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Electromagnetic Boundary Conditions Defined by Reflection
Properties of Eigen Plane Waves

Ismo V. Lindell* and Ari Sihvola

Abstract—In a previous study [1] it was shown that the generalized soft-and-hard/DB (GSHDB)
boundary has the unique property that the two eigen plane waves are reflected as from the PEC or
PMC boundary, i.e., with reflection coefficients —1 or +1, for any angle of incidence. The present paper
discusses a more general class of boundaries by requiring that the reflection coefficients R4 and R_,
corresponding to the two eigen plane waves, have opposite values, R+ = +R with R independent of
the angle of incidence. It turns out that there are two possibilities, R = 1 for the class of GSHDB
boundaries, and R = j, defining an extension of the class of perfect electromagnetic conductor (PEMC)
boundaries. Matched waves at, and plane-waves reflected from, boundaries of the latter class are studied
in the paper.

1. INTRODUCTION

Boundary conditions are fundamental building blocks in problems of mathematical physics, including
electromagnetics. For given sources in a given space, Maxwell equations require additional constraints
on the boundaries of the domain that force uniqueness and existence of the solution. These conditions
between the electric and magnetic fields and fluxes at the boundary can in principle be rather general [2];
however, in finite real-world problems, the boundaries often are characterized by approximate surface
conditions [3, 4].

Examples of such boundary conditions are perfectly electrically conducting (PEC) surfaces, artificial
magnetic conductor and high-impedance surfaces [5, 6], and anisotropic soft-and-hard surfaces [7]. But
the possibilities to engineer the electromagnetic response of complex boundaries have a great variety.
Thin two-dimensional structures which are capable of modifying the reflection and transmission of the
incident wave in multiple manners have been recently designed and fabricated, and the label metasurface
has appeared in the electromagnetics literature to cover such advanced surfaces [8]. Generalizing the
traditional frequency-selective surfaces and transmit /reflect arrays [9, 10], these metasurfaces can control
the amplitude and phase of the wavefront in various ways [11], the effects can be nonreciprocal [12],
non-local, or even active [13]. In the optical range of the electromagnetic spectrum, these developments
within the metasurface paradigm are known by labels like planar photonics [14] and flat optics [15].

It is the purpose of the present paper to investigate still uncharted classes of complex
electromagnetic boundaries and surfaces. The treatment is purely theoretical, concentrating on
certain aspects of electromagnetic boundary conditions beyond those in the book [2] by these authors.
Theoretical predictions of unconventional boundaries, like, as example, the perfect electromagnetic
conductor PEMC [16] have found experimental realizations [17], and found practical applications in the
manipulation of properties of electromagnetic waves. The novel class of boundary conditions introduced
in the present paper may be of use in the future design of novel metaboundaries.
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2. GENERAL BOUNDARY CONDITIONS

A typical electromagnetic problem involves solving the Maxwell equations in a region bounded by a
surface with imposed boundary conditions. The most general (linear and local) boundary conditions
(GBC) can be shown to take the form [1,2,18],

e

alcn‘B—i—e—n‘D—i-au-E—i—noblt-H:0, (1)
CMQCH‘B—F@H‘D—FEI%'E+770b2t'H:0, (2)
€o

with
c= 1/\/ Ho€oy Tlo = V/ Mo/ €o- (3)

The unit vector n is normal, and the vectors ay; ... b are tangential, to the boundary surface. They
are dimensionless and so are the scalars aq, as, 81, 2. Because one of the scalar coefficients in each
equation can be chosen, the number of free parameters defining the general boundary conditions is 10.
Realization of a boundary defined by general conditions of the form (1) and (2), in terms of the interface
of a bianisotropic medium, has been discussed in [2], Section 5.14.

In the present paper we assume for simplicity that the boundary surface n-r = 0 is planar, as
defined by a constant unit vector n. Also, we assume that the medium is isotropic with parameters ¢,
and [i,, in which case the boundary conditions (1) and (2) can be rewritten in the simpler equivalent
form [2, 18]

a;-E+by-nH =0, (4)
as-E+by-n,H = 0, (5)

where the four vectors a; ...bs may contain components normal and tangential to the boundary,
a; = apn+a;, b;=byn+by, i=1,2. (6)

It is assumed that Equations (4) and (5) represent two linearly independent conditions, because,
otherwise, they do not define a unique boundary-value problem.

