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Improved Semi-Analytical Magnetic Field Solution for High-Speed

Permanent-Magnet Machines with Permeable Retaining
Sleeve Including Diffusion Effect

Gabriel A. Mendonça1, *, Thales A. C. Maia2, and Braz J. Cardoso Filho2

Abstract—This work presents a novel semi-analytical model for magnetic field calculation in a high-
speed surface-mounted permanent-magnet machine with conducting and permeable retaining sleeve.
The retaining sleeve with conducting material and non-homogeneous permeability affects the machine
electromagnetic performance by altering main flux inductance and developed torque profile. This
performance deviation can be attributed to eddy-current reaction field and saturation, the latter
occurring due to pole-to-pole leakage flux. Saturation is modeled with a space-varying relative
permeability, expressed as a Fourier series. Eddy-currents are evaluated with an auxiliary winding,
defined as a surface current density in the conducting region. The proposed method is based on
well-established Maxwell-Fourier method. This permits other analysis, such as slotting effect through
subdomain technique. The assumptions considered for the developed semi-analytical solution in
two-dimensional problem are presented in depth and confronted with finite-element method results,
confirming validity of proposed methodology.

1. INTRODUCTION

High-speed (HS) machines, as compared with conventional machines, provide higher power and torque
density with improved overall system efficiency [1]. Due to these advantages, HS machines constitute
a superior solution in several application areas, such as such as medical appliances, energy systems,
and high-end machining tools [2, 3]. In such systems, the direct drive solution permits the elimination
of mechanical transmission, thus reducing the drive system weight while increasing its reliability [4, 5].
However, in this operating range, there are few adequate machine topologies. The available literature
shows a tendency to the use of permanent-magnet (PM) synchronous machines, solid rotor induction
machines (IMs), and switched reluctance machines (SRMs). The PM synchronous machines have
superior electromagnetic performance, with higher power density and efficiency [4, 6]. Compared with
PM synchronous machines, solid rotor IMs, with a robust rotor structure, have lower maintenance
requirements and field weakening capabilities at lower costs [3, 7]. SRMs are considered when cost and
robustness are critical [8].

For HS machines, design and manufacturing are critical. To achieve safe operation at rated
conditions, the evaluation of phenomena usually neglected in standard 50/60 Hz machines is required.
The challenging aspect is primarily related to strong interaction among electromagnetic performance,
mechanical integrity, and thermal behavior [1, 9]. This demands additional attention to topology and
material selection in order to ensure strict constraints [10]. For the electromagnetic performance analysis,
accurate modeling method is required to evaluate complex magnetic structures [11].

Numerical methods, e.g., finite-element methods (FEM), are a consolidated technique, widely
used for its capability of modeling complex structures and non-ideal materials properties [12–14]. In
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design stages of HS electrical machines, FEM can provide precise results in a multiphysics simulation
environment, where the electromagnetic, mechanical and thermal constraints are evaluated [6].
Nonetheless, these are time-consuming and require large storage memory [15, 16]. Diversely, (semi-)
analytical methods provide fast and accurate results on magnetic fields calculations, which are preferable
characteristics for application in optimization routines [17, 18]. Two types of analytical methods are
commonly used for design purpose: magnetic equivalent circuit (MEC) and Maxwell-Fourier (MF)
methods [19–21]. The mesh based MEC methods can account for complex geometrical structures
and saturation. However, MEC is less flexible than MF method, as it requires meshing, and does
not consider eddy-current reaction fields properly [11, 19] The MF methods (e.g., multi-layer models,
eigenvalue model and subdomain technique) provide satisfactory accuracy for complex structures with
less computation time than FEM. The adoption of a hybrid method, with the combination of MEC
and MF methods, is proposed to accommodate the advantages of each technique [22, 23]. These (semi-
)analytical models are suitable for optimization in design early stages, where analytical calculations can
be done in order to constrain the machine dimensions [1, 24, 25]. They also offer great insight into the
modeled phenomena [15], providing closed-form solution with proper problem simplification [26, 27]. For
more complex problems, i.e., eddy-current and saturation analysis, the semi-analytical model provides
great post-processing capabilities, allowing fast results analysis in the entire evaluated region for each
individual magnetic source [11].

The Maxwell-Fourier method is still of great interest, being studied and improved [20, 28, 29]. It
can be adopted to evaluate magnetic field distribution in a wide range of machine topologies [30, 31].
However, the compromise between result accuracy and the adopted assumptions, which are used to
limit model complexity, must be considered. These assumptions are related to geometry structure,
material electromagnetic parameters, and magnetic source profile. Different techniques using geometry
simplification are adopted to evaluate slotting effect, where slot opening is defined with radial sides and
no tooth-tips [25, 32]. On the other hand, MF method can also evaluate realistic machine characteristics,
such as asymmetric tooth-tips [33] and rotor eccentricities [34]. These capabilities help the proper
analysis of cogging torque [35, 36]. Furthermore, recent improvements are proposed to calculate magnetic
field distribution in the ferromagnetic material of slotted geometries, viz., the convolution theorem [37]
and Dubas’ superposition technique [28, 38]. For source terms, the assumption of balanced stator
currents under steady-state operation are used to evaluate eddy-current reaction field. The balanced
condition is not method-wise but needs to manipulate the diffusion equation into the Helmholtz equation
form [11, 39, 40].

There are few works that properly model the retaining sleeve (RS) material properties. RS is
adopted in HS PM machines to ensure magnet mechanical integrity [9] and usually is made of non-
magnetic material that may be conductive or non-conductive [41]. For conduction material, such as
stainless steel or Incomel 718, eddy-current reaction fields affect rotor losses [15, 42–44] and machine
produced torque [45–47]. Also, there are works evaluating the advantages of using permeable RS,
which includes reduced PM usage and increased inductance [45, 48, 49]. These permeable RSs present
nonlinear B(H) characteristics and affects the machine performance [50, 51].

