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Abstract—We analytically model single-, two-, and three-wires above ground to determine the decay
lengths of common and differential modes induced by an E1 high-altitude electromagnetic pulse (HEMP)
excitation. Decay length information is pivotal to determine whether any two nodes in the power grid
may be treated as uncoupled. We employ a frequency-domain method based on transmission line
theory named ATLOG — Analytic Transmission Line Over Ground to model infinitely long and finite
single wires, as well as solve the eigenvalue problem of a single-, two-, and three-wire system. Our
calculations show that a single, semi-infinite power line can be approximated by a 10km section of
line and that the second electrical reflection for all line lengths longer than the decay length are below
half the rated operating voltage. Furthermore, our results show that the differential mode propagates
longer distances than the common mode in two- and three-wire systems, and this should be taken into
account when performing damage assessment from HEMP excitation. This analysis is a significant step
toward simplifying the modeling of practical continental grid lengths, yet maintaining accuracy, a result
of enormous impact.

1. INTRODUCTION

The purpose of this paper is to predict the length at or above which a finite conductor interacting with
a conducting ground mimics the response of a semi-infinite conductor over ground when excited by an
E1 high-altitude electromagnetic pulse (HEMP). This quantity is connected to the decay length, which
allows us to state that any two nodes distant more than a decay length in the grid may be treated
as uncoupled. Note this definition of decay length is a multiple of the more conventional e~! decay-
length definition, as it will be shown later in this manuscript. Although an analysis toward this goal
was reported in [1], we also consider the more relevant and general case of two and three conductors
over ground, and study their eigenvalue problems to determine the decay lengths of both common and
differential modes, and compare them to the single wire case. This is important as HEMP excitation
can in general couple to both common and differential modes, which inherently exhibit very different
propagation lengths, the latter propagating longer distances, thus potentially being an issue for damage
assessment.

The analysis of a wire above a conducting ground was originally reported in [2], where a formula for
the ground impedance at low frequencies was discussed. Other contributions to this problem, including
approximations for the ground admittance, were reported in [3]. The exact solution of a filament
above a conductive ground was provided in [4,5]. Based on this solution, other works investigated
multiple-wire modes, high-frequency modes, and buried wires [6-9]. The reader is referred to [10, 11]
and references therein for a more in-depth overview of previous works on the topic, where a frequency-
domain transmission line model referred to as ATLOG — Analytic Transmission Line Over Ground —
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was developed and whose results were found in good agreement with full-wave simulators. ATLOG can
treat the general cases of HEMP (E1 or E2) excitation of finite or infinite lossy, insulated conductors and
lossy grounds, as well as insulated conductors above, below, or resting on the ground [10, 11]. Reference
works on EMP coupling to long lines along with many additional references can be found in [12—
16]. In this paper, we consider overhead lines but wires close to ground (e.g., SCADA systems) and
underground can also be treated. ATLOG can also treat other kinds of EMP excitation, such as source
region EMP [17], as well as various terminating loading conditions [18], but these are not discussed in
this manuscript. If we have an aerial line with height ~ = 10m and we take the radius to be small
a = 1 cm then the electric field at wire surface exceeds the corona threshold E. = 4.5 MV /m [19-21] for
V > 340kV (corresponding to about I > 0.8 kA). Alternatively, if we consider a maximum voltage of
V = 3.2MV the corona threshold is reached when the radius is less than a. = 0.15m. Therefore, the
initial peak for maximum coupling parameters is expected to exceed the corona threshold and result in
additional losses. Corona [19-21] and other nonlinear breakdown effects will not be discussed further
in this paper.

The manuscript outline is as follows. In Sec. 2, we compare the time-domain results for the voltage
induced on finite single lines to the result for a semi-infinite line to define the decay length. In Sec. 3,
we introduce the eigenvalue problem in the frequency domain for two- and three-wire systems above
ground, and compute decay lengths for both common and differential modes supported by the systems,
comparing to the single wire results. Here we also make a connection between the time-domain results
and the frequency-domain results via the dominant frequency of the excitation waveform. The military
standard (MIL-STD) E1 HEMP waveform [22], summarized in Appendix A, is used for excitation, and
the inverse transform is taken to obtain the current and the voltage on the wire as a function of time.
The transmission line approximation [10,11] under plane wave excitation is summarized in Appendix
B for finite and infinite single lines and forms the basis for the approach presented in the manuscript.
The required information to the eigenvalue problem is summarized in Appendix C for a single wire, as
well as for common and differential modes of two- and three-wire systems.

2. DECAY LENGTH ESTIMATION USING THE ATLOG MODEL FOR SINGLE
LINES

In this section, we aim to estimate the decay length of the mode supported by a single conductor above
a conducting ground using the model described in Appendix B (the ground admittance will not be
included in this paper because its effect is negligible for aerial lines). The single-wire line interacts with
the ground through the line monopole moment. We define the decay length as the length at or above
which the current and voltage on the line mimic the ones from a semi-infinite power line, and such
that the second electrical reflection for all line lengths longer than the decay length is below the rated
operating voltage.

Consider the schematic of a single conductor above ground as in Fig. 1(a) excited by a HEMP
waveform. In general, the electric field drive exciting the line is given as a combination of transverse
electric (TE) and transverse magnetic (TM) field components as

TE

. T™
Drive = Eiot - €, = — By

sin® + Ei;" cos ®sin ¥ (1)

where Eiq is the total electric field drive along the line; e, is the unit vector along the direction of the
line; EtTO?TM are the total TE and TM components of the exciting field; ® indicates the orientation of
the line versus the driving field; and W is the incidence angle. The time harmonic convention exp(—iwt)
is implicitly assumed in this paper.