2.1. Special Cases

The boundary conditions (4) and (5) contain a lot of familiar special cases starting from the perfect
electric conductor (PEC), defined by

alt-E:agt-E:(), altxagt;«éo, (7)
and the perfect magnetic conductor (PMC), defined by
blt'H:th'HZO, bltXth?éO. (8)

A straightforward generalization of these two conditions is that of the perfect electromagnetic conductor
(PEMC) [16, 19, 20],
by - (H+ ME) =by, - (H+ ME) =0, 9)

or, in vector form,
nx (H+ ME) =0, (10)

where M is the PEMC admittance.
As other special cases of the GBC conditions (1) and (2) we may add

e The DB conditions [21],
n-D=¢n-E=0, n-B=p,n-H=0. (11)
e The soft-and-hard (SH) conditions [22],
a-E=0, a -H=0. (12)
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e The generalized soft-and-hard (GSH) conditions [23],

a,-E=0, b, -H=0. (13)
e In the EH boundary conditions [2],

a-E=0, b-H=0, (14)

the vectors a and b are not restricted, whence (14) are more general than (13).
e The soft-and hard/DB (SHDB) conditions [24],

a-E+an-n,H=0, an-E—a; -n,H=0, (15)

contain SH and DB conditions (12), (11) as special cases.
e The generalized soft-and-hard/DB (GSHDB) conditions [25],

a-E+an-n,H=0, pn-E+b; -nH=0, (16)

represent a further generalization of (15).
e The impedance conditions

a;-E+by-nH=0, ag -E+by-nH=0. (17)

2.2. Purpose of this Study

In a previous study [1], it has been shown that a boundary defined by the GSHDB conditions (16) has
the following property: any plane wave incident from an isotropic half space to the boundary can be
decomposed in two eigen plane waves, one of which is reflected as from the PEC boundary, and, the
other one, as from the PMC boundary. Since the GSHDB conditions (16) contain (11)-(13) and (15) as
special cases, the same property is shared by all the corresponding boundaries. The converse property
was shown in [1, 2]: if the PEC/PMC decomposition property is required to be valid for the eigenwaves
associated to the GBC conditions (4), (5) (reflection coefficient either +1 or —1), the boundary must
actually satisfy the GSHDB conditions (16). Thus, the generalized soft-and-hard/DB boundary is the
most general boundary with the PEC/PMC equivalence property.

It is the purpose of the present paper to extend this theory by requiring that the reflection
coefficients Ry, R_ corresponding to the two eigen plane waves satisfy R+ = + R, where R is independent
of the angle of incidence (k vector of the incident wave). For the special case of the GSHDB boundary
we have R = 1.

3. REFLECTION OF EIGEN PLANE WAVES

Let us consider time-harmonic plane waves satisfying the plane-wave equations

kxE = knH, (18)
k xn,H = —k,E. (19)
and denote fields incident to, and reflecting from, the boundary surface, respectively by
E'(r) = E'exp(—jk'-r), E"(r) =E exp(—jk" -1), (20)
with (see Figure 1) 4
k' =k; — kyn, k" =k;+ kyn, (21)
k' k' =k" k" = k2 = w’poc,. (22)

Eigen plane waves are defined by requiring that the tangential components of the electric fields at
the boundary satisfy a relation of the form

E] — RE], (23)

i.e., that the incident and reflected fields tangential to the boundary have similar polarization and are
related by of a scalar factor R, the reflection coefficient.
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GBC

Figure 1. Plane wave incident on a surface characterized by a general boundary condition GBC. The
incident and reflected wave vectors k*, k" are decomposed into their tangential and normal components.

Polarizations and reflection coefficients of the eigen plane waves depend on the vector parameters
of the GBC boundary conditions (4), (5). Applying a previous analysis [1, 2], the reflection coefficient
can be shown to satisfy the condition

n- ((1+ R)af, — (1= Rbl, -3 ) x ((1+ R)ag, — (1 - R)by - ) =0, (24)

where we denote

[\
ot

al, = ay + (bin/ko)n X ky,
ah, = ag + (bay/ko)n X ky,

1t = bt — (a1n/ko)n x ky,
bl2t = bat — (

A~~~ /N /~
NN NN
co g O
S— N N N

agn/ko)n X kt,

and

Ji =

<(n x K)k; + k2n x Tt) . (29)
kokn,

Here we assume k,, # 0, which excludes the possibility of lateral eigenwaves, k = k;. The dyadic jt is
known to satisfy the properties [2]

jt -jt = —Tt = —|+nn, (30)
and _ _
(ct - Jt> X (dt - Jt> = ¢, x dy, (31)
valid for any two vectors c;, d; tangential to the boundary. The rule
koknbly - J; = (bit - 1 x k — koain)k; — k20 X by, (32)

for 1 = 1,2, appears useful in the subsequent analysis.

In the general case, the solutions R of Equation (24) depend on the boundary parameters a; ... bg
and the tangential component of the wave vector, k;. Require that the solutions R be independent
of the wave vector sets conditions for the boundary parameter vectors. For example, for the GSHDB
boundary, Equation (24) has the solutions R = +1 and R = —1 for any k; [1].