In this paper, a novel formulation based on MF method is developed to consider nonhomogeneous
permeability. The space-varying magnetic permeability, defined through Fourier series [51], is extended
to account for slotting effect using subdomain method. In comparison with other methods to evaluate
slotting effect, this provides the most accurate results [35, 52]. For the evaluation of eddy-current
reaction fields, a surface current density is defined in the RS region. This auxiliary winding, as discussed
in [53], was first proposed for a PM machine whose characteristics permitted the skin effect to be
disregarded. In the present work, the authors evaluate the skin effect by reexamining the auxiliary
winding parameters. With this definition, the method can analyze a high-speed permanent-magnet
machine under transient and unbalanced conditions. Finally, this paper presents a thorough discussion
of the assumptions made, as they are strong and need to be evaluated carefully. The validation of
the proposed model is carried out based on a two-pole surface-mounted PM generator prototype with
stainless steel RS. The derived model is evaluated for different operating conditions, and the results are
compared with those obtained from FEM. For the latter, this work uses the program Finite Element
Method Magnetics (FEMM), a free finite-element analysis software package [14].
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2. PROBLEM DESCRIPTION AND EVALUATED PROTOTYPE

The (semi-)analytical method accuracy is related to the assumptions, such as the presence of slotting
effect, material parameters, number of evaluated regions (or concentric layers), magnetization pattern,
and type of excitation current [15].

This work is intended to reevaluate such commonly used approximations, and it is based on the
analysis of an HS generator prototype, which is part of a micro-compressed air energy storage (micro-
CAES) system. This system was built from a commercial automotive turbocharger, which provides
a low cost solution to support small renewable energy plants. The high-speed generator, compressor,
and turbine were mounted on a single common shaft, as illustrated in the three-dimensional model in
Fig. 1(a). The assembled prototype with interior generator is pictured in Fig. 1(b). Some aspects of
this machine were discussed in previous work. For the micro-CAES system, an experimental study on
its performance is presented in [54], which evaluates overall system efficiency. Moreover, the concepts
and issues related to the electromechanical design are further discussed in [10, 55], where HS generator
materials are analyzed according to its effect on the operational losses.

(a) (b)

Figure 1. High-speed micro-CAES system: (a) three-dimensional model; and (b) assembled micro-
CAES prototype [10].

The constructed electric machine consists of a two-pole high-speed surface-mounted PM generator.
The rotor was manufactured with NdFeB-N48H ring shape magnet with parallel magnetization. To
acquire proper PM banding requirement, a stainless steel AISI 310 sleeve was adopted. The assemble
prototype is illustrated in Fig. 2, and the machine characteristics are presented in Table 1.

The design of HS machine is critical, demanding attention to machine topology, material selection,
manufacturing procedure, and many other critical aspects. For the studied HS generator to attend the
remarkably high balancing grade [9], magnet and RS were machined to fit geometric tolerances. This

Table 1. Prototype PM machine characteristics.

Parameters Value

Induced voltage 220 Vrms

Rated speed 70, 000 rpm
Rated current 9.2 Arms

Rated power 3.5 kW
PM material NdFeB-N48H
RS material Stainless steel AISI 310
Core material Aperam Steel (0.35 mm)
Copper wire gauge 28 AWG
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(a) (b)

Figure 2. PM generator: (a) schematic view; and (b) assembled prototype stator [51].

procedure caused considerable reduction in PM residual flux density [55]. The RS lost its austenitic
properties, exhibiting increased permeability.

As evaluated in [51], the permeable RS causes pole-to-pole leakage flux and a resulting local
saturation phenomenon. With a higher permeability and established preferable magnetic path, the
machine inductance is increased. Moreover, oscillating torque profile is changed due to the greater
spatial harmonic of airgap flux density [56].

Other works propose alternative solutions to obtain a permeable RS, such as cold-worked stainless
steel [50] and RS made of permalloy [49]. This is justified for its advantages, including the use of thinner
PM with unchanged back-EMF and mean torque. Therefore, the proposed method is developed with the
objective of improving the MF method capabilities, evaluating non-homogeneous magnetic parameter
in a conducting region.

3. GEOMETRY AND MATHEMATICAL FORMULATION

3.1. Model Assumptions

The MF method is based on the formal resolution of Maxwell’s equations in different electric machine
regions, defined as coaxial cylinders. The solution for governing equations in each region is obtained
using the method of separation of variables. For the periodic problem, the solution is expressed as a
Fourier series [57].

The proposed model is developed based on this well-established MF solution to magnetic field
distribution in surface-mounted PM machine. The adopted semi-analytical model is formulated with
the following assumptions:

• the stator and rotor iron are infinitely permeable;
• the end-effects are negligible (i.e., magnetic variables do not vary along the machine axial length);
• slot with simple geometry (no tooth-tip);
• the electrical conductivity of PM is assumed null, and
• the magnets have linear demagnetization characteristic.

Therefore, the two-dimensional analytical problem is evaluated in the machine geometry, illustrated
in Fig. 3.

The slotting effect is evaluated through subdomain method as developed in [25, 58, 59] and improved
in [60]. With approximation of infinitely permeable stator iron, it is solved with homogeneous Neumann
boundary condition [28]. In surface-mounted PM machines, the simplified model, which neglects stator
tooth-tips, provides similar results to those taking the tooth-tips into account [35]. All magnetic
quantities are calculated in the stator angular coordinate, ϕs, which is defined from stator phase a
magnetic axis in the abc-reference system. Alternatively, the rotor angular coordinate, ϕr, is measured
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Figure 3. A quarter cross section model of PM synchronous machine for analytical calculation.

from the PM magnetic axis and is displaced from the stator reference frame by the rotor angular
position, θ, that is

ϕs = ϕr + θ. (1)
The saturation in the RS region is a result of pole-to-pole leakage flux, and the subsequent relative

permeability will vary along the RS circumferential length. Therefore, for a considerably thin RS,
relative permeability is invariable in the radial direction and is periodical in the circumferential direction
with a fundamental space period equal to π/p, where p is the number of pole pairs. Considering the
asymmetries in the magnetic quantities related to the subdomain method, the relative permeability
distribution is defined generically in terms of a Fourier series as

μr (ϕs) =
∞∑

m=0,1,2,3,...

