (x) = Jv (x) + iNv (x), in which
Jv (x) is the first kind of v-order Bessel function; Nv (x) is the second kind of v-order Bessel function;
k and k0 are the wave vectors in medium and air, respectively.

3.1. Magnetic Field Parameter Solution

At the solenoid coil boundary (r = a), a narrow rectangular box is taken as the closed integration path
l2, as shown in the dotted frame of Fig. 3. There is current in the area contained by the integral path
l2, and we obtain the expression according to the Ampere loop law∮

l2

B · dl = Δl2
[
Bin

zo (k0a) − Bout
zo (k0a)

]
= μ0nI · Δl2 (15)

Bin
zo (k0a) − Bout

zo (k0a) = μ0nI = B∞ (16)
where n is the coil density.

At the boundary of the medium (r = R), there is Bzr (R) − Bzo (R) = 0, then the magnetic field
boundary condition can be written as

Bin
zr (kR) − Bin

zo (k0a) = 0

Bin
zo (k0a) − Bout

zo (k0a) = B∞
(17)

3.2. Electric Field Parameter Solution

The electromagnetic induction law is introduced here.∮
l
E · dl = −

∫
S

∂B

∂t
· dS (18)

where l and S represent the integral path and the area surrounded by the path, respectively. A very
narrow ring frame (Δh′ → 0) is selected along the coil boundary as integration path l′ as shown in
Fig. 4.

Electromagnetic induction law is applied to the integration path∮
l
E · dl =

[
Ein

ϕo (k0a) − Eout
ϕo (k0a)

]
Δl′ = −∂B

∂t
· Δl′ · Δh′ (19)

Because ∂B/∂t is finite, and Eq. (19) goes to zero, Ein
ϕo (k0a) − Eout

ϕo (k0a).
The similar conclusion can be drawn by applying electromagnetic induction law at the boundary

of medium (r = R). Therefore, the electric field boundary conditions can be expressed as
Ein

ϕr (kR) = Ein
ϕo (k0R)

Ein
ϕo (k0a) = Eout

ϕo (k0a)
(20)

According to Eqs. (17) and (20), it can be seen that the circumferential electric field is continuous
in the whole space of solenoid, while the axial magnetic field will jump at the coil boundary but is
continuous in other spaces.
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Figure 4. Cross section of solenoid.

3.3. Electromagnetic Field Parameter Solution

According to magnetic field expression (13), magnetic field boundary condition (17), electric field
expression (14) and electric field boundary condition (20), we obtain the equation

B0J0 (kR) · e−iφi − AJ0 (k0R) · e−iφ = 0

AJ0 (k0a) · e−iφ − CH1
0 (k0a) · e−iφo = B∞

k0B0J1 (kR) · e−iφi = kAJ1 (k0R) · e−iφ

AJ1 (k0a) · e−iφ = CH1
1 (k0a) · e−iφo

(21)

Equation (21) is solved, and the following parameters are obtained

φo = arctan
[
QN0 (k0a) − PN1 (k0a)
QJ0 (k0a) − PJ1 (k0a)

]

δ = arctan
[
N1 (k0a)
J1 (k0a)

]

φi = φo − δ

φ = arctan
[
k0

k

J0 (k0R)J1 (kR)
J0 (kR) J1 (k0R)

tan φi

]

A = B0
J0 (kR)
J0 (k0R)

cos φi

cos φ

C =
J0 (k0a)
J0 (k0R)

μ0nI · sinφi

J0 (k0R) sin δ − N0 (k0R) cos δ

(22)

Here P = J0(kR)
J0(k0R)J0 (k0a), Q = k0

k
J1(kR)
J1(k0R)J1 (k0a). J0 and J1 are the first kind of zero-order and the

first-order Bessel function, respectively. N0 and N1 are the second kind of zero-order and the first-order
Bessel function, respectively.

4. CHARACTERISTICS ANALYSIS ON MAGNETIC FIELD

4.1. Frequency Characteristics of Magnetic Field Amplitude

Simulation parameters are as follows: Im = 1 A, n = 1000, a = 3.5 cm, b = 5.5 cm, L = 3cm, R = 1cm,
εr = 4.1, μr = 1, test points are r = 0.5R and r = 2R. Fig. 5 shows the effect of driving signal frequency
on magnetic field amplitude at different test points.