It has been shown in [10, 15] that the largest coupling to the line is generally achieved near grazing
incidence for ® = 0 when the line is excited by a TM incident plane wave polarized in the plane
containing the wire and the ground surface with incidence angle ¥ with respect to the z axis as shown
in Fig. 1(b). Therefore, we will concentrate on this latter case in this paper, assuming a MIL-STD
waveform dependence as in Appendix A, but a general excitation can be easily solved for.

From Fig. 1(b), we note that the parameters that enter our simulations are ground permittivity
g4, ground conductivity o4, wire radius a, coating radius b, wire conductivity og, height h, and wire
length L. In this paper, unless otherwise specified, we assume ¢4 = 20g¢, o4 = {0.001,0.01,0.1} S/m,
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Figure 1. (a) Schematic of a single conductor above ground excited by a HEMP waveform. (b)
Simplification of panel (a) for a conductor with length L under TM excitation only for & = 0, generally
inducing the largest coupling to the line near grazing incidence. The semi-infinite case is obtained
assuming L = oo.

a = lcm (no coating), og = 2.9281 x 10”S/m, h = 10m, and various L = {1,2,5,10,50} km. We note
that the ground conductivity value of o4 = 0.01 S/m is typical, and we analyze also the extreme cases
of o4 = 0.001 S/m and o4 = 0.1S/m to have a complete survey of its effect on the decay length.

Using the model in Appendix B, in Fig. 2(a) we consider five finite lines of lengths 1km, 2km,
5km, 10km, and 50 km at the height of 10m, and compute the voltage at the right termination of the
line under the MIL-STD HEMP waveform in Appendix A incident at an angle ¥ = 7/33, assuming
the terminations to be loaded with Zf = 1 G (resembling an open circuit). Although other loading
conditions are not analyzed here, this analysis allows us to determine the decay length; other more
realistic loading conditions to take into account connections to transformers, lightning arrestors, etc.
will be considered in future work. This near-grazing angle ¥ = 7/33 has been identified as the angle
leading to the largest coupling to the line for o4 = 0.01 S/m; other angles would induce lower voltages
and currents, see for example [10, 15]. Note the delay due to the propagation through the line, At = L/c
where c is the speed of light, has been subtracted from the time span in Fig. 2 to enable comparisons
among the various results. We compare these results to the one of a semi-infinite long line. We observe
that, concerning the peak voltage of the right termination, any line length above 5 km leads to the same
peak voltage result of about 3.2 MV. This result confirms that any line longer than 5km in the grid
may be treated as an uncoupled line.

The peak voltage, full-width at half maximum (FWHM), and the difference (with respect to the
T

semi-infinite line) in Energy = [ Z} I%dt (with T = 1000ns, imposed to take into account only the
0

main peak, and not late-time reflections) in Fig. 2(a) from the finite line results are reported in Table 1

(note that much larger energies would be achieved with a load matched to the characteristic impedance
of the line). For lines longer than 5km, most of the energy is already contained in the pulse versus
the semi-infinite case. Fig. 2(a) and Table 1 illustrate that the decay length of a semi-infinite single-
conductor of coupling is approximately between 10 and 50 km (e.g., in numerical computations, this
means that a semi-infinite line can be approximated with a 10km line (resulting in less than 6% error
in energy), or 50 km line (resulting in less than 3% error in energy)). This is an important result, which
means that, for large electrical power systems, any two buses or locations greater than 10 to 50 km apart
can be simulated as decoupled buses or nodes for E1 HEMP coupling computations. Such relaxation
in computational intensity will, for the first time, allow us to carry out direct numerical analysis of
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Figure 2. (a) Voltage versus time at the angle of incidence of ¥ = 7/33 using ATLOG for various
finitely long wires above ground under a MIL-STD HEMP waveform with o4 = 0.01 S/m. The voltage
is computed at the right termination of the wire, and the delay At = L/c¢ in the finite lines has been
subtracted to enable comparisons among the various results. (b) As in (a), but for longer times to see
the reflections from the other end of the line.

Table 1. Peak voltage, full-width at half maximum (FWHM), energy, and energy relative difference A
to the semi-infinite line result of the pulses in Fig. 2(a).

Line length (km) | Vpeak (MV) | FWHM (ns) | Energy (mJ) | A (%)
Semi-infinite 3.2 71.12 0.654 0.00
50 3.2 71.12 0.636 2.75

10 3.2 71.12 0.618 5.50

) 3.2 71.12 0.575 12.08

2 3.2 50.91 0.413 36.85

1 2.99 32.92 0.226 65.44

medium- to large-scale power systems.

To further validate the fact that buses (nodes) far apart can be treated as decoupled, as well as
to understand if any reflections need to be considered in HEMP waveform coupling and propagating
within the electrical grid, we have conducted a longer (in time) simulation shown in Fig. 2(b) for finite
lines of lengths 1km, 5km, and 10 km. In general, if L is the length of the line, a reflection peak may
appear at a time tg, = 2Ln/c, where c is the speed of light and n indicates the nth reflection. For
the 1km line, we observe multiple reflection peaks, with the first one appearing at tg; = 6.67 us with
a voltage level of about 500kV (see inset in Fig. 2(b)). Considering a 345kV power line and assuming
that transformers may withstand voltage levels up to 1.5V, taking this reflection to appear at a peak
time of the 60 Hz signal, imposes a threshold Vrp = 0.5V4c = 172.5kV. Therefore, we would need to
take into consideration the first reflection of the 1km line for damage considerations. For longer lines,
however, the first reflection voltage peak in Fig. 2(b) is below Vpg, being 130kV for the 5km line and
65kV for the 10km line (see insets in Fig. 3(b)), again confirming that lines larger than 5km in the
grid may be treated as uncoupled lines. We summarize this information in Table 2 for various voltage
ratings of lines found in the power grid.