[
μ̂(c)r,m cos (2pmϕs) + μ̂(s)r,m sin (2pmϕs)

]
, (2)

where μr(ϕ) is the space-varying relative permeability, defined as a function of mechanical angle, m the
space harmonic, μ̂(c)r,m the Fourier cosine coefficient, and μ̂(s)r,m the Fourier sine coefficient. The Fourier
coefficients are calculated using iterative methods to account for the nonlinear magnetic material, as will
be discussed later on. It is interesting to note that, for a homogeneous permeability, only the average
value exists, i.e., μr(ϕs) = μ̂(c)r,0.

An important approximation needed to the novel method is that the relative permeability variation
along the RS circumferential direction is small. Assuming the Coulomb gauge, i.e., ∇ · A = 0, the
magnetic vector potential formulation can be approximated as

∇×
(

1
μ (ϕs)

∇× A
)

≈ − 1
μ (ϕs)

∇2A. (3)

3.2. Poisson’s Equation General Solution and Boundary Conditions

The two-dimensional semi-analytical problem is formulated adopting the magnetic vector potential
and listed assumptions. The general partial-differential equation from the Maxwell’s equation and
constitutive relations can be expressed as

−∇2A + μσ
∂A
∂t

= μJs + ∇× Brem, (4)

where A is the magnetic vector potential, Js the stator current density, Brem the remanent
magnetization of the permanent magnets, μ the permeability, and σ the conductivity. This equation,
which is simplified to consider only z-axis component of vector potential, Az, is evaluated for each region
and solved using separation of variables. The general solution to Poisson’s equation is determined for
periodic regions i.e., PM, RS and airgap, and can be expressed as

A(v)
z (r, ϕs) =

∞∑
k=1,3,5...

(
Â

(v)
(s)z,k (r) sin (kpϕs) + Â

(v)
(c)z,k (r) cos (kpϕs)

)
, (5a)
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with

Â
(v)
(s)z,k (r) =

(
C

(v)
k

(
r

rv

)−kp

+ D
(v)
k

(
r

rv

)kp

+ Â
(v)
(s)part,z,kr

)
, (5b)

Â
(v)
(c)z,k (r) =

(
E

(v)
k

(
r

rv

)−kp

+ F
(v)
k

(
r

rv

)kp

+ Â
(v)
(c)part,z,kr

)
, (5c)

where the regions are defined according to Fig. 3, with v = 1, 2, 3, and 4i for PM, RS, airgap, and i-th
stator slot, respectively. The magnetic vector potential in region v, A

(v)
z , is described through a series

of space harmonics k. The radius at the interface of regions v and v + 1, rv, is used to normalize the
radius r. The sine and cosine Fourier coefficients, Â

(v)
(s)z,k(r) and Â

(v)
(c)z,k(r) respectively, are subject of

several studies, and the results depend on problem assumptions, such as the magnetization profile for
PM region (e.g., parallel, radial, Halbach, etc.). The particular solutions, Â

(v)
(s)part,z,k and Â

(v)
(c)part,z,k,

are needed to characterize the magnetic field in regions with source terms. The integration constants
are C

(v)
k , D

(v)
k , E

(v)
k , and F

(v)
k .

For regions where no source terms are defined, such as the air-gap and RS, the Poisson’s
Equation (4) is simplified to the corresponding Laplace’s equation. The solution to the Laplace’s
equation is obtained from Eq. (5) disregarding the particular solution for the sine and cosine Fourier
coefficients, i.e., Â

(v)
(s)part,z,k = 0 and Â

(v)
(c)part,z,k = 0, respectively.

In the present investigation, where the focus is to characterize saturation in the RS region, the
Fourier coefficients can be omitted without losing generality. For further information, an overview on
Maxwell-Fourier methods is provided in [11]. More detailed discussion on the solution for PM with
different magnetization profiles is given in [58, 61]. For the evaluation of more realistic permanent-
magnet structure, such as segmented magnet and separated magnet bars, the Amperian equivalent
model is adopted [62].

The Poisson’s solution for non-periodic regions, i.e., stator slots, is expressed as

A(4i)
z (r, ϕs) = Â

(4i)
z,0 (r) +

∑
n

Â(4i)
z,n (r) cos

(
En

(
ϕs − Φi +

bsa

2

))
, (6a)

with the Fourier constants, A
(4i)
z,0 and A

(4i)
z,n , defined as

A
(4i)
z,0 =

1
4
μ0Ji0

(
2r2

saln (r) − r2
)

+ Q4i, (6b)

A(4i)
z,n = rs

((
r

rsa

)2En

+ 1

)(
r

rs

)−En

C(4i)
n + μ0

Jin

(E2
n − 4)

(
r2 − 2

En
r2
sa

(
r

rsa

)En
)

, (6c)

where Φi is the i-th slot position, bsa the slot width angle, and En = nπ/bsa. The integration
constants are C

(4i)
n and Q4i. The solution is determined depending on winding layout, i.e., single-

layer or double-layer with overlapping or non-overlapping configurations. These different configurations
are characterized with the terms Ji0 and Jin. Further discussion on subdomain method for different
winding layouts and machine topologies is found in [21, 31, 59].