Equation (24) is of the quadratic form

C2R? + C1R+ Cy = 0, (33)
with
Cy = -(alt—i—b’ j) (aQt—l—b j), (34)
Ci = n (a1t+b j) X (a% 1)
+n- (a’lt i) <a2t+b2t -1), (35)
Co =n- (alt j) X (azt 1). (36)
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For C5 # 0 the two solutions are obtained from

Cy c2 Gy
=4 = - =
e =56, 4C2 Oy (37)

The coefficients Cyp and Cy are closely related. From Equations (34) and (36), we can write

kokn,Co=A—B, kok,Co=A+ B, (38)
with
A = koknn - (a], X a5, + b], X by,), (39)
B = koknn - <a’1t x ( L Jt) —al, % ( A .]t>) . (40)
Expanding these expressions as shown in the Appendix, the three coefficients take the form
-1 . = o
Co = 1 (k: (a1 x a2 + by x by) -k + (bras — boay) : (k,’fl - klkl)) , (41)
2
Cl = 211-(&1 ><a2—b1 sz)_?(al XbQ—‘rbl ><a2)~(n><kt), (42)
Cp— - (k (a1 X a2 + by x by) - k" + (byag — boay) : (k?i - k”kr)) . (43)
kokn °

As a special case, for the GSHDB boundary (16), defined by a1, = b2, = 0 and ay; = by = 0, we have
Cy =0 and Cy = —C5, whence, from Equation (37), Ry = +1.

Let us now concentrate on finding the boundary conditions corresponding to the relation R, =
—-R_.

4. BOUNDARIES DEFINED BY R, = —-R_

From Equation (37) we find that R4 = —R_ is equivalent to the condition
C1 =0, (44)

without any restriction on Cy and Cy. From Equation (42) we obtain the corresponding relation between
the vectors aj ... bo,

kon-(al><a2—b1><b2)—|—(n><(a1><b2+b1><a2))-kt:O. (45)

Requiring this to be valid for any angle of incidence, i.e., for any tangential vector k¢, leads to the two
conditions

n-(a; xag — by x bg) =0, (46)
nX(a1><b2—a2><b1) = 0. (47)
They are respectively equivalent to

ay X ag — by X by = 0, (48)
bonai — binag: + agnbir — arnb = 0 (49)

For the GSHDB boundary (16), these are identically satisfied.

With Equation (44), the condition (33) becomes

CoR? + Cp =0, (50)

whence

Ry = ++/—Cy/Co. (51)
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Requiring that the solution R of Equation (50) be independent of k;, Equation (50) can be split in
the following set of equations relating the boundary parameters a; ...bo and the reflection coefficient
R:

(R? —1)(a; x ag 4+ by x by) xn = 0,

(R2 + 1)n- (bjay + asb; — bga; —ajbs) xn = 0,
(R4 1)n-(a; x ap) = 0,

(R% — 1)(binagn — banaiy,) = 0,

(R? — 1)(bysag + ayby, — baay, — aiby) = 0.

Derivation of this set of equations is given in the Appendix.
Now we can separate three possible cases:

e R2=1
e R2=—-1
e R?# 1 and R? # —1.

In the last case, all expressions in Equations (52)-(56) multiplying (R?—1) or (R?+1) must vanish.
Actually, this corresponds to setting Co = C1; = Cy = 0 in Equation (33), which means that R may
have any value. Ignoring this, we have only two possibilities, either R? = 1, or R? = —1. Each of these
defines a class of boundaries through certain conditions for the vector parameters a; ... bg arising from
Equations (52)—(56). Since it has been previously shown [1,2] that the case R? = 1 corresponds to the
class of GSHDB boundaries defined by Equation (16), let us concentrate on the case R?> = —1, which
yields a second possibility for the class of boundaries satisfying R4 = —R_. In this case, the reflection
coefficients for the two eigenwaves are +j and —j.

N N N N
(1 SN
[S1 IS

S N N N

5. BOUNDARIES DEFINED BY R?= -1

From Equations (52), (55) and (56) we obtain conditions for the boundary corresponding to the case
R+ =-—-R_ = ]

a1p@2; — G2pais + bipboy — bapbyy = 0, (57)
binaoy, — bopai, = 0. (58)
bitas; + astb1y — botay —ajtbo; = 0, (59)

which, together with Equations (48) and (49), define the present class of boundaries.

It has been shown that the case R = 1 corresponds to the class of GSHDB boundaries, for which
the vector parameters satisfy n-a; x ag = 0 and n- by X by = 0, as seen from Equation (16). Similarly,
from Equations (48) and (54) we can conclude that the case R? = —1 corresponds to n - a; x ag # 0
and n - by X bs # 0. Because of this, we can assume that the tangential vectors by, boy and ayy, as;
form two linearly independent pairs, whence we can expand

(b )-s(), (60

for some matrix

Bi1 Bio
B = 1
< Bs1 By ) ’ (61)
defined by four scalars Byj ... Bas. The condition (48) requires
detB = BHBQQ — 312B21 =1. (62)

From Equation (49) we obtain a relation between the normal components of the four vectors as

bin \ _ ( B —Bi ain \ _ _p-1( Gn
<b2n>_ <—B21 B11>(a2n>_ b <a2n>' (63)
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Combining these, we can write
by = Biia; + Bioay — trB ap,n,
by = Bsia; + Basas — trB az,n,

with
trB = B11 + Baa.

