
Progress In Electromagnetics Research C, Vol. 109, 95–110, 2021

Quasi-Static Analysis of Scattering from a Metallic Sphere Coated
by Radially Anisotropic Material

Muhammad Yousaf Iqbal*, Aijaz Ali, and Qaisar Abbas Naqvi

Abstract—Theoretical investigation of optical properties of a metallic sphere coated with uniform layer
of anisotropic dielectric material is conducted by studying its polarizability, scattering cross section,
absorption, and extinction cross section. The dispersive characteristics of metal (tungsten/silver/gold)
are mathematically modeled through well known Lorentz-Drude model. A detailed analysis of the
behaviors of polarizability, scattering cross-section, absorption, and extinction cross section is carried
out for different specific values of the radius and components of the tensor permittivity. The impact
of variation of different parameters on location and magnitude of the surface plasmon resonance is
highlighted.

1. INTRODUCTION

The scattering of light is ubiquitous in nature; the brightness of the sky and its changing colors are
produced due to scattering of light from small particles present in the atmosphere. The exact solution
for scattering of electromagnetic waves from spherical objects has been presented in [1] under the Mie
theory. Less complicated cases, for instance when the size of the particle is considerably smaller than
the wavelength of incident light, can be dealt with using the Rayleigh scattering theory. The scattering
of light from nanoparticles has attracted the attention of many researchers due to its modifiable features
and numerous applications [2, 3]. The phenomenon of surface plasmon is a major cause of this attention.
The surface plasmon resonance (SPR) has been achieved for particles having small size as compared to
operating wavelength [4]. SPR has attracted notice [5] of researchers owing to its features in controlling
the scattering of light. The study of nanoparticles in this respect has triggered investigations in optics
and plasmonics as solar cells [6], biophotonics [7], surface enhanced Raman scattering (SERS) [8], drug
targeting [9], plasmonic sensors [10], and bio-sensing [11]. The optical properties of spherical core-shell
nanoparticles are associated with their SPR response that can be easily adjusted by varying size, shape,
geometry, and the environment of nanoparticles [12, 13]. For example, metallo-dielectric nanoparticle
has the ability to manipulate and tune the SPR response [14, 15]. The real metals provide negative
permittivity over a wide range of wavelength to produce SPR response. In fact, the majority of solid
materials in nature are anisotropic, and radial anisotropy is found in many of these structures [16, 17].
At present, radially anisotropic materials play a very important role in the field of plasmonics [18, 19].
The radially anisotropic materials are used not only to cloak and magnify but also to control plasmonic
resonance, scattering, and anomalous absorption of light [20–22]. These interesting applications of
radially anisotropic materials incite further curiosity among the researchers.

In present communication, we aim to analyze the scattering cross-section, behaviors of
polarizability, extinction cross section, and absorption considering the metallic core covered with
a uniform layer of anisotropic medium and placed in unbounded dielectric medium with scalar
permittivity. The behavior of polarizability and scattering cross-section for geometry having
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tungsten/silver/gold metal in core has been studied taking operating wavelength ranging from 800 nm
to 3000 nm. These metals are dispersive in nature, and the wavelength dependent dielectric function for
mentioned metals has been obtained by the Lorentz-Drude model. The behavior of polarizability and
scattering cross-section for spherical geometry have been analyzed for variation in radius of the core
and radius of the spherical geometry. Apart from this, the impact of variation of tangential and radial
components of permittivity of coated layer has also been analyzed.

2. MATHEMATICAL FORMULATION

Consider that a metallic sphere is coated with an anisotropic dielectric material and is placed in an
unbounded dielectric medium as shown in Figure 1. The constitutive parameters of the host medium
and medium filling the core are (εh, μ0) and (ε1, μ0), respectively. The tensor form of the permittivity
for the anisotropic medium is written below [21–25]

¯̄ε = ε0[εradurur + εtan(uθuθ + uφuφ)]. (1)

Here εrad and εtan represent the radial and tangential components of the permittivity. The radius of
spherical geometry is represented by a1 whereas the radius of core is a2. An external electric field
E = ẑE0 exp(ikx) is applied to the spherical geometry. It is assumed that wavelength (λ) of the
externally applied field is much greater than the size of the spherical geometry, i.e., λ � a1. Such
an assumption enables us to study the problem through quasi-static treatment. Under quasi-static
approximation, the concept of potential may be introduced through the relations.