The integration constants in the Fourier series are determined by the boundary conditions between
the domains v and v + 1, that is

H(v+1)
ϕ (rv, ϕs) − H(v)

ϕ (rv, ϕs) = K(v)
z (ϕs) , (7)

B(v+1)
r (rv, ϕs) − B(v)

r (rv, ϕs) = 0 (8)

where rv is the radius at the interface, and K
(v)
z is a surface current density. Expressions for the

tangential field intensity, Hϕ, and normal flux density, Br, are derived from magnetic potential vector
definition, B = ∇×A, and magnetic constitutive relation, B = μH+Brem. Therefore, from the relative
permeability distribution, Eq. (2), the present formulation is based on the reevaluation of tangential
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boundary condition. Therefore, for each of the RS interfaces, i.e., with airgap and PM, Eq. (7) is
expressed as

B
(2)
ϕ (rsl, ϕs)
μr (ϕs)μ0

=
B

(3)
ϕ (rsl, ϕs)

μ0
, (9)

B
(2)
ϕ (rm, ϕs)
μr (ϕs)μ0

=
B

(1)
ϕ (rm, ϕs) − Brem′ϕ

μrecμ0
, (10)

where μrec is the relative recoil permeability, and Brem′ϕ is the circumferential component of the PM
remanent magnetization. This circumferential component can be expressed in terms of a Fourier series,
written in the stator reference frame as

Brem,ϕ =
∞∑

k=1,3,5,...

[
B̂(s)rem,ϕ,k sin (kpϕs) + B̂(c)rem,ϕ,k cos (kpϕs)

]
, (11)

where B̂(s)rem,ϕ,k and B̂(c)rem,ϕ,k are the sine and cosine Fourier coefficients, respectively. The
magnetization pattern is characterized using these terms.

Using the relative permeability defined from Eq. (2), the boundary condition (9) can be rewritten
as

∞∑
k=1,2,3,...

[
B̂

(2)
(s)ϕ,k (rsl) sin (kpϕs) + B̂

(2)
(c)ϕ,k (rsl) cos (kpϕs)

]

=
∞∑

m=0,1,2,3,...

[
μ̂(c)r,m cos (2mpϕs) + μ̂(s)r,m sin (2mpϕs)

]

×
∞∑

n=1,2,3,...

[
B̂

(3)
(s)ϕ,k (rsl) sin (npϕs) + B̂

(3)
(c)ϕ,k (rsl) cos (npϕs)

]
, (12)

where the Fourier summation indexes are defined with different variables, k, m, and n, for generalization
purposes. As discussed in [51], the Fourier constants are determined observing the orthogonality of the
sine and cosine functions, that is

B̂
(2)
(s)ϕ,k (rsl) =

1
π

∫ 2π

0
f (ϕs) sin (kpϕs) dϕ (13)

and

B̂
(2)
(c)ϕ,k (rsl) =

1
π

∫ 2π

0
f (ϕs) cos (kpϕs) dϕ, (14)

where f(ϕs) is the right-hand side of the Eq. (12). Rearranging Eqs. (13) and (14) yields the following
relations for the Fourier coefficients

B̂
(2)
(s)ϕ,k (rsl) =

∞∑
m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(c)r,mB̂
(3)
(s)ϕ,n

(rsl)

π

∫ 2π

0
cos (2mpϕs) sin (npϕs) sin (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(c)r,mB̂
(3)
(c)ϕ,n

(rsl)

π

∫ 2π

0
cos (2mpϕs) cos (npϕs) sin (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(s)r,mB̂
(3)
(s)ϕ,n (rsl)

π

∫ 2π

0
sin (2mpϕs) sin (npϕs) sin (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(s)r,mB̂
(3)
(c)ϕ,n (rsl)

π

∫ 2π

0
sin (2mpϕs) cos (npϕs) sin (kpϕs) dϕ (15)



104 Mendonça, Maia, and Cardoso Filho

and

B̂
(2)
(c)ϕ,k (rsl) =

∞∑
m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(c)r,mB̂
(3)
(s)ϕ,n (rsl)

π

∫ 2π

0
cos (2mpϕs) sin (npϕs) cos (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(c)r,mB̂
(3)
(c)ϕ,n (rsl)

π

∫ 2π

0
cos (2mpϕs) cos (npϕs) cos (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(s)r,mB̂
(3)
(s)ϕ,n (rsl)

π

∫ 2π

0
sin (2mpϕs) sin (npϕs) cos (kpϕs) dϕ

+
∞∑

m=0,1,2,3,...

∞∑
n=1,3,5...

μ̂(s)r,mB̂
(3)
(c)ϕ,n (rsl)

π

∫ 2π

0
sin (2mpϕs) cos (npϕs) cos (kpϕs) dϕ, (16)

where the space harmonic index k can be thought as a reference index. The integration on the right-hand
side of Eqs. (15) and (16) will be different from zero only for specific values of k, m, and n. Summarizing
the results, Table 2 presents the index relations which results in non-zero integration values in Eq (15),
and Table 3 is for relations in Eq. (16).

Table 2. Space harmonic index relations for non-zero integral solutions of sine Fourier coefficients.

Integral Index Relation Integral Result

∫ 2π
0 cos (2mpϕs) sin (npϕs) sin (kpϕs) dϕ

n = k − 2m π
2

n = k + 2m π
2

n = 2m − k −π
2∫ 2π

0 cos (2mpϕs) cos (npϕs) sin (kpϕs) dϕ ∀ k, n,m 0∫ 2π
0 sin (2mpϕs) sin (npϕs) sin (kpϕs) dϕ ∀ k, n,m 0

∫ 2π
0 sin (2mpϕs) cos (npϕs) sin (kpϕs) dϕ

n = k − 2m π
2

n = k + 2m −π
2

n = 2m − k π
2

It is important to note that from the results in Tables 2 and 3, if the problem assumes homogeneous
and constant RS relative permeability, i.e., for m = 0, the solution is determined from interaction of
magnetic fields with the same space harmonic order, that is n = k. In such a case, the presented
formulation simplifies to the established MF solution. Additionally, the linear equations from the index
relations are summed according to the evaluated relative permeability frequency content. Therefore,
from these observations and the results afore presented, Eqs. (15) and (16) are solved to

B̂
(2)
(s)ϕ,k (rsl) =

∞∑
m=0,1,2,3,...