Applying Equations (64) and (65), the boundary conditions (4) and (5) take the form

a;-E+ (Bual + Bisag — trB alnn) . 770H = 0,
ay-E+ (Bglal + Bgsag — trBB agnn) ‘noH =0
(

for some vectors aj, as and a matrix B restricted by Equation (62).
Applying Equation (60), Equation (59) becomes

—2Bg1apay + (B — Baz)(anag + axay) + 2Bipagag = 0,
which for aj; X as; # 0 yields
Bio= Boy =0, B =By=B, trB=2B,
for some scalar B. From Equation (62) we obtain
detB = By1Bss — B12Boy = B* = 1.

with two possible solutions B = +1 and B = —1.
From Equations (64) and (65) we obtain the corresponding possibilities,

by = a;; —nay,, by =ay —nag,,

and
by = —ay; + nay,, by = —ay + nay,.

43

Equations (57) and (58) are now satisfied for any given vectors a; and az. Substituting Equation (72)

or (73), the conditions (46), (47) and (52)—(56) are also satisfied.

Thus, the above analysis offers two possibilities for the boundary conditions corresponding to the

case R? = —1,
alt - (E + noH) +aipn - (E - 770H) = 07
agg - (E + %H) + agpn - (E - noH) =0,
and
ajg - (E - 770H) + appn - (E + noH) =0,
ag - (E—nH) + agyn - (E +n,H) = 0.

The conditions (74), (75) can be expressed in vector form as

n x (E+n,H) +pm - (E —noH) =0,
and the conditions (76), (77) as

n x (E —n.H) +pm - (E+7,H) =0,

with
1
Py = I(al X az) X n,= I(alnaQt — agpaiy),
n n
A, = n-aj x as.
In the present case R? = —1 we have assumed A,, # 0.

In the special case of impedance boundaries, the boundary parameters satisfy a1, = a2, = 0, which

corresponds to p;, = 0. In this case, the condition (78) becomes

n x (E+n,H) =0,

(82)
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and, the condition (79) becomes
n x (E—n,H) =0. (83)

Equations (82) and (83) equal special cases of the PEMC boundary conditions (9), with admittances
M =1/n, and M = —1/n,, respectively. The reflection coefficients for the two eigenwaves at the general
PEMC boundary are known to have the form [2], Equation (2.38),

_ 1£j5Mn,

1F 3Mn, ’

which satisfies R_%E = —1 for both M7, =1 and Mn, = —1.

One can easily verify that, for both of the boundary conditions (78) and (79), the two solutions for

the reflection coefficient Equation (33) satisfy both Ry = —R_ and R% = —1. The details are given in
the Appendix.

In conclusion, requiring that the reflection coefficients Ry and R_ of the two eigenwaves satisfy

the condition R, = —R_ = R, with R? = —1 for any angle of incidence, the boundary is defined either
by the condition (78) or (79).

Ry (84)

6. EXTENDED PEMC BOUNDARIES

The conditions (78) and (79) are special cases of the vector condition
nx (ME+H)+pmn-(ME—-H) =0, (85)

defining what can be called the class of Extended PEMC (EPEMC) boundaries. The class depends on
two parameters, a scalar M and a vector p,. The boundary vector parameters corresponding to (85)
are

by = (ais — na,)/Mn,, ba = (az — naz,)/Mn,. (86)

For p, = 0, the condition of the EPEMC boundary (85) is reduced to that of the PEMC boundary (9),
in which case the parameter M equals the admittance of the PEMC boundary.

Because Equations (78) and (79) are special cases of Equation (85), respectively corresponding to
M =1/n, and M = —1/n,, they can be called conditions of the EPEMC; and EPEMC_ boundaries,
respectively. For p;, = 0 both of them are reduced to the corresponding special PEMC boundaries.

It has been previously shown that a plane wave incident normally to the PEMC boundary is
reflected cross polarized, i.e., satisfying Ey - E; = 0, exactly when the PEMC admittance satisfies either
Mn, =41 or = —1 [2]. It will turn out that the same property is valid for the EPEMC boundary.

6.1. Matched Waves

By definition, a plane wave is matched to a boundary when the boundary conditions are identically
satisfied for the single plane wave, i.e., there is no reflected wave [2]. Applying the plane-wave equations
(18) and (19), the conditions of the EPEMC; and EPEMC_ boundaries, (78) and (79), can be
respectively expanded as

kon x (E+n,H) = —pn - ko(E — n,H)

= —piki - (n x (E+nH)), (87)
kon x (E—n,H) = —pn - ko(E + n,H)
= p/ki - (n x (E —nH)). (88)

Thus, the conditions for the matched waves at the respective EPEMC, and EPEMC_ boundaries
become

(k:jt + ptkt> ‘(nx (E+nH)) = 0, (89)

(ol = pikt) - (m x (B~ 5,H)) = 0. (90)

Let us consider these two cases separately.
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6.1.1. EPEMC4 Boundary
From Equation (89) we have two possibilities: either
nx (E+n,H) =0, (91)

or the two-dimensional dyadic in Equation (89) has no inverse.
In the latter case, the two-dimensional determinant of the dyadic must be zero [2,26], whence

]:Otl" (k(jt + Ptkt)(Z) =ko+p; ke =0, (92)
which is the dispersion equation of the matched wave. Because the dyadic can be expressed as
Foly + p.k: = k¢ % (pt X Tt) =—(nxk)(nxpy), (93)
from Equation (89) the fields of the matched wave must satisfy
(mxpy) - (nx (E+nH) = p; - (E+noH) = 0. (94)