Note that this prior length is a multiple of the more conventional e~! decay-length definition,
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Table 2. Minimum line lengths to ignore the first reflection for damage considerations for typical
voltage ratings of power lines.

Voltage rating (kV) 135 | 345 | 1000
Minimum line length (km) | 10 | 5 1
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Figure 3. Current versus time at different locations z along the wire from Eq. (2), assuming a semi-
infinite line driven by a Norton equivalent circuit.

which is about 1200 m. To estimate both of these lengths in a clearly defined setting, we retrieve the
current induced on an infinite line at z = 0, given by I; = —Y Ag/(I'2 — k2 cos? f)e?*02 5% ~and use
a matched Norton equivalent circuit to feed a semi-infinite line for which the solution satisfying the
radiation condition as z — +o0 is

: Ay .
I=4"% v = —z‘F?le”Z, (2)

with Ay = 2I;/(1 —iI'Yy/Y) and Yy = /Y /Z. This is done to use the actual time dependence of
the expected waveform, avoiding complications due to reflections from line terminations as observed
in Fig. 2(b). We plot in Fig. 3 the current versus time at different z-locations along the wire from
Eq. (2). One can see that the value eillpeak is achieved after about 1200 m. Furthermore, one can
define a current threshold as Ity = Vrp/(peak (With the approximate characteristic impedance of the
line (peak =~ 4300 at a frequency representing the pulse width), and again the current is below this
value after 5km, in agreement with the result in Fig. 2(b).

We now consider in Fig. 4 the same case of Fig. 2(b), but with larger (o4 = 0.1S/m) and smaller
(04 = 0.001 S/m) ground conductivity. We observe that for larger ground conductivity, slightly longer
lines are needed not to worry about the reflections from the other termination, whereas for smaller
ground conductivity the threshold requirement is already satisfied. Therefore, for o4 < 0.01 S/m, lines

larger than 5 km in the grid may be treated as uncoupled lines, while lines larger than 10 km are required
for 04 =0.1S/m.

3. ANALYSIS OF A TWO-WIRE SYSTEM ABOVE GROUND

We now consider the more complex scenario of a two-wire system above ground, where two modes,
common and differential, may be induced by a HEMP excitation. The two-wire system differential
mode interacts with the ground through the line dipole moment. These modes may decay with different
length scales, and it is our aim to determine their decay lengths. This is important because a HEMP
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Figure 4. (a) As in Fig. 2(b), but with o4 = 0.1 S/m. (b) As in Fig. 2(b), but with o4 = 0.001 S/m.

excitation can in general couple to either mode, and full knowledge is required to comment on damage

assessment.

3.1. Eigenvalue Problem for a Two-Wire System

Figure 5 shows the schematic of two horizontally displaced (along z, with displacement 2A) wires at
a height h above a conducting ground. The two wires are along the z direction. We are interested in
assessing the conventional e~! decay-length of common and differential modes supported by the two-
wire system, through which we can define whether any two nodes in the grid are distant enough to be
treated as uncoupled. Note this arrangement of wires is typical of power lines and SCADA components;

other arrangements will be investigated in the future.

¥
@ ©
%&h
X 2A

Conducting Ground

Figure 5. Schematic cross section of two identical wires above a conducting ground that are displaced

along x at a height h. Note the wires are along the z direction.

The vector transmission line equations of the two-wire system for current and voltage are

il:_X'K

dz

d
—V=-2ZI
de AYE

(3)

where the admittance matrix Y, the impedance matrix Z, the voltage vector V, and the current vector
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I are given by

_( L+ Zy- . _( Y+ Yoo ). (Ve s_( I+
If we eliminate the voltage from Eq. (3) we obtain
d2
—I=Y - Z-I=) )
SI=Y-Z 1=\ (5)

with solutions I = geizﬁ, amplitudes ¢, and propagation constant /A, whose eigenvectors satisfy
Y -Z-1I= M\l and with X\ an eigenvalue of the system, computed using |Y - Z — A\| = 0. Guidelines to

find the decay length of a single wire as well as the two-wire system are reported in Appendix C.2.

We assume that the two wires are symmetrical, e.g., ay = a— = a, with the same height
hy = h_ = h and placed at z = +A as in Fig. 5. All the other parameters are as in Sec. 3,
with o4 = 0.01 S/m. In this case, we note that Y, =Y__ =Y and Z,; = Z__ = Z (expressions for
all these terms can be found in Appendix C). We note that Y,_ =Y_, =Y, and Z,_ =Z_, = Z,,,
so that
v.7— YZ+YnZy YZ,+YZ (6)
== \\Y.Z+YZ, Y. Z,+YZ

Following Appendix C.2 and solving for the eigenvalues through |Y -Z — A] = 0, we obtain A\; =

Y -Y)(Z—-2,) and Ay = (Y +Y,)(Z+ Zy,). The first eigenvector satisfies ( % % I, =0,

with I; = ( 1 ), representing a differential mode current, while the second eigenvector satisfies

