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Anisotropy Analysis of the 3D-Radial Point Interpolation Method
in Lossy Media

Naamen Hichem1, *, Ajmi B. H. Hamouda2, and Taoufik Aguili1

Abstract—This paper presents the general numerical dispersion relationship for the three-dimensional
(3-D) Radial Point Interpolation (RPIM) method in lossy media. A similar analysis has also been
carried out and compared with the traditional Finite-Difference Time-Domain (FDTD) method. Both
methods investigate dispersion, numerical loss, and anisotropy versus electric conductivity. The RPIM
reveals lower numerical loss errors (NLE) over a wide conductivity range at the considered frequency.
Furthermore, the numerical experiments show that a slight increase in the conductivity, for the lossless
case, has almost removed the numerical anisotropy dispersion, which improves the numerical resonance
frequency precision. Therefore, this effect can be used as an anisotropy optimization technique for
lossless media. Based on a close examination of the experimental results around the resonant frequency,
the numerical error for the lossless case was divided by ten. As a result, the experimental and theoretical
resonance frequencies are found to be in good agreement.

1. INTRODUCTION

A variety of typical engineering applications look to numerical simulation techniques for solving
practical and complex problems [1, 2], as well as for solving Maxwell’s equations in the time domain for
electromagnetic modelling purposes. Among these methods, RPIM is technically a meshless method [2],
where spread nodes within a domain are either structurally unconnected, uniformly, or randomly
distributed, but are connected inherently through shape functions that convey the detailed geometry.
Hence, multiscale node distributions based on selective finite discretization are used for modelling
complex geometries in fairly precise detail [3]. Additionally, adaptive refinement is an advantage that
arises from the simplicity in the distribution of nodes, which may enhance simulation accuracy [4, 5].
It should also be noted that the derivatives of the E/H shape functions, calculated by interpolation,
provide a numerical alternative to estimate the spatial curls [6] in steady-state Maxwell’s equations.

The finite-difference scheme involved in classical numerical mesh methods generates, in a
deterministic approach, numerical dispersion induced by the phase velocity variation as a function
of frequency, numerical anisotropy characterized by the phase velocity varying with the propagation
direction, and numerical dissipation causing amplitude errors [7]. Thus, the numerical anisotropy is
a spectral concept which results in the spatio-temporal domain by a distortion of the wave [20, 21].
By transcending the finite-difference scheme, numerical dispersion of RPIM comes directly from
interpolating the unknown fields over the shape functions under study.

A study of RPIM numerical dispersion has been carried out in [8] by applying the spectral Fourier
transform to the time-stepping equations for the leapfrog scheme. To reveal its specific characteristics,
the dispersion analysis of RPIM in a 3D problem involving a lossy media is needed, since the wavenumber
is complex [9]. However, this differs from the assumption of lossless media that involves purely
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real wavenumbers. The transition matrix ensures the temporal evolution of the fields in the whole
domain. The basic procedure for the numerical dispersion analysis involves the substitution of a plane,
monochromatic, travelling electromagnetic wave into these leapfrog meshless RPIM formulations. Thus,
the numerical dispersion relation is derived that relates the numerical wave vector components, wave
frequency, time-step, and spatial resolution. Such a procedure is pursued for the RPIM and FDTD.
The dispersion relation is numerically solved using Newton’s method [10].

Therefore, by analysing numerical RPIM dispersion and dissipation characteristics, the numerical
phase error NPE, numerical loss error NLE, numerical anisotropy loss Al, and dispersion Ad are
calculated as functions of the media conductivity in different directions. Having numerically derived
their respective dispersion relations, the results are compared with those obtained using the FDTD
procedure. Our numerical results indicate that the RPIM has higher accuracy in a wide conductivity
range, despite a trade-off between their inner dispersion characteristics. For both methods at the
considered frequency, the numerical anisotropy dispersion reaches zero when the electric conductivity
equals 0.0288 S/m. This behaviour is exploited in the RPIM in order to minimize numerical anisotropy
dispersion in lossless media.