Applying the orthogonality k - (E 4+ n,H) = 0, the fields of the matched wave corresponding to the
dispersion Equation (92) must satisfy

E + n,H = Ak x p,, (95)

for some scalar A. Multiplying this by kx and applying Equations (18) and (19), polarizations of the
fields in the matched wave can be represented in the form

A
B = Gkl x py) — ko x (k x py) (96)
A
Mo = (I x py) 4 K x (1 x ). (97)
o
Considering the case (91), from Equation (78) we obtain
n-(E—-nH)=0. (98)

Applying Equations (18) and (19) to Equation (91), we can expand
kon x (E+n,H) = n x (~k x n,H+ k x E)
=kn-(E—-1nH)— (n-k)(E—n,H)

= —(n-k)(E—nH)=0. (99)
Thus, the second possible matched wave is governed by the dispersion equation
n-k=0, (100)

which corresponds to a lateral wave. From Equation (98) and k - (E — n,H) = 0, the fields of the
matched wave corresponding to the dispersion Equation (100) must satisfy

E —n,H = Bn x k, (101)

for some scalar B. Applying again Equations (18) and (19), polarizations of the fields in the matched
wave can be represented in the form

B
E:% (k x (n x k) + kon x k) (102)
B
neH = (k x (n x k) — kon x k). (103)

2k,
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6.1.2. EPEMC_ Boundary

This case can be handled similarly. From Equation (90), for n x (E —n,H) # 0, the dispersion equation
becomes

ko - pt . kt - O (104)
From
Pt - (E - 770H) =0, (105)
the fields must satisfy
E - 5,H = Ck x p,, (106)
for some scalar C'. Applying Equations (18) and (19), polarizations of the fields are obtained as
C
E = - (kx (kxpy)+kok x py), (107)
C
noH = ok (k x (k x p;) — kok x py). (108)

For the other possibility n x (E — n,H) = 0, the matched wave is again a lateral wave with the
dispersion Equation (100). From Equation (79) we now obtain

n-(E+nH) =0, (109)
whence
E+nH=Dnxk (110)
for some scalar D. The field polarizations become
D
E = ﬁ(l{onxk—kx (n x k)), (111)
D

In conclusion, both of the EPEMC, and the PEMC_ boundaries have two sets of matched waves.
One wave of each set is independent of the vector parameter p,, and the dispersion Equation (100) is
that of a lateral wave, with no restriction to the wave vector k along the boundary plane. Also, the
field polarizations of the two lateral waves, Equations (102), (103) and (111), (112), are independent of
p;- The other matched waves obey dispersion Equations (92) and (104), which depend on p, and so do
the corresponding field polarizations, Equations (96), (97) and (107), (108).

6.2. Reflection of Plane Waves

Let us finally consider plane-wave reflection from the EPEMC, and EPEMC_ boundaries, defined by
Equations (78) and (79).

Applying Equations (18) and (19), the sum of incident and reflected fields, at the EPEMC
boundary can be shown to satisfy

kon x (E' + n,H' + E" + n,H")
= —pn-k, (EZ —n,H' + E" — noHr))
= pm- (k' x (E' +n,H") + k" x (E" 4+ n,H"))
= —pk-nx (E +nH +E +nH"). (113)
The result can be written as
(kjt + ptkt) ‘0 x (B + n,H + E +nH") =0. (114)
Omitting the case when k satisfies the dispersion Equation (92) of the matched wave, the dyadic in

Equation (114) has a two-dimensional inverse. In this case, the fields at the boundary must satisfy

nx (E'+E" +n,(H +H")) =0, (115)
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for any vector p,. Actually, Equation (115) equals the boundary condition of the PEMC boundary (10),
for M = 1/n,.
The EPEMC_ boundary can be handled similarly by starting from the condition (79), leading to

(k;(jt - ptkt> ‘nx (B —n,H + E - 5,H") =0, (116)

whence the result (115) will be replaced by
nx (E'+E" —n,(H +H")) =0, (117)
for any vector p,. Again, this equals the boundary condition of the PEMC boundary (10), for
M :T_ols/tgtr)l‘marize, the class of boundaries defined by the property R? = —1 consists of two subclasses,

EPEMC, and EPEMC_, which are equivalent in reflection to two subclasses of PEMC boundaries,
respectively defined by M =1/n, and M = —1/n,, for any vector p;.

As an example, let us consider a plane wave with normal incidence, k" = —k' = nk,, reflecting from
an EPEMC boundary. The fields are tangential to the boundary: n-E' =n-E" =0, n-H'=n-H" = 0.
From Equation (85), the reflected field can be expressed as

r 1 2 9 1 T )
whence ) S
Er . E’L — C(El . EZ), (119)
where C, defined by
Mzng -1
7 o™~ 12
¢ M2 41 (120)

is a measure of copolarization in the reflected field. This function is depicted in Figure 2.

