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Exact Analytical Method for Air-Gap Main Magnetic Field
Computation and Cogging Torque of SMPM Motors

Libing Jing*, Junlin Chen, Zhangxian Huang, and Jun Gong

Abstract—This paper presents an exact analytical method to compute the air-gap magnetic field of
surface-mounted permanent-magnet (SMPM) motors for evaluating slotting effects accurately. Solution
field regions are divided into air-gap domain, permanent magnets (PM) domain, and slot domains. The
Laplace’s equations or Poisson’s equations of the sub-domains are contacted by boundary conditions
and then solved by exact analytical method. The actual height of slot and distance between slots are
taken into account in the computation. Magnetic field distributions and cogging torque computed with
the proposed analytical method are compared with those issued from 2-D finite-element method (FEM),
and the comparison results are consistent and show the correctness and effectiveness of the proposed
analytical method.

1. INTRODUCTION

Accurate knowledge of air-gap magnetic field distribution is necessary for the design of PM motors.
The two-dimensional air-gap magnetic field of a surface-mounted permanent-magnet motor can be
solved by numerical method or analytical method [1–5]. Although FEM has strong applicability and
high computing precision, it takes a long time to model and calculate, so it is not convenient in the
optimization design of motors. However, the physical concept of analytical method is clear, and the
relationship between parameters and the distribution of magnetic field is more intuitively reflected by
analytical function. The parameter adjustment is convenient; the calculation is little; and the speed is
fast, which are beneficial to the optimal design and structural adjustment of the motor.

In the analysis of analytic model of motor, one of the most difficult tasks is how to accurately
calculate the effect of slotting on air gap magnetic field. There are a lot of literatures about the
application of analytical method to the calculation of air gap magnetic field of slotted motor [6–8].
References [9] and [10] adopte the scalar magnetic potentials method in polar coordinates to calculate
the air-gap magnetic field of a surface-mounted permanent-magnet motor. Firstly, the air gap magnetic
field of the motor without slots is calculated, and then the relative permeability function of the air gap
is obtained by conformal transformation, which is multiplied by the air gap magnetic field without slots.
Thus, the two-dimensional air gap magnetic field considering slotting effect is obtained. This method has
the problem that the tangential magnetic field component of slot is hidden, which affects the accuracy
of Maxwell stress tensor method in calculating electromagnetic torque. Reference [11] introduces plural
relative permeance functions and overcomes the problem that the tangential component of magnetic field
is hidden. However, the complex process in the solution of equation and the longer calculation time are
not suitable for applications. The above methods adopt infinite slot model, without considering slotting
effects and knowing magnetic conditions in the slots. It is not conducive to the accurate calculation of
induction electromotive force of windings. In [12], an effective method to reduce the cogging torque of
axial flux PM motors has been modeled. This method is curvature of the edges of magnets. This method
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is modelled based on the idea of converting each pole to several sub-poles with different heights, widths,
and air gap lengths. The results represent a reduction about 85% on the cogging torque amplitude and
high accuracy of the suggested analytical model. The effect of the slots is also not taken into account.

According to the structure characteristics of the SMPM motor mode, the authors propose an
analytical solution of the magnetic field distribution in the air gap of the SMPM motor. The analytical
model is divided into three sub-domains in this paper, i.e., permanent magnet domains, air-gap domain,
and slot domains. The Laplace’s equation or Poisson’s equation of the vector magnetic potential in each
region is established. The sub-domain equation is connected by the boundary conditions. The analytical
expressions of the no-load air gap magnetic field and the magnetic field in the slot are obtained by this
method. Take an SMPM motor with 8-pole/12-slot as example; the cogging torque is calculated by
the Maxwell stress method. Compared with the results gotten by FEM, the accuracy of calculation is
guaranteed. This method is accurate and effective.

2. BASIC PRINCIPLES OF MAGNETIC FIELD CALCULATION

Take the inner rotor motor as an example. After slotting the stator core, it not only affects the
distribution of the main magnetic field in the air gap, but also affects the adjacent slots. In order to
simplify the problem, the following assumptions are made:

- End effects are neglected.
- Stator and rotor iron cores are infinitely permeable.
- Radially magnetized magnets with a relative recoil permeability.
- The stator slots have radial sides.

According to the structural characteristics of the motor and material property, the whole solution
domain is divided into three parts: air-gap domain I, permanent magnet domain II, and slot domain
Si (i = 1, 2, 3...Q). The motor physic model and its solution domain distribution in the 2-D polar
coordinate system are shown in Fig. 1.