∇ · (¯̄ε · ∇Φ) = 0 : for homogeneous and anisotropicmedium (2)
∇2Φ = 0 : for homogeneous and isotropicmedium (3)

In order to incorporate the solution of the above equation, the geometry is divided into three regions.
The following is expressions for the potential in each region.

Φ0(r, θ) = − E0r cos θ + Ar−2 cos θ = Φapp
0 + Φdis

0 , r > a1, (4)

Φ1(r, θ) = − Brν cos θ + Cr−ν−1 cos θ, a1 < r < a2, (5)
Φ2(r, θ) = − Dr cos θ, r < a2. (6)

where Φ2(r, θ), Φ1(r, θ), and Φ0(r, θ) are the potentials within the core, shell, and host regions,
respectively. Φapp

0 and Φdis
0 are respectively applied potential and disturbance potential due to the

presence of the spherical geometry. The unknown coefficients A, B, C, D can be determined by
imposing the boundary conditions. Parameter ν is written below [26]

ν =
1
2

(
−1 ±

√
1 + 8(εtan/εrad)

)
. (7)

Figure 1. Plasmonic sphere coated with layer of anisotropic dielectric medium.
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3. BOUNDARY CONDITIONS

Tangential components of the electric fields are continuous at r = a1 and r = a2, thus the following
conditions on potentials are applied

Φ0 = Φ1, r = a1, (8)
Φ1 = Φ2, r = a2. (9)

Continuity of normal components of the electric flux densities yields following conditions on potentials

εh
∂

∂r
Φ0 = εrad

∂

∂r
Φ1, r = a1, (10)

εrad
∂

∂r
Φ1 = ε1

∂

∂r
Φ2, r = a2. (11)

Algebraic equations obtained from above boundary conditions may be written in matrix form as written
below ⎛

⎜⎜⎝
a−3

1 aν−1
1 −a−ν−2

1 0
0 −aν−1

2 a−ν−2
2 1

−2εha−3
1 ε2νaν−1

1 ε2a
−ν−2
1 (ν + 1) 0

0 −ε2νaν−1
2 −ε2a

−ν−2
2 (ν + 1) ε1

⎞
⎟⎟⎠

⎡
⎢⎣

A
B
C
D

⎤
⎥⎦ =

⎡
⎢⎣

E0

0
E0εh

0

⎤
⎥⎦ . (12)

By solving the above matrix equation, the potentials for each region of the geometry are obtained as
given below.

Φ0(r, θ) = −E0r cos θ+E0
(−ε1−νεrad−εrad)(εh−εrad)+β(εh+εrad+νεrad)(ε1−εrad)
(ε1+εrad+νεrad)(εrad+2εh)−β(2εh−εrad−νεrad)(ε1−εrad)

a3
1r

−2 cos θ, (13)

Φ1(r, θ) = −E0
3a1−ν

1 εhνa1((−1 + a1+2ν
2 )ε1a2ν − ε2((1 + ν)a2ν + a2+ν

2 aν
2ν))

(ε1 + εrad + νεrad)(εrad + 2εh) − β(2εh − εrad − νεrad)(ε1 − εrad)
r cos θ, (14)

Φ2(r, θ) = −E0
aν

2 [3εrad(2 + ν)]
a2[(ε1 + εrad + νεrad)(εrad + 2εh) − β(2εh − εrad − νεrad)(ε1 − εrad)]

r cos θ. (15)

where β = (a2
a1

)1+2ν . The polarizability P0 of the spherical geometry can be obtained by comparing
with Φdis

0 [27]

Φdis
0 =

1
4πεh

P0r
−2 cos θ. (16)

The polarizability of the spherical geometry is obtained as

P0 = 4πεha3
1

(−ε1 − νεrad − εrad)(εh − εrad) + β(εh + εrad + νεrad)(ε1 − εrad)
(ε1 + εrad + νεrad)(εrad + 2εh) − β(2εh − εrad − νεrad)(ε1 − εrad)

. (17)

The scattering, absorption and extinction cross-section can be written as given [27].