( _11 _11 )Ly, = 0, with I, = ( % ), representing a common mode current. These two eigenvectors

propagate along the line without cross-coupling. The inverse decay length of the differential mode
is Rev/A1 = Re\/(Y — Y,,)(Z — Z,,) and the inverse decay length of the common mode is Reyv/Ag =

The inverse decay lengths of common mode with and without wire loss are shown in Fig. 6 versus
frequency for various values of separation 2A, neglecting the effects of the ground admittance. Looking

3 3
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Figure 6. Inverse decay lengths for various values of separation 2A for the common mode (a) without
and (b) with wire losses for two wires above ground with A = 10 m.
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at the results for the common mode in Fig. 6, we observe that wire loss has a negligible effect on its
decay length. We see that for increasing separation, the loss increases, peaking at about 2A = 5m.
Further increasing the wire separation reduces the loss, and the result resembles again the single wire
result for very large separation 2A > 100m (see Appendix C.1 for more information about the decay
length of a single wire). This can be explained as follows. Because the equivalent radius of an isolated
wire pair a. = v2Aa increases as the two wires move apart, we see that the free space inductance per
unit length L. = poln(2h/a.)/2m decreases, but the part of the impedance per unit length from the
ground Zf* remains essentially fixed. Hence, for increasing wire radii we reduce the external part of the
impedance per unit length and thus increase the influence of the ground part of the impedance per unit
length, with a resulting increase in decay constant from the losses in the ground. This effect is analogous
to breaking up a single wire into two wires as in the common mode of the two wires here analyzed,
when the wires are still close together compared to the distance to the ground. As the wires become
widely separated compared to the wire height to the ground, we then have the parallel combination

clt — 20,

Ztt — 7/2 = (—z‘wLe + Zfi) /2 (7)

and the propagation constant for the parallel combination becomes I''** = \/— Ztotytot ., \/i,C,Z, the
same result as for a single wire in Appendix C.1. Hence, these simple results explain why we initially see
an increase in decay constant, followed by a return to the single wire decay at wide separation distances.
An equivalent radius model for the common mode of a two-wire system is given in Appendix C.3.

In Fig. 6, we also report the single wire inverse decay length for comparison as well as the result
coming from the time domain data in Fig. 2(b). The latter is computed as follows: looking at the 5
km and 10km lines (red and blue curves in Fig. 2(b), respectively), one can determine the dominant
frequency as f = 1/(27},), where T, is the pulse duration, equal to about 300 ns for the 5km line and
about 740ns for the 10km line. Looking at the voltage levels at initial peak Py and first reflection
peak Pj, we can compute a decay length as d = (2L)/In(Py/P;). For example, for the 5km line,
d = (2-5000)/1n(3219/125.8) ~ 3084 m, whose order of magnitude is of the same order of what found
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Figure 7. Inverse decay lengths for various values of separation 2A for the differential mode (a) without
and (b) with wire losses for two wires above ground with h = 10 m. In panel (a), the case with 2A = 1m
(black curve) has an inverse decay length of 2.8 x 107%1/m at 5 MHz and exhibits a similar shape as
the other cases here illustrated.
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in Fig. 3. The fact that the symbols in Fig. 6 follow the single wire result (magenta curve) shows that
we can estimate the decay from the dominant frequency f = 1/(27},). This is an important result as
the decay length at the dominant frequency can be easily and quickly calculated.

We now look at the differential mode results in Fig. 7. One can see that, compared to the common
mode, the differential mode travels longer distances for the same decay amount, especially for close
wires for which 2A < h. For example, when 2A = 5m and at 1 MHz, the common mode has a decay
length of about 2.1 km, while the differential mode has a decay length of about 49.1 km. We see that
the wire loss has a great effect, especially for close wires, e.g., 2A = 1m; for 2A = 5m, the effect is
present but not large. For very large separation 2A > 100 m, the differential mode result resembles the

single wire result.
y @ @ ¢
X B X0 } X0 g h

Conducting Ground

Figure 8. Schematic cross section of three identical wires above a conducting ground that are displaced
along x at a height h. Note the wires are along the z direction.
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Figure 9. Inverse decay lengths for various values of separation z( for the differential mode (a) without
and (b) with wire losses for two wires above ground with A = 10 m. In panel (a), the case with zp = 1m
(black curve) has an inverse decay length of 2.4 x 1078 1/m at 5 MHz and exhibits a similar shape as
the other cases here illustrated. In panel (b), the case with xyp = 1 m (black curve) is very similar to
the case with zp = 5m (blue curve).
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4. ANALYSIS OF A THREE-WIRE SYSTEM ABOVE GROUND: INTERACTION
THROUGH THE LINE QUADRUPOLE MOMENT

We now consider a three-wire system above ground (a more realistic configuration), where three modes
may be induced by a HEMP excitation. A particular differential mode on the three-wire line can be
selected to interact with the ground only through the line quadrupole moment (see Appendix C.4). This
opens the possibility of a smaller loss (and thus longer decay lengths) for this particular three-wire line
mode.

Figure 8 shows the schematic of three horizontally displaced (along z, with displacement x) wires
at a height h above a conducting ground. The three wires are along the z direction.

The inverse decay lengths of the three wire differential (quadrupolar) mode with and without wire
loss are shown in Fig. 9 versus frequency for various values of separation zg. One can see that, compared
to the differential mode of two wires, this mode travels longer distances for the same decay amount,
especially for close wires for which x¢p < h. We see that the wire loss has a great effect, especially for
close wires, e.g., xg = 1m, and even for xyp = 5m. For very large separation xy > 100m, also this
differential mode result resembles the single wire result.