[
μ̂(c)r,m

2

(
B̂

(3)
(s)ϕ,k−2m (rsl) + B̂

(3)
(s)ϕ,k+2m (rsl) − B̂

(3)
(s)ϕ,2m−k (rsl)

)

+
μ̂(s)r,m

2

(
B̂

(3)
(c)ϕ,k−2m (rsl) − B̂

(3)
(c)ϕ,k+2m (rsl) + B̂

(3)
(c)ϕ,2m−k (rsl)

) ]
(17)

and

B̂
(2)
(c)ϕ,k (rsl) =

∞∑
m=0,1,2,3,...

[
μ̂(c)r,m

2

(
B̂

(3)
(c)ϕ,k−2m (rsl) + B̂

(3)
(c)ϕ,k+2m (rsl) + B̂

(3)
(c)ϕ,2m−k (rsl)

)

+
μ̂(s)r,m

2

(
−B̂

(3)
(s)ϕ,k−2m (rsl) + B̂

(3)
(s)ϕ,k+2m (rsl) + B̂

(3)
(s)ϕ,2m−k (rsl)

) ]
. (18)



Progress In Electromagnetics Research B, Vol. 88, 2020 105

Table 3. Space harmonic index relations for non-zero integral solutions of cosine Fourier coefficients.

Integral Index Relation Integral Result∫ 2π
0 cos (2mpϕs) sin (npϕs) cos (kpϕs) dϕ ∀ k, n,m 0

∫ 2π
0 cos (2mpϕs) cos (npϕs) cos (kpϕs) dϕ

n = k − 2m π
2

n = k + 2m π
2

n = 2m − k π
2

∫ 2π
0 sin (2mpϕs) sin (npϕs) cos (kpϕs) dϕ

n = k − 2m −π
2

n = k + 2m π
2

n = 2m − k π
2∫ 2π

0 sin (2mpϕs) cos (npϕs) cos (kpϕs) dϕ ∀ k, n,m 0

The same reasoning is used for the boundary condition between the PM and the RS, as defined in
Eq. (10), and tangential component of the remanent magnetization from Eq. (11), giving the following
relations

B̂
(2)
(s)ϕ,k (rm) =

∞∑
m=0,1,3,5,...

[
μ̂(c)r,m

2μrec

(
B̂

(1)
(s)ϕ,k−2m (rm) + B̂

(1)
(s)ϕ,k+2m (rm) − B̂

(1)
(s)ϕ,2m−k (rm)

−B̂(s)rem,ϕ,k−2m − B̂(s)rem,ϕ,k+2m + B̂(s)rem,ϕ,2m−k

)

+
μ̂(s)r,m

2μrec

(
B̂

(1)
(c)ϕ,k−2m (rm) − B̂

(1)
(c)ϕ,k+2m (rm) + B̂

(1)
(c)ϕ,2m−k (rm)

−B̂(c)rem,ϕ,k−2m + B̂(c)rem,ϕ,k+2m − B̂(c)rem,ϕ,2m−k

) ]
(19)

and

B̂
(2)
(c)ϕ,k (rm) =

∞∑
m=0,1,3,5,...

[
μ̂(c)r,m

2μrec

(
B̂

(1)
(c)ϕ,k−2m (rm) + B̂

(1)
(c)ϕ,k+2m (rm) + B̂

(1)
(c)ϕ,2m−k (rm)

−B̂(c)rem,ϕ,k−2m − B̂(c)rem,ϕ,k+2m − B̂(c)rem,ϕ,2m−k

)

+
μ̂(s)r,m

2μrec

(
− B̂

(1)
(s)ϕ,k−2m (rm) + B̂

(1)
(s)ϕ,k+2m (rm) + B̂

(1)
(s)ϕ,2m−k (rm)

+B̂(s)rem,ϕ,k−2m − B̂(s)rem,ϕ,k+2m − B̂(s)rem,ϕ,2m−k

) ]
. (20)

From Eqs. (17) and (18), it can be verified that the Fourier coefficients of the magnetic flux density
in the non-homogeneous region, v = 2, are related to those of different space harmonic orders of the
surrounding regions, i.e., v = 1 and 3. Also, introducing the space-varying permeability leads to mutual
dependence of cosine and sine Fourier coefficients. For example, the cosine Fourier coefficient B̂

(2)
(c)ϕ,k

is expressed in terms of cosine Fourier coefficients, B̂
(3)
(c)ϕ,k−2m, B̂

(3)
(c)ϕ,k+2m and B̂

(3)
(c)ϕ,2m−k, and the sine

coefficients, B̂
(3)
(s)ϕ,k−2m, B̂

(3)
(s)ϕ,k+2m and B̂

(3)
(s)ϕ,2m−k, which are defined in the space harmonic orders of

(k−2m), (k +2m), and (2m−k). The index m is the space harmonic order of the relative permeability
Fourier series. Finally, considering {∀k ∈ N, k ≤ Kmax}, where Kmax is the maximum evaluated space
harmonic order, (k − 2m), (k + 2m), and (2m − k) are also limited to the interval [0,Kmax].
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3.3. Nonlinear Solution Algorithm

The saturation of the permeable RS is a consequence of pole-to-pole leakage flux. With the considerably
thin RS, the region relative permeability is assumed to vary primarily along the RS. Furthermore, the
periodical behavior of this permeability permits the adoption of a mathematical definition in terms of a
Fourier series, as presented in Section 3.1. The RS saturation level is evaluated by an iterative method,
with the overall diagram illustrated in Fig. 4(a). The diagram pictured in Fig. 4(b) presents the detailed
method to calculate the new relative permeability profile at each iteration.

Starting with an initial permeability profile, μr,test, the magnetic flux density is calculated in the RS
mean radius using the described MF method. With the absolute value of this flux density, |B(rmean, ϕ)|
and the material B(H) curve, the relative permeability profile along the RS circumferential direction
is obtained, as illustrated in Fig. 4(b). This new permeability value, μr,new, is compared with the
previous one, μr,test using mean absolute percentage error (MAPE). The convergence is evaluated, with
ξ specified as the maximum permitted error.