Figure 2. Visualization of the co-polarization quantity C' of Equation (120), as a function of the
parameter M1, for a normally incident plane wave reflecting from an EPEMC boundary defined by
(85). The reflected field is co-polarized for Mn, = 0 (PMC) and Mn, — too (PEC) while, for Mn, = 1
(EPEMC,) and Mn, = —1 (EPEMC_), the reflected field is cross polarized, C' = 0.

The reflected field appears cross polarized when E"-E* = 0, or C = 0. This happens for M7, = £1,
i.e., when the EPEMC boundary is either EPEMC_, or EPEMC_. The same property is known to exist
for PEMC boundaries with M = 1/n, or M = —1/n, ([2], Section 2.4). For M =0 (PMC, C = 1) and
M — +o0o0 (PEC, C = —1), the reflected field is totally copolarized. Note that, for a circularly polarized
incident wave, satisfying E' - E* = 0, from Equation (118) we have E" - E' = 0 for any M # +j/n,.
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7. CONCLUSION

The problem considered in this paper has been to generalize the property of the class of electromagnetic
boundaries known as that of generalized soft-and-hard/DB (GSHDB) boundaries. The class of
boundaries is known to possess the unique property that the two eigen plane-waves associated with
the boundary are reflected with reflection coefficients Ry = 1 and R_ = —1 for any angle of incidence.
Such a property has been called PEC/PMC equivalence, because the two eigenwaves are reflected as
from a PEC or a PMC boundary. In the present case, the possibility of a class of boundaries with a
more general property was studied by requesting that the reflection coefficients of the two eigenwaves
satisfy a condition of the form Ry = +R, where R is independent of the angle of incidence.

It was shown that, under this condition, R must be either 1 or j. While the former case corresponds
to the class of GSHDB boundaries, the latter case was shown to correspond to another class of boundaries
defined by two possible sets of boundary conditions, (78) and (79). Both of these were shown to
be special cases of a more general class of Extended Perfect Electromagnetic Conductor (EPEMC)
boundaries defined by conditions of the form Equation (85), depending on a scalar M and a vector p,
tangential to the boundary surface. The two special cases of Equation (85) were respectively called
EPEMC, and EPEMC_ boundaries as they correspond to the special parameter values M = 1/7, and
M = —1/n,, respectively. For p, = 0, the EPEMC boundary is reduced to the PEMC boundary with
M equal to the PEMC admittance. Matched waves and plane-wave reflection properties were studied
for both EPEMC, and EPEMC_ classes of boundaries. While the matched waves depend on the p;
vector, reflection of the eigenwaves does not. Actually, in reflection, the EPEMC, and EPEMC_ classes
of boundaries are equivalent to the corresponding classes of PEMC boundaries defined by the respective
admittance values M = 1/n, and M = —1/n,, for any vector p;.

APPENDIX A. EXPANDING A AND B

Applying Equation (32), we can expand the expressions (39) and (40) as
A = kokpn - (a1 X ag + by X be) + k,n - (boa; — bjas + ajby — agby) - ky
= kokpn - (a1 X ag + by X by) — (bjag — beay) : ky, (nk; + kin) , (A1)
B = (blay —byay) : (n x k) (n x k) + &7 (ay, - by, —af, - by)

= (bj,ay — byal) : (kﬁh - ktkt) . (A2)
Substituting
1185 — bya;; = byag — byay

1
+kj ((bapb1r — bipbo) n X k —n x k (a1pa — aznany))

‘k-lg (a1nbom — aznbin) (0 x K) (1 x k), (A3)
we obtain
B = (bias — boay) : (kth - ktkt>
+ko (bapby — binbe — arpas + agpar) - (0 x k) — (a1n,b2n — asnbin) k2,
— (bjas — boay) : (kgT ik — kgnn) + ko (a1 X as + by x by) - ky. (A4)
These can be combined as
A+ B = +k,(a; x ag + by x bg) - (k; + k,n)

+ (bras — boay) : (k;gT — kek; — k2nn F ky, (nk, + ktn)>
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= *k, (a1 X ag + by X bg) . (kt + knn)

+ (bras — boay) - (kgT — (k¢ = knn) (ke £ knn)) (A5)
Thus, we can finally write
koknCo = —ko (1 X a2 + by x by) - ki — (bjas — boay) : (k?j - kiki) , (A6)
and
koknCa = ko (a1 X as + by x ba) - kK + (bjas — boay) : (kzgi - k?‘kf) . (A7)

APPENDIX B. EXPANDING CONDITION (50)

Applying Equations (41) and (43), the condition (50) can be expressed in compact form as

(R? —1) (K, + K¢) + (R* + 1) (Lo + L) = 0, (B1)

with terms odd in k¢,
K, =k, (a1 X ag + by X bg) - k¢ (B2)
L, = —kyn- (bjas + asb; — bsa; —ajbs) - ky, (B3)

and, terms even in k;
K. = (bjas — boay) : (kgit ek + (ke - k) nn) (B4)
Le = 2kpkon - (a1 X ag). (B5)