5. CONCLUSION

In this paper, we analytically model single-wire, two-wire, and three-wire systems for typical overhead
conductor infrastructure to determine the decay length of current and voltages induced by an E1 HEMP
excitation. Because in general this can couple to both common and differential modes, their decay
properties need to be taken into account for damage assessment. In particular, for a single wire, we
have shown that the first reflection for all line lengths analyzed greater than the decay length are below
the threshold of half nominal rated operating voltage. This is a very important result, confirming
that electrical buses further than a decay length apart can be considered decoupled, and that a first
(and later) reflections do not contribute to over-voltages greater than half the nominal. Thus, we
should not expect reflections from further than a decay length to contribute to failures or damages to
equipment. Through a numerical computation we have established a threshold (in time and space)
for potential failures and damages of electric utility assets following a HEMP event. Our results show
that the differential modes in two- and three-wire systems propagate longer distances than the common
mode, and that wire losses dramatically affect their decay length, especially for close wires. We have
computed the decay length using two distinct approaches, one in the time domain, and one solving the
eigenvalue problem in the frequency domain. The two have shown similar conclusions, strengthening
our understanding of the modeling of these kinds of coupling problems.
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APPENDIX A. ELECTROMAGNETIC PULSE WAVEFORM AND SPECTRUM
USED IN THIS PAPER

We describe here the MIL-STD E1 HEMP electromagnetic pulse waveform we employ in this paper. A
double exponential characterization of the waveform is [22, 23]

E(t) = KEy (e—at - e—ﬂt) w(t), (A1)
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with Eg = 50kV/m, o = 4 x 107s7!, 3 =6 x 108571, and K = 1/(e"max — ¢=Btmax) 3 normalization
constant, with tpay = log(8/a) /(8 — ), u(t) = 0 for t < 0, and wu(t) = 1 for ¢ > 0. Its spectrum is
given by (assuming an exp(—iwt) time dependence)

EoK (B —a)
(a0 —iw) (B —iw)’

E(w) = / E(t) e™tdt = (A2)

APPENDIX B. ATLOG MODEL FOR SEMI-INFINITE AND FINITE LINES

B.1 ATLOG Model for Infinite and Semi-infinite Lines

For the uniform height transmission line running for —oco < z < zp = 0 (assuming an exp(—iwt)
time dependence), we can write differential equations for the voltage V" and the current I as

‘;—V = Eine _ 7],
dZI (B1)
pr -YV.
Eliminating the voltage leads to
d’1
12 +

with Ei"c = Agethozcos¥ 12— _ 7y ¥ is the incidence angle, kg = w/c = wEolo
the free space wavenumber, w the angular frequency, c¢ the speed of light, ¢y the free
space dielectric absolute permittivity, po the free space magnetic absolute permeability, Ag =

. i : ; : ka4 /ko Qsinllf—\/ ka/ko)2—cos2 U
ES(W) sinte e Sm\IJ(l B RH€2ka Sm\l}% and RH B Ek4;k0;2 sin \P+\/Ek4;k0;27c052 U
lines, i.e. h > b, it is frequently convenient to set the phase reference on the wire itself at x = 0 which
can be done by setting F,(w) = E(w)e 0sn¥  where F(w) represents the spectrum of the incident
electromagnetic pulse Appendix A. Moreover, Z = Zy + Zo + Z4, where Zs takes into account the
presence of any coating layer, Z, takes into account the losses in the ground, and Z; takes into account
the losses in the wire. The admittance is given by % = Yie + Y%u where Y, is the external admittance and
Y, is the ground admittance (which we neglect in this paper for aerial lines). Expressions for all these
impedance and admittance terms can be found in [10,11]. In these formulas, k3 = wpug(wes + ioy), €4
is the ground permittivity, o4 is the ground conductivity, and h is the distance of the transmission line
from the conducting ground plane.

The solution satisfying the radiation condition as z — —oo is then

I’ = -YE™, (B2)

. For overhead power

Y Ao ikgz cos W —il'z

I:_F2—k§cos2\ll i e
) (B3)

V = /LAOkO cos W eikoz cos ¥ + Z‘Féefirz'

2 — k2 cos? ¥ Y
For an open circuit condition at z = zy = 0, we get % = 1“271524%’ and the open circuit voltage is
0
1Ag

Voe (20) = =————. B4
oc (20) I' — kgcos ¥ (B4)

Turning the sources off, the impedance looking to the left of a semi-infinite line is Z(zy) = Zy. Note that
the voltages discussed here are scattered voltages as we have not added the voltage from the transverse
incident field for an open circuit. For the uniform height transmission line running for —oo < z < o0,
the current is obtained using Eq. (B3) with 4; = 0.
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B.2 ATLOG Model for Finite Lines

If the line is of finite length z_ < z < z,, rather than semi-infinite as assumed in Appendix B.1,
the current and voltage are given by

I(z) = [Ki+ P (2)]e7"" + [Ka + Q(2)] 77,

Z (B5)
V(2) =[5 (K1 + P ()] e 7 — (K +Q ()] 7}
z 3 Z4 .
with P(2) = 3/Y/Z [ P2 E"(2)dz, Q(2) = 3\/Y/Z [ e *EP°(2)dz, 42 = ZY, and
Kl — p_e'yLz_ p+P (Z+) e LA — Q (Z*) et ’
€7L(74+_27) — p_p_’_@—’YL(ZJr_Zf) (BG)

Ky penrs P=QU) T P (s e
+ e'YL(Z+*Z—) — pprre*’YL(z-&-*Z—)
where the reflection coefficients at positions z_ and zy are p_— = (Z; —+\/Z/Y)/(Z; +/Z]Y) and

p+ = (ZF —\/Z)Y)/(Z] +\/Z]Y), determined from the terminating impedances Z; and Z; to the
transmission line (at locations z_ and z;, respectively). Note that Eq. (B6) is valid for very high
impedance loads, and this can be generalized by adding end generators as in [10].