σsca =
1
6π

k4|P0|2 (18)

σabs =
k

εh
Im(P0) (19)

σext = σabs + σsca (20)

where k is the wavenumber of the surrounding medium. In order to verify the accuracy of our
calculations, corresponding expressions for a special case dealing with the metallic sphere coated with
the isotropic dielectric medium are obtained. For this purpose, εtan = εrad = ε1 is substituted in
Equations (13)–(15). It may be noted that under this substitution, ν becomes equal to one. For each
region of the spherical geometry, expressions for potential are obtained as given below.

Φ0(r, θ) = −E0r cos θ + E0
(ε1 − ε0)(ε2 + 2ε1) + β(ε0 + 2ε1)(ε2 − ε1)
(ε1 + 2ε0)(ε2 + 2ε1) + 2β(ε1 − ε0)(ε2 − ε1)

r−2 cos θ, (21)
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Φ1(r, θ) = −E0
−3ε0(ε2 + 2ε1) + 3ε0(ε2 − ε1)a3

2r
−2

(ε1 + 2ε0)(ε2 + 2ε1) + 2β(ε1 − ε0)(ε2 − ε1)
r cos θ, (22)

Φ2(r, θ) = −E0
3ε03ε1

(ε1 + 2ε0)(ε2 + 2ε1) + 2β(ε1 − ε0)(ε1 − ε2)
r cos θ. (23)

The result is the same as that obtained by Sihvola and Lindell [27]. The LD model mathematically
manages the frequency dependent characteristics of metals [28], and mathematical expression for the
model is written below [29]

ε(ω) = 1 − f0ω
2
p

ω(ω − iγ0)
+

m∑
j=1

fjω
2
P

(ω2
j − ω2) + iωγj

(24)

where ωp is the plasma frequency of the bulk material, γj the decaying constant for jth oscillator, and
fj the oscillator strength. The number of oscillators is taken m = 5. The values of different parameters
used to obtain behaviors are given in Table 1 [29].

Table 1. Values of different parameters used in LD model for three metals.

parameters (eV ) Tungsten (W ) Silver (Ag) Gold (Au)

ωp 13.22 9.01 9.03
f0 0.206 0.845 0.760
γ0 0.064 0.048 0.053
f1 0.054 0.065 0.024
γ1 0.530 3.886 0.241
ω1 1.004 0.816 0.415
f2 0.166 0.124 0.010
γ2 1.281 0.452 0.345
ω2 1.917 4.481 0.830
f3 0.706 0.011 0.071
γ3 3.332 0.065 0.870
ω3 3.580 8.185 2.969
f4 2.590 0.840 0.601
γ4 5.836 0.916 2.494
ω4 7.498 9.083 4.304
f5 — 5.646 4.384
γ5 — 2.419 2.214
ω5 — 20.29 13.32

The behavior of dielectric function ε(ω) = εR(ω) + iεI(ω) for three different metals obtained using
LD model is shown in Equation (24). Figure 2 shows the dielectric function plots for W , Ag, and Au for
wavelength range (800 nm to 3000 nm). Dielectric function plays a massive role for finding polarization,
scattering cross section, absorption, and extinction cross section of these metals. Figure 2 indicates both
real and imaginary dielectric functions. It is notified that the real and imaginary dielectric functions
are positive and negative for all the three metals through the wavelength range.