For Equation (B1) to be satisfied for any k;, parts odd and even in k; must vanish separately. This
leads to the respective conditions
(R? = 1)K, + (R*+1) L, = 0, (B6)
(R* —1) K¢ + (R +1) L, = 0. (B7)
As a special case, for the GSHDB boundary (16) with a; = a;, by = an, a; = fn and by = by,
we find L, = 0 and L, = 0. Since a; and b; may be any tangential vectors and «, § any scalars, K,
and K, are nonzero. Thus, both Equations (B6) and (B7) yield R? = 1, or R+ = %1, a result known
from [2, 25].
Let us consider the general case. For Equation (B6) to be valid for any polarization of k;, we must
have
(R2—1)k‘o(a1 X as + by Xb2) X n
— (R2 + 1) k,n - (b1a2 + asb; — boa; — albg)) xn =0. (Bg)

Since only the second term depends on k; (through k), the two terms must vanish independently,
whence we can write
(R? — 1) (a1naz — agnars + binba — banby) = 0, (B9)
(R* + 1) (bipag + aznbiy — bapary — a1, bay) = 0. (B10)

These two conditions correspond to Equation (B6). Similarly, Equation (B7) can be split in three
conditions, based on different orders of magnitude in k¢, as

(R* —1) (bjaz — boay) : I, = 0, (B11)
(R*+1)n-(a; x ay) = 0, (B12)
(R* - 1) (bras — boay) : (kek¢ — (k¢ - ky) nn) = 0. (B13)

The condition (B13) can be further split in two parts because one of the terms does not depend on the
polarization of ki,

(R* = 1) (bjaz — boay) : keky = 0, (B14)
(R2 - 1) (blnagn - bgnaln) = 0. (B15)
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Setting k; = kj + k' in (B14), we obtain
(R* — 1) (bias — boay) : (kik} +k/k}) =0, (B16)
which must be valid for any k} and k}, whence Equation (B16) equals the dyadic condition
(R?* — 1) (byrag + agtbiy — byai; — apbay) = 0. (B17)

Since the trace of Equation (B17) covers the condition (B11), the latter can be omitted.
In conclusion, the medium parameters aj ...bs and the reflection coefficient R must satisfy the
conditions (B9), (B10), (B12), (B15), and (B17)

APPENDIX C. EXPANDING C; =0

Let us find the conditions for the boundary parameters aj ...bs in the case when the coefficient Cy
vanishes for all wave vectors k;. Because the second term of Equation (42) changes sign in k; — ky,
from C7 = 0 we obtain the two conditions

n-(a; xag — by xbg) =0, (C1)
(a1><b2+b1><a2)><n:(). (02)

Assuming n - a; x as # 0, the tangential vectors aj¢, as; make a planar basis and we can expand
b1 Bi1 Bio ayy
= . C3
< by ) ( Bo1 Ba ag (C3)

B11B22 — 312321 =1. (04)

Inserting in (C1), we obtain

Expanding (C2) as
a1pbat — bapais + bipag — az,biy =0, (C5)

and applying Equation (C3), with aj; x as; # 0, after some steps we obtain the expansion

-1
bin \ _ ( —B22 B2 ain \ _ _ ( Bu B ain (C6)
ban By —Bn azn By Ba azn )

In conclusion, vectors by and bg, depending through Equations (C3) and (C6) on any vectors a; and ag
whose tangential components are linearly independent, in terms of any parameters By ... Bao satisfying
Equation (C4), yield C7 = 0 for any k;.

APPENDIX D. VERIFYING EPEMC; AND EPEMC_ BOUNDARY CONDITIONS

Let us verify that the EPEMC, boundary conditions (74) and (75), and the EPEMC_ boundary
conditions (76) and (77), depending on the two vectors a; and ag, both correspond to the property
RY =-1.

Substituting Equations (72) and (73) and expanding

a; X ag = ajy X ag +n X (a1pa9 — agpaie), (D1)
by X by = ajy X ags — n X (a1pa — agpany), (D2)
we obtain
n-(a; x ag — by X bg) =0. (D3)
Similarly, we can expand
(a1 X ba + by X ag) X n = £(a1pag + agpay — aipdg — agpagy) = 0. (D4)

Substituting these in Equation (42) we obtain
Cy =0, (D5)
which, from Equation (37), ensures the validity of the condition Ry = —R_.



Progress In Electromagnetics Research B, Vol. 94, 2021 51

Further, we can expand
a; X ag + by x by = 24,n, (DG)
bjas —bsa; = FA4, <Il x 14 np; + Ptn) ; (D7)

with the upper sign corresponding to EPEMC,., and the lower sign to EPEMC_, boundary conditions.
Substituting these in Equations (41) and (43) yields

—9n -k’

Co = WAn (ko tp;- kt) ) (D8)
on - k"

Cy = T A (ko £ py - kt) = Co, (D9)

whence, from Equation (37), the possible reflection coefficients are j and —j for both of the EPEMC
and EPEMC_ conditions.

REFERENCES

1. Lindell, I. V. and A. Sihvola, “Electromagnetic boundaries with PEC/PMC equivalence,” Progress
In Electromagnetics Research Letters, Vol. 61, 119-123, 2016.