In Fig. 1, the geometrical parameters are the outer radius of the rotor yoke Rr, the outer radius
of the permanent magnet Rm, the inner radius of the stator yoke Rs, and the outer radius of the
slot-opening Rsy. The slot-opening angle is β, and θi is the mechanical position of the rotor.

Figure 1. Geometry of an 8-pole/12-slot SMPM motor.
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2.1. Mathematical Model of Air Gaps and PMs

In the 2-D polar coordinate, only Z axis has the virtual value when PM is radial magnetization. Its
magnetization expression is r and θ function which is derived by the Fourier decomposition [1],

M(r, θ) =

⎡
⎣ ∞∑

v=1,3,5...

Mv cos vp(θ − θ0)

⎤
⎦�r (1)

with

Mv = 2(Br/μ0)αp
sin(vπαp/2)

vπαp/2
(2)

where p is the number of pole pairs, αp the pole-arc coefficient, and θ0 the angular position between the
PM and the standard position which is set originally.

In polar coordinates, the magnetic vector potential formulations of the air-gap domain I and the
permanent magnet domain II are:

Laplace’s equation of air-gap domain I:

∂2AI(r, θ)
∂r2

+
1
r

∂AI(r, θ)
∂r

+
1
r

∂2AI(r, θ)
∂θ2

= 0 (3)

Poisson’s equation of PM domain II:

∂2AII(r, θ)
∂r2

+
1
r

∂AII(r, θ)
∂r

+
1
r2

∂2AII(r, θ)
∂θ2

= −uru0∇× �M (4)

with

∇× �M = −1
r

∂M(r, θ)
∂θ

=
1
r

∞∑
v=1,3,5...

vpMv sin vp(θ − θ0) (5)

The general solution of Eqs. (3) and (4) can be shown as the following formulation by using the
method of the separation of variables:

AI(r, θ) =
∞∑

n=1

[
(AInrnm + BInr−nm) cos(nmθ) + (CInrnm + DInr−nm) sin(nmθ)

]
(6)

AII(r, θ) =
∞∑

n=1

[
(AIInrnm + BIInr−nm) cos(nmθ) + (CIInrnm + DIInr−nm) sin(nmθ)

]

+
∞∑

v=1,3,5...

μ0r
vp

(vp)2 − 1
Mv sin(vp(θ − θ0)) (7)

where m is the greatest common divisor of the number of slots and the number of poles.
The boundary conditions of the air-gap domain and PM domain are obtained according to electrical

geometric model and material property:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

BθI(r, θ)|r=Rs
= −∂AI

∂r

∣∣∣∣
r=Rs

=

⎧⎨
⎩

−∂Asi

∂r

∣∣∣∣
r=Rs

θi ≤ θ ≤ θi + β

0 elsewhere
AI(Rm, θ) = AII(Rm, θ)

BθII(r, θ)|r=Rr
= −∂AII

∂r

∣∣∣∣
r=Rr

= 0

(8)
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2.2. Mathematical Model of Slot Region

It is easy to get the solution of the Laplace equation by straight-slot model and simplify the boundary
conditions of the slot domain. The magnetic vector potential formulation of the ith slot for no load is
expressed as:

∂2Asi(r, θ)
∂r2

+
1
r

∂Asi(r, θ)
∂r

+
1
r2

∂2Asi(r, θ)
∂θ2

= 0
{

Rs ≤ r ≤ Rsy

θi ≤ θ ≤ θi + β
(9)

where
θi = −β

2
+

2iπ
Q

(10)

The general solution of Eq. (9) can be shown as the following formulation by using the method of
the separation of variables:

Asi(r, θ) = Ai
0 +

∞∑
k=1

Ai
k

(
r

Rsy

)kπ/β

+
(

r

Rsy

)−kπ/β

(
Rs

Rsy

)kπ/β

+
(
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Rsy

)−kπ/β
cos

(
kπ

β
(θ − θi)

)
(11)

with

Ai
0 =

1
β

θi+β∫
θi

AI(Rs, θ) · dθ (12)

Ai
k =

2
β

θi+β∫
θi

AI(Rs, θ) · cos
(

kπ

β
(θ − θi)

)
· dθ (13)

where k = 1, 2, 3, ... is the harmonic order in the slot domain.
The expression of the tangential flux density at the slot is derived from Eq. (11)

Bθsi(Rs, θ) = −
∞∑

k=1

αkA
i
k cos

(
kπ

β
(θ − θi)

)
(14)

with

αk =
kπ

βRsy

(
Rs

Rsy

)kπ/β−1

−
(

Rs

Rsy

)−kπ/β−1

(
Rs

Rsy

)kπ/β

+
(

Rs

Rsy

)−kπ/β
(15)

where the boundary conditions of the slot domain are as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Asi(Rs, θ) = AI(Rs, θ) θi ≤ θ ≤ θi + β