4. NUMERICAL RESULTS AND DISCUSSION

The mathematical expressions derived in Section 2 are used to investigate the behavior of optical
properties, with respect to the operating wavelength ranging from 800 nm to 3000 nm, of the spherical
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(a) (b)

(c)

Figure 2. Behavior of dielectric function for tungsten, silver, and gold metals. (a) Tungsten. (b) Silver.
(c) Gold.

Table 2. Shift in surface plasmon resonance due to variation of core radius. a1 = 160 nm, εrad = 27
and εtan = 21.

Metal Range of a2 Shift in Preal Shift in Pimag Shift in σsca Shift in σabs Shift in σext

Tungsten 100 to 145 nm 110 nm 110 nm 115 nm 100 nm 120 nm
Silver 100 to 145 nm 130 nm 120 nm 120 nm 115 nm 115 nm
Gold 100 to 145 nm 130 nm 110 nm 110 nm 115 nm 115 nm

geometry. For this purpose, plots for polarizability, absorption, scattering, and extinction cross sections
are used. For analysis, throughout the discussion three different metals (tungsten, silver, and gold)
are taken for core of the spherical geometry, but one is considered at a time. Coating of anisotropic
dielectric material is taken, and the surrounding medium has scalar permittivity εh = 14. Our objective
is to explore the role and impact of anisotropy on the optical properties when radius of the geometry is
either kept constant or varied. In this regard, the discussion is divided into two main parts. In the first
part, the effect of variation of core radius a1 or radius a2 of spherical geometry is noted. Values for radial
and tangential components of anisotropic permittivity are taken εrad = 27 or εtan = 21 for this part. In
the second part, the impact of variation of radial and tangential components of the anisotropy is studied
taking a1 = 160 nm and a2 = 100 nm. It may be noted that values of the anisotropic permittivity used
in this paper are taken from [30].

Impacts on polarizability, scattering cross sections, absorption, and extinction cross section for
tungsten metal by varying a2 or a1 are shown in Figures 3–5. Figures 3(a) & (b) contain real
and imaginary parts of the polarizability when a2 is varied whereas Figures 3(c) & (d) contain
plots for polarizability when a1 is varied. For first part of the discussion, a1 = 160 nm and
a2 = 100, 115, 130, 145 nm or a2 = 100 nm and a1 = 115, 130, 145, 160 nm are considered for analysis.
The impact of variation of a2 and a1 on the scattering cross section, absorption, and extinction cross
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(a) (b)

(c) (d)

Figure 3. Behavior of real and imaginary parts of polarizability for tungsten metal with respect to
operating wavelength Figures 3(a) & (b) for specific values of a2, Figures 3(c) & (d) for specific values
of a1.

(a) (b)

Figure 4. Behavior of scattering cross-section for tungsten metal with respect to operating wavelength.
Figure 4(a) for specific values of a2, Figure 4(b) for specific values of a1.

Table 3. Shift in surface plasmon resonance due to variation of radius of spherical geometry.
a2 = 100 nm, εrad = 27 and εtan = 21.

Metal Range of a1 Shift in Preal Shift in Pimag Shift in σsca Shift in σabs Shift in σext

Tungsten 115 to 160 nm 105 nm 95 nm 100 nm 90 nm 110 nm
Silver 115 to 160 nm 110 nm 105 nm 140 nm 140 nm 140 nm
Gold 115 to 160 nm 110 nm 100 nm 100 nm 95 nm 100 nm
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(a) (b)

(c) (d)

Figure 5. Behavior of absorption and extinction cross-section for tungsten metal with respect to
operating wavelength for specific values of a2 and a1.