2. RADIAL POINT INTERPOLATION METHOD (RPIM) ALGORITHM

Let u(X) be a scalar function defined in the problem domain. By forcing the interpolation function
to pass through the function values at every node within the defined support domain, the RPIM
interpolates u(X) around every node X(x, y, z). Using polynomial basis functions in the RPIM, the
field variable functions are interpolated as follows:

u(X) =

i=N∑
i=1

Ri(X)ai +

j=M∑
j=1

Pj(X)bj , (1)

where Ri(X) and Pj(X) are radial and polynomial basis functions, respectively. ai and bj are the
associated interpolation coefficients to be determined. N and M are the numbers of basis functions and
polynomial basis terms, respectively, in the support domain. The Gaussian function is selected to be
radial, with shape parameter α to adjust the decaying degree. Thus, the radial basis function (RBF )
is given by:

rn(X) = exp
[
−α (r/rmax)

2
]
, (2)

where r =
√

(x− xn)2 + (y − yn)2 + (z − zn)2 is the distance between the point of interest X and a
node at Xn(xn, yn, zn), and rmax is the maximum distance between the selected point to be interpolated
and the nodes in the support domain. Usually the number N of radial basis terms is greater than M .
Thus, linear monomial basis functions with four terms (M = 4) are adopted to build the polynomial
basis [1, x, y, z]. Therefore, at the point X, Equation (1) can be written:

u(X) = RT(X)a+PT(X)b, (3)

where a and b are coefficient vectors. T denotes the matrix transpose symbol; RT(X) and PT(X) are
radial and polynomial basis vectors, respectively, given by:

RT(X) = [ r1(X), r2(X), . . . , rN (X)] , (4)

PT(X) = [ p1(X), p2(X), p3(X), p4(X)] = [1, x, y, z] . (5)

A linear system is built by forcing u(X) to pass through every scattered node in the field’s support
domain at the point of interest X. This formulation relates the accurate values of field variables at the
N nodes in the support domain to the unknown interpolation coefficients. The linear algebraic system
expressed as a matrix equation is given by:

Us = R0 · a+P0 · b, (6)

where Us is the vector that collects the field component values at the N nodes; R0 and P0 are moments
matrices combining the radial basis R(X) and polynomial ones P(X), respectively, and evaluated at
the N nodes within the support domain. The polynomial terms of the basis functions must support an
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additional condition to ensure a unique solution for the set of homogeneous equations [5]. Therefore,
the following condition should be satisfied:

PT
0 · a = 0. (7)

Equations (6) and (7) can be recast into matrix form:

G

(
a
b

)
=

(
R0 P0

PT
0 0

)(
a
b

)
=

(
Us

0

)
. (8)

The moment matrix R0 is N ×N , and the matrix P0 is an N ×M . Since R0 is symmetric, the system
of block matrix G will be too. If G is invertible, the corresponding solution is unique for interpolation
vectors a and b. By exploiting the non-singular property of matrix R0, we obtain:

b = SbUs, Sb =
[
PT

0R
−1
0 P0

]−1
PT

0R
−1
0 , (9)

a = SaUs, Sa = R−1
0 −R−1

0 P0Sb. (10)

In summary, the interpolation Equation (1) is written, in a vector form as:

u(X) =
[
RT(X)Sa +PT(X)Sb

]
Us = Φ(X)Us. (11)

The vector Φ(X) is an N -tuple whose entries are the shape functions:

Φ(X) = RT(X)Sa +PT(X)Sb = [ϕ1(X), ϕ2(X), . . . , ϕN (X)] , (12)

and ϕk(X) is the kth-node shape function in the considered support domain, expressed as:

ϕk(X) =
i=N∑
i=1

Ri(X)Sa
ik +

j=M∑
j=1

Pj(X)Sb
jk. (13)

Here Sa
ik and Sb

jk are the (ik) and (jk) elements of constant matrices, respectively. Thus, the derivatives
of shape functions can be deduced analytically. With ξ = x, y or z, we find:

∂ϕk
∂ξ

(X) =

i=N∑
i=1

∂Ri

∂ξ
(X)Sa

ik +

j=M∑
j=1

∂Pj

∂ξ
(X)Sb

jk. (14)

Since RBF has a Gaussian form, the first derivative in Equation (14) is readily calculated, giving:

∂Ri

∂ξ
(X) =

−2α

r2max

(ξ − ξi)Ri (x, y, z) . (15)

3. RPIM MAXWELL’S EQUATIONS IN LOSSY MEDIA

To implement the meshless RPIM technique in three dimensions, one must define two complementary
sets of electric field nodes (E-nodes) and magnetic field nodes (H-nodes). However, in contrast to the
FDTD method, all three components of the electric field are placed at the same E-node. The same
applies to the magnetic field. The coupling aspect of electric and magnetic field components requires
that each E-node should be surrounded by H-nodes and vice-versa [19].