Bθsi(r, θ)|r=Rsy
= −∂Asi

∂r

∣∣∣∣
r=Rsy

= 0

Brsi(r, θ)|θ=θi
=

1
r

∂Asi

∂θ

∣∣∣∣
θ=θi

= 0

Brsi(r, θ)|θ=θi+β =
1
r

∂Asi

∂θ

∣∣∣∣
θ=θi+β

= 0

(16)

The magnetic vector potential formulations of the air-gap domain and the permanent magnet domain:
AIn, BIn, CIn, DIn and AIIn, BIIn, CIIn, DIIn are derived from the above formulations (6), (7), (14)
and the boundary conditions (8), (16). After getting the magnetic vector potential AI(r, θ) of the air-
gap domain, it can relieve the magnetic vector potential Ai

k (see Appendix A), then the magnetic field
distribution is derived.
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3. COGGING TORQUE

After slotting, the PM produces ripple torque that is not related to electricity. This torque is called
the cogging torque. There are two methods to calculate the electromagnetic torque by the numerical
method: The virtual displacement method and Maxwell stress method. Both methods can calculate
the cogging torque. The virtual displacement method has deficiency of poor computational efficiency.
If using Maxwell stress method, the result is independent of the integration path theoretically, because
the calculation can be finished by integrating linearly along the circumference in the air-gap for only
one time. Therefore, Maxwell stress method is used for calculating the cogging torque.

Tcog =
Lef

u0

∫ 2π

0
r2
eBrIBθIdθ =

Lefr2
e

u0

∫ 2π

0

∞∑
n=1

[ − (
AInrnm−1 + BInr−nm−1

)
nm sin nmθ

+
(
CInrnm−1 + DInr−nm−1

)
nm cos nmθ

]

·
(
−

[ (
AInrnm−1 − BInr−nm−1

)
nm cos nmθ

+
(
CInrnm−1 − DInr−nm−1

)
nm sinnmθ

])
· dθ

=
2πLef

u0

∞∑
n=1

(nm)2[−AInDIn + BInCIn] (17)

According to Equation (17), the cogging torque can be gotten if getting the expression of magnetic
vector potential AI(r, θ) in air-gap domain.

4. ANALYTICAL RESULTS AND COMPARISON WITH FINITE ELEMENT
CALCULATION

In order to verify the validity of this analytical method, the magnetic field and cogging torque of
an inner-rotor motor with 8-pole/12-slot are calculated. Then the results are compared with those
calculated by 2-D FEM. The main parameters of the motor are shown in Table 1.

Table 1. Main parameters of motor.

Parameter value
Pole pairs 4

Number of slots 12
Inner radius of stator/mm 19

Slot open/mm 1.5
Height of slot/mm 15
Length of PM/mm 7.5
Pole-arc coefficient 1
Air gap length/mm 0.5

Remanence/T 1.0
Axial length/mm 10

Harmonic order in air-gap 200
Harmonic order in slotting 100

Figure 2 shows that the magnetic vector potential presents triangular waveform. Because of the
slotting effect, the magnetic vector potential on the inner surface of the stator is not smooth. Therefore,
it verifies the agreement between the calculated results of the program and those of the FEM.

Figure 3 shows the radial and tangential components of magnetic flux density waveforms for no-load
condition in the middle of the air-gap (at r = 18.75 mm).

It can be seen from Fig. 3 that an excellent agreement with the results deduced from FEM is
obtained.
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Figure 2. Magnetic vector potential distribution on the inner stator surface.
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Figure 3. Flux density for no load condition in the middle of the air-gap. (a) Radial components of
the flux density. (b) Tangential components of the flux density.

Figure 4 shows the cogging torque. The angular period of the cogging torque corresponds to the
Least Common Multiple of 2p and Q giving 360◦/LCM(Q, 2p) = 15. It can be seen that the proposed
analytical model can predict the cogging torque with an excellent precision. It shows that the method
is accurate and effective.

Figure 5 shows the tangential component of the air-gap flux density at r = 19 mm. Because of the
discontinuity of the tangential component, the magnetic density amplitude at the edge of the teeth is
larger; the center line of the slot is approximately zero; and the leakage of magnetic flux in the middle
slot corresponding to the adjacent poles is larger. This is consistent with the calculation results of
FEM, which proves the correctness of the calculation results and provides a basis for the subsequent
calculation of conductor flux and induced potential in the slot area.