section is plotted in Figures 4(a) & (b), Figures 5(a) & (b) and Figures 5(c) & (d), respectively. It is
noted in Figures 3–5 that the increase in radius of core a2 by 45 nm causes the shift in the position of
peak values of polarizability, scattering cross section, absorption, and extinction cross sections towards
shorter wavelength by 110 nm, 115 nm, 100 nm, and 120 nm, respectively. The variation in a1 causes the
shift of 95 nm, 100 nm, 90 nm, and 110 nm towards longer wavelengths in peak values of polarizability,
scattering cross sections, absorption, and extinction cross section. Moreover, it is also observed that the
increase in radius of the core or spherical geometry increases the magnitudes of peak values of P0, σsca,
σabs, and σext for tungsten metal. The behaviors of polarizability, scattering, absorption, and extinction
cross sections for silver and gold are depicted in Figures 6–11. The shift in peak values of P0, σsca, σabs,
and σext toward short and long wavelengths is observed for variation in specific values of a2 and a1.
The peak values of P0, σsca, σabs, σext for silver and gold metals are shifted by 120 nm, 120 nm, 115 nm,
115 nm and 110 nm, 110 nm, 115 nm, 115 nm towards short wavelengths, respectively. The variation of
a1 shifts the peak values of P0, σsca, σabs, σext 105 nm, 140 nm, 140 nm, 140 nm and 100 nm, 100 nm,
95 nm, 100 nm towards longer wavelengths for silver and gold metals, respectively. The variation in a2

causes increases in peak values of P0, σsca, σabs, σext for silver and gold. The increase in peak values of
P0 and σabs is noted as a1 is varied, and the decrease in magnitude of peak values of σsca and σext is
observed for silver and gold. The shift in surface plasmon resonance location for P0, σsca, σabs, σext is
listed in Table 2 and Table 3.

In the second part of discussion, behaviors of polarizability, scattering cross sections, absorption,
and extinction cross sections taking different specific values of the components of anisotropic parameter
are presented and shown in Figures 12–19. For these plots, εrad = 18, 21, 24, 27 and εtan = 21 or
εrad = 21 and εtan = 18, 21, 24, 27 are considered. Now radii of both core and spherical geometry are
kept constant as a2 = 100 nm and a1 = 160 nm. The shift of (85 nm, 80 nm, 75 nm, 95 nm) for tungsten,
(75 nm, 75 nm, 75 nm, 75 nm) for silver and (75 nm, 80 nm, 80 nm, 75 nm) for gold in peak values of P0,
σsca, σabs, σext, respectively towards longer wavelengths is noted due to variation in specific values of εtan.
The increase in magnitude of polarizability, scattering cross sections, absorption, and extinction cross
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(a) (b)

(c) (d)

Figure 6. Behavior of real and imaginary parts of polarizability for silver metal with respect to
operating wavelength. Figures 6(a) & (b) for specific values of a2, Figures 6(c) & (d) for specific values
of a1.

(a) (b)

Figure 7. Behavior of scattering cross-section for silver metal with respect to operating wavelength.
Figure 7(a) for specific values of a1 and Figure 7(b) for a2.

section is also observed. Similarly, the peak value of optical properties towards the longer wavelength
is observed as εrad is varied for specific values. The shift in the location of peak values of P0, σsca, σabs,
σext is observed as (65 nm, 65 nm, 80 nm, 45 nm) for tungsten metal, (60 nm, 60 nm, 60 nm, 45 nm) for
silver metal, and (55 nm, 55 nm, 50 nm, 55 nm) for gold metal is observed. However, the decrease in
peak values of polarizability, scattering cross sections, absorption, and extinction cross section is also
noted. It is noticed that the location and magnitude of surface plasmon resonance may be adjusted
accordingly by selecting the appropriate values of parameters of the geometry. The shift in surface
plasmon resonance location for P0, σsca, σabs, and σext is listed in Table 4 and Table 5 for variation in
both anisotropic parameters.
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(a) (b)

(c) (d)

Figure 8. Behavior of absorption and extinction cross-section of silver metal for specific values of a1

and a2.

(a) (b)

(c) (d)

Figure 9. Behavior of real and imaginary parts of polarizability for gold metal with respect to operating
wavelength. Figures 9(a) & (b) for specific values of a2, Figures 9(c) & (d) for specific values of a1.
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Table 4. Shift in surface plasmon resonance due to variation of tangential component, a1 = 160,
a2 = 100 nm and εrad = 27.