(a) (b)

Figure 4. Diagram for estimation of the saturation level: (a) overall iterative flowchart; and (b) new
relative permeability profile calculation, μr,new, flowchart.

For the new relative permeability profile calculation, μr,new, the B(H) curve is used to obtain a
new magnetic flux density, |Bnew| in Fig. 4(b). For this operation, a shape-preserving piecewise cubic
interpolation is used. Though this method differs from other works [37, 38], the results are in good
agreement with those obtained numerically using FEMM software.

3.4. Retaining Sleeve Winding and Eddy-Current Reaction Field

Eddy-current in conducting parts, such as RS or PM, has undesirable effects in rotating electrical
machines, viz., producing heat and affecting the main magnetic field. If eddy-current reaction field is
neglected, the induced currents and resulting losses can be calculated from magnetic field distribution
and the derived electric field [63]. Surface charge density gradients generate gradients of electric field,
and using square root scaled chart [64], it can be graphically evaluated for a conducting strip [65] and a
bottleneck shaped sloppy conducting strip [66]. If reaction field is taken into consideration, the diffusion
effect can be evaluated using MF method [40].

A conductive RS can behave as a shielding cylinder, decreasing eddy-current losses in the PM [41].
Thus, the derived quantities to evaluate induced current in this cylinder are referred using subscript
c. Furthermore, the eddy-current reaction field also affects the produced torque, changing both net
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torque and its oscillation [47]. The commonly adopted analytical model which considers such effect
is complex [67] and relies on restricting assumptions, i.e., steady-state operation and under balanced
three-phase condition [11, 39].

The analytical method adopted in this work was proposed by Polinder [68] and uses an auxiliary
winding to account for the induced currents in the RS. Instead of solving the diffusion equation, RS
currents are modeled as series of equivalent short-circuited sinusoidally-distributed windings, one each
space harmonic. However, for the studied machine, the RS parameters allowed to disregard skin effect,
which would be important only for frequencies above 18 kHz. This was justified from the skin-depth,
δskin, as compared to RS width δc, that is δskin > δc. The skin-depth is given by

δskin =
√

ρc

πμ0μrf
, (21)

where ρc is the RS resistivity, μr the RS relative permeability, and f the frequency. Therefore, the RS
winding was defined as a surface current density at the mean radius rc. This surface current density is
accounted in the analytical model by dividing the RS region, as illustrated in Fig. 5.

Figure 5. RS region redefinition to account for eddy-current.

For the two-dimensional analytical model, RS current only flows in the z-axis direction and is
periodical in the circumferential direction. It is defined in the rotor reference frame by a Fourier series,
that is

Kc (ϕr) =
∞∑

k=1,3,5...

K̂c,k sin (k (ϕr − γk)), (22)

where K̂c,k is the k-th order of the winding density distribution with its magnetic axis along the angle
γk. The surface current density is decomposed into two orthogonal sinusoidally distributed windings.
This definition is useful for deriving voltage equations and equivalent circuit representing the RS. These
orthogonal windings are expressed in the dq reference frame fixed in the rotor as

Kc (ϕr) =
∞∑

k=1,3,5...

Nc,k

2rc
(icd′k sin (kϕr) − icq′k cos (kϕr)), (23)

where Nc,k is effective number of turns of the k-th order winding. It can be chosen arbitrarily if the
products Nc,kicd′k and Nc,kicq′k are kept constant [68]. Assuming negligible skin effect, the direct and
quadrature axis currents, icd′k and icq′k respectively, are calculated by means of Faraday’s and Ohm’s
law with the assumption that the current density is not a function of the radial position. From this,
the surface current density is calculated as

Kc (ϕr) = − δc

ρc

∂Az

∂t
, (24)

where ρc is the RS resistivity. A different approach to calculate the RS winding currents is using voltage
equation of the short-circuited RS winding. Evaluating separately the contribution from different source
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fields to the flux linkage, the direct and quadrature axis windings are written as

0 = Rc,kicd,k +
dλcd,pm,k

dt
+

dλcd,s,k

dt
+

dλcd,k

dt
(25)

and
0 = Rc,kidq,k +

dλcq,pm,k

dt
+

dλcq,s,k

dt
+

dλcq,k

dt
, (26)

where λcd,pm,k is the k-th space harmonic flux linkage of the RS d-axis winding caused by magnets,
λcd,s,k the flux linkage due to the stator currents, and λcd,k the flux linkage due to the RS d-axis
winding current. Same reasoning applies to the RS q-axis winding, with λcq,pm,k, λcq,s,k, and λcq,k

being the contributions from magnet, stator current, and RS q-axis winding current, respectively. The
resistance of the k-th space harmonic of the equivalent RS winding, Rc,k, is derived from Eqs. (23),
(24), (25), and (26) [53], that is

Rc,k =
πlsρcN

2
c,k

4δcrc
, (27)

where ls is the machine axial length.
The dynamic equation is solved using numerical integration methods, such as Runge-Kutta method.

Thus, the RS winding equations are rewritten in the form i′c = f(ic, t), which requires the RS winding
self-inductance definition. However, accounting for the space varying permeability produces a time
varying self-inductance. As a result, Eqs. (25) and (26) are written as

dicd,k

dt
= − 1

Lcd,k

(
Rc,k +

dLcd,k

dt

)
icd,k − 1

Lcd,k

(
dλcd,pm,k

dt
+

dλcd,s,k

dt

)
(28)

and
dicq,k

dt
= − 1

Lcq,k

(
Rc,k +

dLcq,k

dt

)
icq,k − 1

Lcq,k

(
dλcq,pm,k

dt
+

dλcq,s,k

dt

)
. (29)

The self-inductances are calculated at every time-step and at every iteration for the evaluation of
nonlinear relative permeability by setting RS winding currents with unitary current. However, since
inductances are calculated in the stator reference frame, and the dynamic equation is solved in the rotor
reference frame, proper coordinate transformation must be carried out.