Figure 6 shows the electromagnetic torque waveforms. The machine is supplied with a three-phase
sinusoidal current. It can be seen that the studied machine produces an average torque of 1.12 Nm.
The torque ripples are due to the cogging torque but also to the space harmonics created by the stator
winding distribution as well as the magnetization of the PMs. These ripples represent almost 18% of
the average torque.
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Figure 4. Cogging torque.
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Figure 5. Tangential flux density waveform on
the slot-opening.

Figure 6. Electromagnetic torque.

5. CONCLUSION

In this paper, an exact analytical method for computing the air-gap field distribution in the SMPM
motor with no-load magnetic vector potential considering slotting effects has been presented, and the
corresponding calculation program is compiled. The main magnetic field of air-gap and the cogging
torque are calculated. Compared with the results of FEM, the correctness and validity of this method
are proved. This method not only ensures the accuracy of the calculation results, but also conveniently
obtains the analytical solutions of the air gap magnetic field and the magnetic field in the slot. It
provides convenience for further research on the physical quantities related to the air gap magnetic
field and the magnetic field in the slot. The method adopted in this paper saves calculation speed,
not only suitable for fractional slot motors, but also suitable for integer slot motors, and has universal
applicability.
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APPENDIX A.

A.1. Expressions of the Coefficients Air-Gap Domain I

AIn = anξn + sin(vpθ0)ζn

BIn = anR2nm
r ξn + sin(vpθ0)R2nm

s ζn

CIn = bnξn − cos(vpθ0)ζn

DIn = bnR2nm
r ξn − cos(vpθ0)R2nm

s ζn

(A1)

PM domain II:
AIIn = anξn + sin(vpθ0)ηn

BIIn = anR2nm
r ξn + sin(vpθ0)ρn

CIIn = bnξn − cos(vpθ0)ηn

DIIn = bnR2nm
r ξn − cos(vpθ0)ρn

(A2)

with

ξn =
Rnm

s

R2nm
s − R2nm

r

(A3)

ζn =
u0Mn

[
−2Rnm+1

r − (nm − 1)Rnm+1
m + (nm + 1)

R2nm
r

Rnm−1
m

]

2((vp)2 − 1) (R2nm
s − R2nm

r )
(A4)

ηn =
u0Mn

[
−2Rnm+1

r − (nm − 1)Rnm+1
m + (nm + 1)

R2nm
s

Rnm−1
m

]

2((vp)2 − 1) (R2nm
s − R2nm

r )
(A5)

ρn =
u0Mn

[
−2Rnm+1

r R2nm
s − (nm − 1)Rnm+1

m R2nm
r + (nm + 1)

(RrRs)2nm

Rnm−1
m

]

2((vp)2 − 1) (R2nm
s − R2nm

r )
(A6)

an =
2
τ

Rs

nm

Q∑
i=1

∞∑
k=1

αkA
i
kf

i
k(n) (A7)

bn =
2
τ

Rs

nm

Q∑
i=1

∞∑
k=1

αkA
i
kg

i
k(n) (A8)

f i
k(n) =

∫ θi+β

θi

cos
kπ

β
(θ − θi) cos nmθdθ (A9)

gi
k(n) =

∫ θi+β

θi

cos
kπ

β
(θ − θi) sin nmθdθ (A10)

- for kπ �= nβ ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f i
k(n) =

−nmβ2
[
(−1)k sin nm(β + θi) − sin(nmθi)

]
(kπ)2 − (nnmβ)2

gi
k(n) =

nmβ2
[
(−1)k cos nm(β + θi) − cos(nmθi)

]
(kπ)2 − (nnmβ)2

(A11)

- for kπ = nβ ⎧⎪⎪⎨
⎪⎪⎩

f i
k(n) =

β

2

[
cos(nmθi) +

1
2kπ

(sin nm(θi + 2β) − sin(nmθi))
]

gi
k(n) =

β

2

[
sin(nmθi) − 1

2kπ
(cos nm(θi + 2β) − cos(nmθi))

] (A12)
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A.2. Expression of the Coefficient Ai
k for the ith Slot Domain

Ai
k =

2
β

∫ θi+β

θi

AI(Rs, θ) cos
(

kπ

β
(θ − θi)

)
dθ

=
2
β

∫ θi+β

θi

∞∑
n=1

[
(AInRnm

s + AInR−nm
s ) cos(nmθ) + (CInRnm

s + DInR−nm
s ) sin(nmθ)

]

· cos
(

kπ

β
(θ − θi)

)
dθ

=
2
β

∞∑
n=1

[(
AInRnm

s + BInR−nm
s

)
f i

k(n) +
(
CInRnm

s + DInR−nm
s

)
gi
k(n)

]
(A13)
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