Metal Range of εtan Shift in Preal Shift in Pimag Shift in σsca Shift in σabs Shift in σext

Tungsten 18 to 27 50 nm 65 nm 65 nm 80 nm 45 nm
Silver 18 to 27 65 nm 60 nm 60 nm 60 nm 45 nm
Gold 18 to 27 65 nm 55 nm 55 nm 50 nm 55 nm

(a) (b)

Figure 10. Behavior of scattering cross-section for gold metal with respect to operating wavelength.
Figure 10(a) for specific values of a2, Figure 10(b) for specific values of a1.

(a) (b)

(c) (d)

Figure 11. Behavior of absorption in Figures 11(a) & (b) and extinction cross-section in Figures 11(c)
& (d) for gold metal for specific values of a1 and a2.
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Table 5. Shift in surface plasmon resonance due to variation of radial component, a1 = 160 nm,
a2 = 100 nm and εtan = 21.

Metal Range of εrad Shift in Preal Shift in Pimag Shift in σsca Shift in σabs Shift in σext

Tungsten 18 to 27 80 nm 85 nm 80 nm 75 nm 95 nm

Silver 18 to 27 85 nm 75 nm 75 nm 75 nm 75 nm

Gold 18 to 27 80 nm 75 nm 80 nm 80 nm 75 nm

(a) (b)

(c) (d)

Figure 12. Behavior of real and imaginary parts of polarizability for tungsten metal with respect to
operating wavelength for specific values of εrad or εtan.

(a) (b)

Figure 13. Behavior of scattering cross section of tungsten metal for specific values of εrad and εtan.
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(a) (b)

(c) (d)

Figure 14. Behavior of absorption and extinction cross section of tungsten metal for specific values of
εrad and εtan.

(a) (b)

(c) (d)

Figure 15. Behavior of real and imaginary parts of polarizability for silver metal with respect to
operating wavelength Figures 18(a) & (b) for specific values of εtan and Figures 18(c) & (d) for specific
values of εrad.
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(a) (b)

Figure 16. Behavior of scattering cross-section for silver metal with respect to operating wavelength
for specific values of εrad or εtan.

(a) (b)

(c) (d)

Figure 17. Behavior of absorption and extinction cross-section of silver metal for specific values of εtan

and εrad.

(a) (b)
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(c) (d)

Figure 18. Behavior of real and imaginary parts of polarizability for gold metal with respect to
operating wavelength Figures 19(a) & (b) for specific values of εtan and Figures 19(c) & (d) for specific
values of εrad.

(a) (b)

Figure 19. Behavior of scattering cross-section for gold metal with respect to operating wavelength
for specific values of εrad or εtan.

5. CONCLUSIONS

The optical properties of a nano-metallic particle coated with radially anisotropic dielectric medium is
studied. For this purpose, the behaviors of polarizability, scattering, absorption, and extinction cross
sections are plotted. Due to the increase in radius of core of geometry rise in peak value of polarizability,
scattering, absorption, extinction cross section, and shift in its location towards the shorter wavelengths
are observed. On the other hand, the shift in location of polarizability, scattering, absorption, and
extinction cross section towards longer wavelength is noted as radius of spherical geometry is increased.
The increase in peak value of polarizability is observed for all three metals, but the decrease in peak value
of scattering cross section for (silver/gold) is noted. Shift in the location of peak value of polarizability,
absorption, scattering, and extinction cross section towards longer wavelengths for the increase in both
radial or tangential components of tensor permittivity of spherical geometry is noted. The increase
in their peak value is noted due to the increase in value of radial component of permittivity, and the
decrease in peak value is observed for increase in tangential component of permittivity. The impact of
increase of radial component of permittivity is more significant than corresponding tangential component
of permittivity.



Progress In Electromagnetics Research C, Vol. 109, 2021 109

REFERENCES
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