This model is powerful when the drive field is varying in some complicated way with z. In this
case, we can treat the finite line as in Eq. (B3) with a second reflection term for which

Y Ao

)

I = _meikozcos% _|_A1€fil“z _|_A2€i1‘z’ (B?)
0
which, for an open circuit condition at both ends at z_ = 0 and 2z = L, we get
s YAO eiFL o eikoL cos Og
L k3 cos?fy el —eilL 7
1 YA() eikoL cosfy __ efiFL (BS)
2 pu—

T2 — k.g cos2 00 etl'L _ o—il'L

APPENDIX C. SINGLE-WIRE, TWO-WIRE, AND THREE-WIRE MODEL

C.1. Single Wire Modal Solution Based on Carson

Maxwell’s equations can be rewritten in terms of a scalar potential ¢ and a vector potential A as
(V2+ k) A= —pod; (VEP+E]) o= —p/eo (C1)

with J the electric current density and p the volume charge density.

For low frequencies we drop the k2 term in Eq. (C1), leading to V2A, ~ —pugJ,. Taking a negative
z-directed current filament J, = —I5(x)d(y — h), we have V2A, = uolé(z)d(y — h). Using the two-
dimensional Green’s function V2G = 6(p — p'), with G = —In|p — p'|/(27) for a perfectly conducting
ground interface the filament and its image give

Ap = Bl St / el — emelvshl] cos (ar) < (C2)
0

2 xQ + (y+ h)2 21 «

Thus, the total potential above the ground interface can be written as

o0

/A (a)e”* cos (ax)da, y >0 (C3)
0

2
A, =AYV + —
s
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Below the ground interface we have (V2 + k?)E, = 0, with k4 the wavenumber in the ground, and

E, =iw— /A e~iwVki-a? @ cos (ax) da, y <0 (C4)
Matching E, and H, across the ground interface gives
1
——pole "
Aa) = 2 (C5)
a— it k2 —
Ha
The magnetic flux between the wire surface and infinity is ® = —A,(z = a,y = h), where the impedance
per unit length is
—iw® . Mo 2h
Z = = —iw =1 V2K C6
I “or ™ ( a * (C6)
with the ground contribution as
o0
all ! _2O‘hda (C7)

75 = ™=
g 0 a—z—\/kQ
M4

The Hankel function approximation and the logarithm approximation to the single wire ground

impedance are given by

s (1)
z7 = “"“OH?D Bih) ok
2nkshHy " (kah) (C8)
Z Wy In (7_2, ik Logarithm

A comparison of the ground impedance evaluated using the integral in Eq. (C7) with the two
approximations in Eq. (C8) is reported in Fig. C1 versus frequency, showing that the three formulas

provide with the same level of accuracy (see also [24])

——Carson - - Hankel -« Logarithm

1.5

0.5

Real part

7 (©2/m)

0.5
Imaginary part
-1
1072 10 107
Frequency (MHz)
Figure C1. Ground impedance Z/* versus frequency using Carson’s integral, the approximation using
the Hankel function, and the approximation using the logarithm function.
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If there is an internal impedance Z; associated with the wire because of wire conductivity og, the
contribution when the axial contour is taken inside the wire shows up in Faraday’s law as

%E dl = w ((I) + &, ) iwfbtot = _ZtOtI (Cg)

with total impedance Z;,; = Z + Z;.
Similarly, the voltage at the wire is V = —¢(z = a,y = h), with

22+ (y — h)?
7 1 w—H (C10)

24 (y+h)?

leading to C. = q/V = 2meg/arcosh(h/a) =~ 2meg/In(2h/a), and Y. = —iwC,. If there is a ground
admittance, the total admittance per unit length is % vty fl.

Sunde [3] suggested a semi-circular approximation to the ground admittance for lower
frequencies [10, 11] but we neglect it in this paper for aerial lines.

The propagation constant for the mode supported by the single wire is I' = v/—ZY.

N 27T€0

C.2. Common and Differential Modes of a Two-Wire System

For two wires carrying z-directed currents —I4, we take

2 2
I r—xy) +(y—h I_
Holt \/( +)"+( +) 4 Ho

Va—a ) +(y—hy

AL = B 2 In
T We-ePrwrn?] T Ve -a P ns)?
_ _toly [T —aly-hil _ g—alythe] oy %
= o /{e e }cos [a(x —x4)] -
_ Mol —aly=h—| _ —aly+h-| _ do
5 /{e e }COS [a(x — x_)] - (C11)
0
with

A, = AP + 2/{A+( Jeos[a(z —z4)]+ A (a)cos|a(x —z_)]}e  ¥da, y>0
0

) (C12)
E, = iw—/{A+ (a)cos[a(z—xy)]+ A- (o) cos[a(x —x_)]}e” Wk g0y <0
T
0
and .
—~polpe™"=
As () = —2 (C13)
a—i? k2 —
22
The magnetic fluxes from a particular wire to the reference at infinity are &, =
—[Ax(z =2y +ap,y=hy)li =0, P4 = —[As(z =21 + a4,y = hi)]r =0, Py = —[A:(z =2_ +a_,
y="h_)]r_—0,and ®__ = —[A.(xr =x_ +a_,y = h_)]r, -0, giving the following impedances
—iwPyy . 1o hy fi
oy = 07 00 Z
+d I wo < . + 234,
‘ 2 2 (C14)
Ciw® ry —x_) 4+ (hy+he .
Zyg = e —iwﬂln \/( - (s ) + ij[%