The novel method proposed in this work to account for skin effect is based on the RS winding
method. The parameters used to define the surface current density, radius rc, and width δc are
reevaluated to account for the nonuniform distribution of alternating currents in the conducting region.
As illustrated in Fig. 6, these parameters are defined according to the skin-depth, that is

δc = δskin =
√

ρc

πμ0μrf
(30)

and
rc = rsl − δskin

2
. (31)

where for the purpose of evaluating Eq. (30), μr is the unsaturated RS relative permeability.

Figure 6. RS winding redefinition for evaluation of skin-effect.
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The RS winding method can also be adopted to account for the space-varying permeability. In
this manner, the circumferential boundary condition on the interface between the inner and outer RSs,
which is used to define the surface current density. The RS winding parameters, defined in Eqs. (30)
and (31), are derived using the unsaturated RS permeability to keep boundary at constant radius, as
required by the adopted MF method. Using the same reasoning as discussed in Section 3, that is

B
(2I)
ϕ (rc, ϕs)
μr (ϕs) μ0

− B
(2II)
ϕ (rc, ϕs)
μr (ϕs) μ0

= −Kc (ϕs) . (32)

The boundary condition is solved using the relations in Tables 2 and 3, that is

B̂
(2I)
(s)ϕ,k (rc) − B̂

(2II)
(s)ϕ,k (rc) = −

∞∑
m=0,1,2,3,...

[
μ̂(c)r,mμ0

2

(
K̂(s)cdq,k−2m + K̂(s)cdq,k+2m − K̂(s)cdq,2m−k

)

+
μ̂(s)r,mμ0

2

(
K̂(c)cdq,k−2m − K̂(c)cdq,k+2m + K̂(c)cdq,2m−k

) ]
(33)

and

B̂
(2I)
(c)ϕ,k (rc) − B̂

(2II)
(c)ϕ,k (rc) = −

∞∑
m=0,1,2,3,...

[
μ̂(c)r,mμ0

2

(
K̂(c)cdq,k−2m + K̂(c)cdq,k+2m + K̂(c)cdq,2m−k

)

+
μ̂(s)r,mμ0

2

(
−K̂(s)cdq,k−2m + K̂(s)cdq,k+2m + K̂(s)cdq,2m−k

) ]
(34)

where K̂(c)cdq,k is the k-th order cosine Fourier coefficient of the direct-axis or quadrature-axis winding.
In the present work, these are calculated separately for the eddy-currents evaluation, which require
individual self-inductance calculation as defined in Eqs. (28) and (29). Also, Eq. (32) is written in the
stator reference frame, thus requiring a coordinate transformation of the calculated surface density.

The partitioning of RS region into two regions demands the reassessment of variable relative
permeability methodology. As the flux density is calculated differently within each region, the proposed
method evaluates three different space-varying permeabilities, one at the mean radius of region 2I , rc1,
one the mean radius of region 2II , rc2, and a third in the boundary, rc. The iterative method, as discussed
in Subsection 3.3, is applied to each of these three relative permeabilities, and the convergence condition
is established from the maximum of the calculated errors using MAPE method.

4. RESULTS AND VALIDATION

The objective of this section is to validate the proposed method, evaluating the model assumptions
according to magnetic characteristics deviation observed in a high-speed generator prototype, as detailed
in Section 2. The results for the two-dimensional semi-analytical method are compared with those from
FEMM software [14]. The geometrical parameters and material properties are derived from the HS
surface-mounted PM machine, as given in Table 4.

The RS relative permeability presents a nonlinear characteristic and is modeled in this work
accordingly. The stator currents are defined as three-phase sinusoidal and balanced system with a
phase angle defined to produce a resultant magnetic flux which is orthogonal to the PM magnetic flux.

First, the proposed method to account for the space-varying relative permeability is evaluated,
along with the iterative method effectiveness to solve the material non-linearity. For the simulation, the
rotor angular position is kept constant, and the eddy-current reaction field is disregarded. The results
for the relative permeability, evaluated at the RS mean radius, considering two rotor positions and for
two loading conditions, are illustrated in Fig. 7.

The analysis of the proposed method to account for eddy-current reaction field is first carried
out with a constant and homogeneous RS relative permeability, i.e., μr = 300. However, a limitation
is presented by the FEMM software, in which the time-harmonic magnetic problem is solved for one
fixed frequency. Thus, for harmonic problems, the PM magnetic field is disregarded as it is time
independent. For the sake of assessing the proposed method, the problem formulation was simplified.
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Table 4. Parameters for analytical model of the slotted geometry.

Parameters Symbol Value

Number of turns per coil Ns 16
Radius of rotor yoke rrl 7.5 mm
Radius of magnet surface rm 9.8935 mm
Radius of retaining sleeve surface rsl 10.475 mm
Radius of stator inner surface rs 11.0 mm
Radius of stator slot outer surface rsa 15.0 mm
Stator axial length ls 100.0 mm
Number of phases m 3
Number of pole-pairs p 1
Number of slots Qs 6
Slot-opening angle bsa 10.4316◦

PM remanent magnetization Brem 1.08 T
PM magnetization distribution parallel
PM relative recoil permeability μrec 1.049
RS resistivity ρc 6.9 × 10−7 Ωm
RS unsaturated relative permeability μr 300
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Figure 7. Space-varying relative permeability solution for two rotor positions, 0◦ and 15◦, and
two operating conditions: (a) no-load condition; and (b) armature reaction field considered with
|Is| = 15 Apeak.

The rotor angular position is kept constant, and the stator currents are defined sinusoidal and balanced.
The results for three different electrical frequencies are illustrated in Fig. 8. In all cases, stator loading
is considered with peak phase current of |Is| = 10 Apeak. For comparison, the result disregarding the
diffusion effect, i.e., ρc → ∞, is presented.