The solid line in Fig. 5 represents the magnetic field of solenoid with relaxation polarization medium,
in which the dotted line is the magnetic field without relaxation polarization medium; the red curve
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Figure 5. Magnetic field frequency characteristics of solenoid with relaxation polarization medium.

indicates the magnetic field at the test point r = 0.5R; the blue curve indicates the magnetic field at
the test point r = 2.0R. The solid and dotted lines of red curves in Fig. 5 almost coincide, which means
that the relaxation polarization medium does not affect the magnetic field amplitude of inner medium.
The blue curves indicate that with the frequency increase of driving signal, the solid line and dotted line
gradually separate, and the higher the frequency is, the greater the difference between the two curves
will be. Therefore, the relaxation polarization medium affects the magnetic field outside the medium
and slows down the attenuation of the magnetic field.

4.2. Magnetic Field Distribution Characteristics

The simulation parameters remain unchanged. The two specific frequencies of driving signal are 100 MHz
and 500 MHz, respectively. The distribution of magnetic field in radial direction is shown in Fig. 6.

The solid line in Fig. 6 shows the distribution of the magnetic field of solenoid with relaxation

Figure 6. Distribution of magnetic field in solenoid with or without relaxation medium.
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polarization medium. The dotted line represents the distribution of the magnetic field without relaxation
polarization medium. The red part of solid line refers to the magnetic field inside the medium, and
the blue curve is the magnetic field outside the medium. From Fig. 6 we observe that when there
is relaxation polarization medium in the solenoid, and the driving signal frequency is high, there is
a downward displacement about the magnetic field, which is the effect of the phase shift caused by
relaxation polarization medium.

4.3. Analysis on Magnetic Field Phase Shift

The phase shift is introduced in the polarization process, which causes a series of changes. The high
frequency electric field related with driving signal leads to the phase shift, and the electric field is from
driving signal, so the phase shift is closely related to the frequency of driving signal. Fig. 7 describes the
variation of magnetic field phase shift with the change of driving signal frequency. With the increase
of driving signal frequency, the phase shift is going to be negative gradually, and the variation rate
becomes larger and larger.

Figure 7. Phase shift of magnetic field in solenoid with driving signal frequency.

(b)(a)
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(d)(c)

Figure 8. Effect of driving signal frequency on magnetic field in solenoid.

4.4. Analysis on the Influence of Driving Signal Frequency

The simulation parameters remain unchanged, and the test point is r = 2 cm. Fig. 8 shows the effect
of driving signal frequency on magnetic field, and the frequencies of driving signal in Figs. 8(a), (b),
(c), and (d) are 100 MHz, 500 MHz, 1000 MHz, and 2000 MHz, respectively. The red curve represents
the magnetic field of solenoid with relaxation polarization medium, and the blue curve represents the
magnetic field of hollow solenoid.

It can be found from Fig. 8(a) that the two curves coincide when the frequency of driving signal is
low, which proves that there is no change of magnetic field or phase shift. From the comparison with
Figs. 8(b), (c) and (d), it can be seen that with the increase of driving signal frequency, the magnetic
field amplitude decreases, and the phase shift increases, indicating that high frequency driving signal
causes the change of magnetic field. The higher the frequency is, the more significant the change will
be.

5. CONCLUSION

In this research, the magnetic field characteristics of solenoid with relaxation polarization medium
and driven by sine wave signal was studied based on Maxwell equation and Ampere loop theorem.
The magnetic field models of hollow solenoid and solenoid with relaxation polarization medium were
established respectively, and the effects of relaxation polarization medium and driving signal frequency
on magnetic field and phase shift were analyzed. The conclusions are obtained as follows:

a) The frequency of driving signal affects the amplitude of magnetic field. The higher the signal
frequency is, the more obvious the attenuation of magnetic field amplitude will be.

b) The medium in solenoid will affect the distribution of magnetic field, and the relaxation
polarization medium will delay the attenuation of magnetic field outside the medium.

c) Relaxation polarization medium causes phase shift of magnetic field, and the phase shift increases
with the increase of driving signal frequency.
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