& T\ =)+ (g~ )’
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with the ground contributions

o0

) 1 )
zfi, = —iwhe e %M+ da = 217 (hy),
T . 1o 2 )
h —i—\/ki—«
221
x
ZfZ _ . Ho COS [a ($+ x—)] e—a(h++h,)da (015)

= —iw—
i$ ™ ,/.L() 2 2
o a—i—\/ki—«

Ha

_ % [Zfi ((h+;rh) N i($+2—$)> L g ((h+;rh) B i($+2—$)>].

It is clear that the two-wire ground impedance is obtained from the single-wire one in Eq. (C7), and
so the two Hankel and logarithm approximations in Eq. (C8) can also be used here with the proper
arguments as shown in Eq. (C14).

If there is an internal impedance Z; associated with the wire because of wire conductivity, this is
taken into account similar to Eq. (C9). This means that ZL1 — Zi4 + Z;1 but there is no change in
the mutual terms since this internal flux is not captured (or in the other equivalent view there is no
surface contour for the mutual terms on a conductor carrying current).

Similarly, the voltages at the wires are Vi, = —[¢p(x =24+ ay,y="hy)lqg =0, Vio =
—[o(x =2y +ag,y=hy)lg=0, Voq = —[dp(x =2- F+a_,y =h)]g_=0, and V__ = —[¢(x = z_ +a_,
y = h_)]g,—0, with

2 2 2 2
r—x4) "+ (y—h B x—x_)" +(y—h_
N R VR Lo V@—a )+ (y—h) o1

0\ a—e? @ h?) T\ —a )2 ho)?

The side conditions here are open circuit conditions and consequently these are useful for determining
the elastance matrix in V = 5 - ¢, where

S St S ). o W (C17)
(5737 ) o= (3)

2 2
1 9 1 4 —x_) "+ (he + he
Sty = Ve _ lﬂ( :ii> , Stz = Vig _ In \/( - il ) (C18)

g 27 qr - 2meo \/($+ B x_)Q 4 (hy — h_)2

where we are approximating the elastances by the external contribution. The capacitance matrix is the
inverse of the elastance matrix

and

C Cy_ _ 1 S Si_
C— ++ O+ s ++ O+ C19
(e ) SiiS -5, 5, \ Se S (€19
and the admittance matrix terms are given by Y14 = —iwCi4 and Vi = —iwCis.

C.3. Equivalent Radius Model for the Common Mode of a Two-Wire System

The local vector potential for two wires carrying —z-directed currents I+ can be written as

4, =0 {I+ In [\/(x 2 )+ (y— h+)2] + 1 In [\/(:c ) 4 (y— h)ﬂ } (C20)

On each of the wires the potential is

A (=24 +agr,y=hy)= ’;—721; In (24 /az) (C21)

where the distance between them is 2A = /(x4 — )2 + (hy — h_)2. Thus, to make the potential
difference between the wires vanish (no magnetic flux between them) we impose I_In(2A/a_) =
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Iy In(2A/ay). Defining I+ +1_- =1 and I, —I_ = I, leading to I = (I + Ig)/2 and I_ = (I — I)/2,
and writing the flux condition as (I — I_)In(2A) = Iy Inay —I_Ina_, or I;In(2A) = 3(I + Iy) Inay —
I, Iny/ay/a—

1(I —Iy)Ina_, we can solve this as % = ——Y*— and

I = In(2A)—In./aya—

Lo Yran) - nv2A/e (C22)
2 In (2A) —In /aya_

Then the value on the wires is

_ o ,In V2A/arIn\/2A Ja_

A = =h)="27 C23
2 (@ =24 +azy=he) 7 In(2A) —In/axa_ (C23)
At a large distance from the wires p = +/22+y2 > 2A,as, the potential is A, ~

BoIlnp—1IyInay —I_Ina_]. Subtracting the wire potential gives
A, — A, (=21 +agx,y=hy)~ /;—72 Ilnp—1Iilnay —I-Ina_ — I+ 1In(2A/ax)] (C24)

Now defining the equivalent radius a. by Ilna. = Iilnay + I_lna_ + I+In(2A/a+) so that
A, ~ 5 1In(p/ac) with

! _ Iny/2A/a_Ina; +In\/2A/a;Ina_ +2In\/2A/a; In\/2A Ja_ (C25)
e = In (2A) —In /ata_
The result of this model is reported in Fig. C2 compared to the common mode result from the two-wire
model in Fig. 6. We observe that for small separation 2A < 5m < h there is good agreement between

the two formulations, as one would expect. However, the larger the separation 2A ~ h, the more the
disagreement, as attested by the result for 2A = 10 m.