The evaluated frequencies are chosen to test the validity of the proposed methodology. For the
machine operating at rated speed, 70 krpm, the fundamental frequency of 1.17 kHz would permit
neglecting skin effect, with skin-depth greater than RS width. The slotting effect influences the induced
RS currents frequency, fc, where the pulsation of magnetic flux density, from either PM or stator
currents, is related to the number of slots, that is fc = n6 · f1, n = [1, 2, 3, . . .] for the studied machine
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Figure 8. Analytical and numerical simulation for eddy-current reaction field and homogeneous RS
permeability: (a) f = 1.17 kHz; (b) f = 7 kHz; and (c) f = 14 kHz.

[68]. Though the proposed methodology limits the skin-effect correction to one frequency, Eqs. (30)
and (31), the induced current fundamental frequency has a pronounced value over the harmonics.
Therefore, for the stator current frequency of 7 kHz, results are in good agreement with those from
FEM. The twelfth time harmonic, that is 14 kHz, is also studied to evaluate higher frequency content,
where MF method also provided result in agreement with numerical solution.

The improved method is evaluated in similar conditions previously considered, but accounting for
nonlinear RS relative permeability and eddy-current reaction fields. The results obtained from MF
method and FEM are presented in Fig. 9 for the same frequencies and same loading condition.

For the described assumptions, the proposed method presents better results for eddy-current
reaction field as frequency is increased. In comparison with eddy-current reaction field analysis using
Helmholtz equation, which provides formal solution to the diffusion effect, the proposed method
assumptions are more limiting. The RS equivalent winding parameter corrections are carried out
in terms of one frequency, where the induced currents have non-sinusoidal waveform. The current
distribution along the RS would greatly affect the saturation profile, which is not fully evaluated by
a surface current density, as defined. However, it can overcome some of the conventional method
limitations, such as dynamic study of electrical machines at unbalanced condition. These advantages,
along with the proper evaluation of machine parameters, can extend MF method application to control
and fault analysis.

Finally, the improved method is used to investigate the adopted model assumptions on the machine
electromagnetic performance. A comparative study is carried out to illustrate the effect of the non-
homogeneous permeability and diffusion effect on the no-load induced voltage, or back-EMF, and the
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Figure 9. Analytical and numerical simulation for eddy-current reaction field and non-homogeneous
RS permeability: (a) f = 1.17 kHz; (b) f = 7kHz; and (c) f = 14 kHz.

on-load produced torque with |Is| = 10 Apeak. First, the analytical calculation of the back-EMF for the
slotted structure uses the method based on Stokes theorem, evaluating the magnetic vector potential in
the stator slots [35, 36]. The electromagnetic torque is computed using the Maxwell stress tensor [21, 25].

For the comparative study, the PM generator retaining sleeve is analyzed with homogeneous
permeability, which is considered both the ideal non-magnetic and increased permeabilities, with
μr = 1 and μr = 300, respectively. Furthermore, the machine is evaluated with space-varying relative
permeability, with and without diffusion effect. In this study, the proposed method taking the diffusion
effect into consideration is not compared with FEM result, as the FEMM software does not provide the
required time-dependent modeling. For the remainder evaluated conditions, the results are in agreement
with those from FEM, as illustrated in Fig. 10 for the back-EMF and in Fig. 11 for the electromagnetic
torque.

The result provides interesting insight into the permeable retaining sleeve proposal. Considering
only an increased homogeneous relative permeability, the pole-to-pole flux leakage significantly reduces
the produced torque and back-EMF, as can be seen from Fig. 11(d) and Fig. 10(d). However, the
nonlinear characteristic of the RS material reduces this leakage effect and establishes a preferable
magnetic path. With the increased relative permeability in the main magnetic circuit, the net torque and
induced voltage are increased, as illustrated in Fig. 11(b) and Fig. 10(b). However, this comes with cost,
as the torque oscillation grows, reaching 4.5% of the net torque. This oscillating torque is problematic
in HS machines, especially those operating above its first natural frequency [55]. The conducting RS
changed the oscillating torque profile, but the reduction in net torque is more pronounced. Similar
result is discussed in [69].
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Figure 10. Back-EMF for different RS material model assumptions: (a) space-varying permeability
and conductive; (b) space-varying permeability and non-conductive; (c) linear permeability with μr = 1;
and (d) linear permeability with μr = 300.
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Figure 11. Electromagnetic torque for different RS parameter model assumptions: (a) space-varying
permeability and conductive; (b) space-varying permeability and non-conductive; (c) linear permeability
with μr = 1; and (d) linear permeability with μr = 300.
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5. CONCLUSIONS

In this work, the Maxwell-Fourier method is improved for calculating magnetic field in high-speed
surface-mounted PM machine with permeable retaining sleeve. The developed model incorporates the
saturation phenomenon of the non-homogeneous region through a space-varying relative permeability.
With the assumption that saturation affects the relative permeability along the circumferential length
of the region, a Fourier series is used to express this relation, and its coefficients are calculated according
to the machine operation condition using iterative method.

The retaining sleeve is composed of conducting material, and the induced currents reaction is
known to affect machine performance. This behavior is contemplated with the use of a surface current
density within the sleeve region, defined as a series of equivalent short-circuited sinusoidally-distributed
windings. The model is suitable for the proposed nonhomogeneous permeability formulation and
considers skin effect, which accounts for by revising the auxiliary winding parameters.

The novel MF method results show good agreement with those obtained from finite-element method.
The RS space-varying permeability, calculated through iterative method, presents a similar saturation
profile as the results from FEM. For the conducting RS, eddy-current reaction field, including skin
effect, is evaluated for homogeneous and nonhomogeneous RS permeability. HS machine electromagnetic
performance, viz., the back-EMF and torque, is evaluated with different model assumptions, showing
the importance of the correct model definition.

Being derived from well-established Maxwell-Fourier formulation, it can be applied to other machine
topologies and is suitable for use with other MF method researched improvements. For instance, this
work evaluates slotting effect with subdomain method. The proposed method advantages can help
overcome Maxwell-Fourier method limitations, such as the need to define linear material parameter,
evaluation of machine in steady-state operation and under balanced condition.
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