2. Lindell, I. V. and A. Sihvola, Boundary Conditions in Electromagnetics Wiley and IEEE Press,
Hoboken, N.J., 2020.

3. Hoppe, D. J. and Y. Rahmat-Samii, Impedance Boundary Conditions in Electromagnetics, Taylor
& Francis, Washington, DC, USA, 1995.

4. Senior, T. B. A. and J. L. Volakis, Approximate Boundary Conditions in FElectromagnetics, IEE,
London, U.K., 1995.

5. Sievenpiper, D., L. Zhang, R. F. J. Broas, N. G. Alexopolous, and E. Yablonovitch, “High-
impedance electromagnetic surfaces with a forbidden frequency band,” IEEE Transactions on
Microwave Theory and Techniques, Vol. 47, No. 11, 2059-2074, Nov. 1999.

6. Fong, B. H., J. S. Colburn, J. J. Ottusch, J. L. Visher, and D. F. Sievenpiper, “Scalar and tensor
holographic artificial impedance surfaces,” IFEE Trans. Antennas Propag., Vol. 58, No. 10, 3212—
3221, Oct. 2010.

7. Kildal, P.-S., “Artificially soft and hard surfaces in electromagnetics,” IEFE Trans. Antennas
Propagat., Vol. 38, No. 10, 1537-1544, Oct. 1990.

8. Holloway, C. L., E. F. Kuester, J. A. Gordon, J. O’'Hara, J. Booth, and D. R. Smith, “An overview
of the theory and applications of metasurfaces: The two-dimensional equivalents of metamaterials,”
IEEE Antennas Propag. Mag., Vol. 54, No. 2, 10-35, Apr. 2012.

9. Munk, B., Frequency Selective Surfaces: Theory and Design, Wiley, New York, 2000.

10. Maci, S. and A. Cucini, “FSS-based EBG metasurfaces,” Metamaterials: Physics and Engineering
Ezplorations, ed., N. Engheta and R. Ziolkowski, IEEE, Piscataway, NJ, 2006.

11. Gok, G. and A. Grbic, “Tailoring the phase and power flow of electromagnetic fields,” Phys. Rev.
Lett., Vol. 111, 233904, 2013.

12. Lavigne, G. and C. Caloz, “Magnetless reflective gyrotropic spatial isolator metasurface,” New
Journal of Physics, Vol. 23, No. 7, 1-11, Jul. 2021.

13. Monticone, F., C. A. Valagiannopoulos, and A. Alu, “Aberration-free imaging based on parity-time
symmetric nonlocal metasurfaces,” Phys. Rev. X, Vol. 6, 041018, 2016.

14. Kildishev, A. V., A. Boltasseva, and V. M. Shalaev, “Planar photonics with metasurfaces,” Science,
Vol. 339, 1232009, 2013.

15. Yu, N. and F. Capasso, “Flat optics with designer metasurfaces”, Nature Mater., Vol. 13, 13950,
2014.

16. Lindell, I. V. and A. Sihvola, “Perfect electromagnetic conductor,” Journal of Electromagnetic
Waves and Applications, Vol. 19, No. 7, 861-869, 2005.



52

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Lindell and Sihvola

Shahvarpour, A., T. Kodera, A. Parsa, and C. Caloz, “Arbitrary electromagnetic conductor
boundaries using Faraday rotation in a grounded ferrite slab,” IFEE Trans. Microwave Theory
Tech., Vol. 58, No. 11, 2781-2793, 2010.

Lindell, I. V. and A. Sihvola, “Electromagnetic wave reflection from boundaries defined by general
linear and local conditions,” IEEE Trans. Antennas Propag., Vol. 65, No. 9, 4656-4663, 2017.
Lindell, I. V. and A. Sihvola, “Transformation method for problems involving Perfect
Electromagnetic Conductor (PEMC) structures,” IEEE Trans. Antennas Propag., Vol. 53, No. 9,
3012-3018, 2005.

Lindell, I. V. and A. Sihvola, “Generalization of perfect electromagnetic conductor boundary,”
IEEE Trans. Antennas Propag., Vol. 68, No. 11, 7406-7413, 2020.

Lindell, I. V. and A. Sihvola, “Electromagnetic boundary condition and its realization with
anisotropic metamaterial,” Phys. Rev. E, Vol. 79, No. 2, 026604 (7 pages), 2009.

Kildal, P.-S., “Definition of artificially soft and hard surfaces for electromagnetic waves,” Electron.
Lett., Vol. 24, 168-170, 1988.

Lindell, I. V., “Generalized soft-and-hard surface,” IEEE Trans. Antennas Propag., Vol. 50, No. 7,
926929, Jul. 2002.

Lindell, I. V. and A. Sihvola, “Soft-and-hard/DB boundary conditions realized by a skewon-axion
medium,” Trans. IEEE Antennas Propag., Vol. 61, No. 2, 768-774, 2013.

Lindell, I. V. and A. Sihvola, “Generalized soft-and-hard/DB boundary,” Trans. IEEE Antennas
Propag., Vol. 65, No. 1, 226-233, 2017.

Lindell, I. V., Methods in Electromagnetic Field Analysis, 2nd Edition, Wiley, New York, 1995.