-3

x 10
L5 -
g .’
~ ” -
[P
=
s
E
=
s 1
=)
=
=
S
~—
=
2
3 -=a 2A=1m
=.0.5 ¢
= -=-a 2A=5m
5] e
3 - - a(}ZA =10m
[P :
Z] —Twowires 2A =1m
v —Two wires 2A =5m
Z .
RS |—Two wires 2A =10 m

0 1 2 3 4 5

Freauency (MHz)
Figure C2. Inverse decay lengths for various values of separation 2A for the common mode using the
equivalent radius formulation for two wires above ground with h = 10 m.
C.4. Line Quadrupole Moment Mode of a Three-wire System

We now consider three wires carrying z-directed currents Iy = —I and I+ = I/2 at heights hy = h
and hg = h with horizontal separation x4+ = xg. We thus take
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Voo’ + -] ot [yt @ hy
Am _\/(x+:ro)2—|—(y+h)2

:c2+(y—h)2 _&[1

1
Ab = 'L;L In 1o 0
T 22+ (y + h)’ T \/(x—:):o)2+(y+h)2
o o
27 ] o 4 ] o
0 0
Iy d
F RO [ femaly=hl _ galythl cog [ (@ 4 )] o«
4 L J «
0
I o
= —% e~ elv=hl e_a‘y”"_ [1 — cos [ax]] . (C26)
0
with
2 o
A, = AP 4 = /AO (a) [1 — cos [axo]] e cos (ax) da, y >0
T
0
5 ¥ (C27)
E, =iw— / Ag (@) [1 = cos [oxg]] eV ki=o® cos (ax)da, y<O0
T
0
and
1 —ah
—5kole
Ag (@) = 2 (C28)
a—ill k3 — a2
Ha
The impedance is equal to
2hx2\/2hy/x¢ + h? .3
Fo . . + 24+ 52 (C29)

Z = —iw—1In
d apgy/a |xo| |:$(2) + (2h)2]

with ground impedance
2

1—
1 —cos (@)’ oun,

Z{i = —iwt®
g 0 a—i@\/ki—oﬁ

o0

Ha
3 . . : 1, 1.
= 527 (n) - 2" (h + z%) _zfi (h - 2%) + 127 (h—img) + 727 (h+iwo),  (C30)
and the admittance is Y = Y, with
—IWTEQ (C31)

-Y-e:
2hady/2hy/x3 + h2

. agy/a |z [:c% + (Qh)Q}

These immittances in Eqgs. (C29), (C30), and (C31) were evaluated using a complex power definition
for the composite differential mode. The potential for the three line sources Iy = —I and I+ = I/2 of
the composite differential mode satisfies the equation
I
(C32)

I
ViA, = —pod. = polé (x) 6 (y — h) — 1o (@ = 20) 6 (y = h) — po50 (¢ + 20) 6 (y — 1)
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where V; = ¢,0/0x + ¢,6/dy is the transverse Laplacian operator. Taking the conjugate, multiplying
by A, and using the identity

Vi (A Vi AL) — VA, - VAL
. . I* *
= A ViA; = [MOI 0(2)8(y —h) = po0(x —20)0(y —h) — po08 (z +20) 8 (y — h) | A: (C33)
Integrating over the volume and using the divergence theorem gives

*

}[Az (c. x BY)-ndS — /gt CBrdV = pol* A, (ag, h) e—m% (A. (a+ 20, h) + As (a — 20, B)] £ (C34)
S Vv

where we have used B, = o, =V x A=V, x (A,e,) = —e, x V{A, and we have taken the volume
to have a length ¢ in the z direction. We take the closed surface S to consist of a semi-circular surface
(which we will take to infinity), two fixed surfaces in z (which vanish when n = +e,), and the surface
of the ground to be Sy. Dividing by po and multiplying by iw, where on the ground surface we take
E, =iwA,

j{Ez (e, x Hy) 'ﬂds—iw/ﬂoﬂt -HydV
So |4

*

— Wl A, (ag, h) € — w% A, (a+ 20, ) + As (a — 20, )] ¢ (C35)

Noting that E,n-(e, x Hy) =n-(E,e, x H}) = 2n-S where here we are denoting the complex Poynting
vector by S = E x H*/2, we see from the Poynting theorem that twice the complex power radiated by
the current is

2P = § B (e x H) ndS — iw [ ol - HjaV

So \%
I*
= wl*A, (ag,h)l — iw; [A; (a+xo,h) + A, (a — x0,h)] L (C36)
Setting this equal to the voltage per unit length along the line —F, times the conjugate of the current
(noting that the current is oppositely directed to e, so that E, = —Z1I) times the length ¢ gives
2P =—E, Il =ZII*Y (C37)
or

1
Z1 = iwA, (ag,h) — iwi [A; (a+xo,h) + A, (a — x0,h)]

i 2haty\/2h\/2% + h? 4
fopol 1 0 v o Y | (C38)
™ aov/alaol |73+ (2h)?]

Similarly for the transverse electric field problem we take the charges per unit length ¢o = —¢ and
g+ = q/2 and the scalar potential satisfies
Vio=_0(@)d(y—h) = 50y~ h) 1B (e~ o) + 0z + o) (C39)

The identity V- (¢V¢*) — Vid- Vip* = ¢V7¢* and relation E, = —V,¢ = D, /ey when integrated over
the volume gives

*

7{¢Q: -ndS — /gogt -E7dV = q*¢ (ag,h) € — % [ (a+ xo,h) + ¢ (a—x0,h)] ¢ (C40)
S 1%
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Then by the same argument § ¢D; - ndS — ¢ ¢Dj - ndS, for the external admittance we take ¢ = 0 on
S

So
So to find
[ ook Eidv = ~°6 (an, 1) + % [6a-+ 0,1) + 6 (a — a0, )
1%
i i qq* 2hady\/2h\/2} + h?
= Seqq" =qq¢*/Ce = In (C41)
20 | agr/a [zo] [:cg + (2h)2}
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