In this paper, E-and H-nodes are spread similarly to the point-matched time-domain finite-element
method [11]. Hence, each (i, j, k) E-node is surrounded by eight H-nodes, four at each of the (k− 1/2)
and (k + 1/2) planes. In summary, we have selected eight surrounding H-nodes in the support domain
of E-node and vice versa [13]. The ideal distribution of nodes is obtained with a high number of nodes
per support domain, but this will increase the computational cost through the corresponding shape
functions. For 3D problems, the minimal number of nodes per support domain is eight [Fig. 11] and
four for 2D problems. The grids used by the RPIM are not necessarily regular as for the FDTD since
they match the edge of the curves and avoid the problem of discontinuity (at the staircase) encountered
in the FDTD. Once the dual node distributions have been generated in the 3D domain, the E/H shape
functions with their derivatives are approximated using Equations (13) and (14). Thus, eight H-node
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fields belonging to the E-node support domain will update the E-node field and vice versa [13]. The
topological node connectivity is handled by processed shape functions with minimal loss of geometrical
information.

The electromagnetic fields are considered in a sourceless region, filled with linear, isotropic, non-
dispersive, and lossy medium. In Cartesian coordinates, the time-dependent 3DMaxwell’s curl equations
in differential form are stated as:

∇∧ H⃗ =M ε
∂E⃗

∂t
+MσE⃗, (16)

∇∧ E⃗ = −Mµ
∂H⃗

∂t
−Mσ∗H⃗. (17)

Here M ε = diag{εx, εy, εz}, Mµ = diag{µx, µy, µz}, Mσ = diag{σx, σy, σz} and Mσ∗ = diag{σ∗x, σ∗y , σ∗z}
are diagonal matrices with positive real elements composed of permittivity ε, permeability µ, electric
conductivity σ, and equivalent magnetic loss σ∗.

A second-order centered difference approximates [∂E⃗/∂t]n+1/2 and [∂H⃗/∂t]n by (E⃗n+1 − E⃗n)/∆t

and (H⃗n+1/2− H⃗n−1/2)/∆t, respectively; i.e., E⃗n+1/2 and H⃗n are estimated with second-order accuracy
using the averages of the electric field at time levels n and n+1, and the magnetic field at time levels

n−1/2 and n+1/2, respectively [12]. After several rearrangements, E⃗n+1 and H⃗n+1/2 at the E/H-node

of interest X
E/H
i lead to the following equations:

E⃗n+1(XE
i ) =

[
2M ε +∆tMσ

]−1[
2M ε −∆tMσ

]
E⃗n(XE

i )

+2∆t
[
2M ε +∆tMσ

]−1{∇ ∧ H⃗n+1/2}(XE
i ), (18)

H⃗n+1/2(XH
i ) =

[
2Mµ +∆tMσ∗

]−1[
2Mµ −∆tMσ∗

]
H⃗n−1/2(XH

i )

−2∆t
[
2Mµ +∆tMσ∗

]−1{∇ ∧ E⃗n}(XH
i ). (19)

Equation (11) permits the interpolation of H⃗n+1/2 and E⃗n components over the H/E-shape functions
inside their associate local support domains, leading to:

{∇ ∧ E⃗n}(XH
i ) =

j=N∑
j=1

{∇ ∧ ϕEj }(XH
i )E⃗n

j = CEE⃗
n, (20)

{∇ ∧ H⃗n+1/2}(XE
i ) =

j=N∑
j=1

{∇ ∧ ϕHj }(XE
i )H⃗

n+1/2
j = CHH⃗

n+1/2,

with

CE =


0E −ϕEz ϕEy

ϕEz 0E −ϕEx
−ϕEy ϕEx 0E

 , CH =


0H −ϕHz ϕHy

ϕHz 0H −ϕHx
−ϕHy ϕHx 0H

 . (21)

The superscript n is a temporal index; 0E/H is the null matrix of appropriate dimensions; CE and CH

are block matrices computed during the RPIM algorithm implementation and thoroughly described

in [13]. The elements ϕ
E/H
ξ of CE/CH are matrices collecting spatial E/H shape function derivatives

for ξ = x, y, or z, for spread E/H nodes, evaluated at different X
H/E
i nodes, respectively, and defined

as: [
ϕ
E/H
ξ

]
i,j

= ∂ξϕ
E/H
j (X

H/E
i ). (22)

After some algebraic manipulations, we cast Equations (18) and (19) into more compact vector-matrix
form as:

E⃗n+1 = A1E⃗
n +A2 CH · H⃗n+1/2, (23)

H⃗n+1/2 = B1H⃗
n−1/2 −B2 CE · E⃗n. (24)
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A1, A2, B1, and B2 are constant diagonal matrices, expressed as:

A1 =
[
2M ε +∆tMσ

]−1[
2M ε −∆tMσ

]
, (25a)

B1 =
[
2Mµ +∆tMσ∗

]−1[
2Mµ −∆tMσ∗

]
, (25b)

A2 = 2∆t
[
2M ε +∆tMσ

]−1
, (25c)

B2 = 2∆t
[
2Mµ +∆tMσ∗

]−1
. (25d)

Substituting Equation (24) into (23) yields:

E⃗n+1 =
[
A1 −A2B2CHCE

]
E⃗n +A2B1CHH⃗

n−1/2, (26)

H⃗n+1/2 = −B2 CE · E⃗n +B1H⃗
n−1/2, (27)

ψ⃗n+1 = G · ψ⃗n, (28)

Equations (26) and (27) are combined into Equation (28), in matrix form, where ψ⃗n =
[
E⃗n, H⃗n−1/2

]T
=[

E⃗n
x , E⃗

n
y , E⃗

n
z , H⃗

n−1/2
x , H⃗

n−1/2
y , H⃗

n−1/2
z

]T
and G is the transition matrix defined by:

G
σ ̸=0,σ∗ ̸=0

=

(
A1 −A2B2CHCE A2B1CH

−B2CE B1

)
. (29)

When the media is assumed electrically lossy (Mσ∗ = 03), the estimated transition matrix is given by:

G
σ ̸=0,σ∗=0

=

A1 −∆tA2M
−1
µ CHCE A2CH

−∆tM−1
µ CE I3

 , (30)

where In is the n× n identity matrix. For the lossless case (Mσ =Mσ∗ = 03), the transition matrix G
is formulated as:

G
σ=0,σ∗=0

= I6 +∆tM−1
ε,µC − (∆t)2A, (31)

with the matrices M ε,µ, C and A given by:

M ε,µ = diag
{
M ε,Mµ

}
, (32a)

A = diag
{
M−1

ε M−1
µ CHCE , 0

}
, (32b)

C =

(
0 CH

−CE 0

)
. (32c)

Note that these previous RPIM steady-state equations are identical to those given by the FDTD method

unless the matrices CE and CH denote the numerical curl operators for the electric and magnetic fields
in the discrete domain [7].

4. DISPERSION ANALYSIS OF THE RPIM IN LOSSY MEDIA

An analysis of RPIM and FDTD dispersion relations in lossy media is presented in this section. In order
to illustrate this point, it is assumed that the traveling plane wave propagating in a lossy, homogeneous,
and anisotropic media is monochromatic, sinusoidal, and TEM [14, 21], so that the field components at
the nth time step are given by:

ψ⃗ = ψ⃗0e
j(ωn∆t−kxnx∆x−kyny∆y−kznz∆z), (33)

nx, ny, nz, kx = k sin(θ) cos(ϕ), ky = k sin(θ) sin(ϕ), and kz = k cos(θ) are the three spatial integer-
number indices and the three wavenumbers along the x, y, and z directions, respectively. Here k is
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the numerical wavenumber, and (ϕ, θ) are the azimuthal and polar angles in a spherical coordinate
system, respectively. ∆x, ∆y, and ∆z are the uniform distances between neighboring E/H-nodes in

the corresponding directions; ω is the angular frequency; and ψ⃗0 is a vector that collects the initial
values of the components of the electromagnetic fields. Equation (23) is rewritten under the following
form, whereas Equation (27) remains unchanged:

E⃗n+1 −A2CH · H⃗n+1/2 = A1E⃗
n, (34)

H⃗n+1/2 = −B2 CE · E⃗n +B1H⃗
n−1/2. (35)

After substituting the general Fourier mode in time and space for both of the dependent electromagnetic
variables, made by inserting Equation (33) into Equations (34) and (35), calculations detailed in [13]
are considered. The resulting equations are written in the matrix form as:

G1 · ⃗̂ψn+1 = G2 · ⃗̂ψn, (36)

where,
⃗̂
ψn = [Ên

x Ê
n
y Ê

n
z Ĥ

n−1/2
x Ĥ

n−1/2
y Ĥ

n−1/2
z ]T, Ên

q and Ĥn
q are the field components in the spectral

domain, G1 and G2 are iteration matrices for RPIM in the spectral domain, too. They are defined
explicitly by the henceforth adopted notations:

G1 =

(
I3 2C2B

03 I3

)
, G2 =

(
C1I3 03

2C
′
2B C

′
1I3

)
, (37)

where

C1 =
2ε− σ∆t

2ε+ σ∆t
, C2 =

2∆t

2ε+ σ∆t
, (38a)

C
′
1 =

2µ− σ∗∆t

2µ+ σ∗∆t
, C

′
2 =

2∆t

2µ+ σ∗∆t
, (38b)

B =

 0 −Qz Qy

Qz 0 −Qx

−Qy Qx 0

 , (38c)

and

Qξ = SξWξ, Sξ =
j

∆ξ
, (39a)

Wx = sin

(
kx∆x

2

)
cos

(
ky∆y

2

)
cos

(
kz∆z

2

)
, (39b)

Wy = cos

(
kx∆x

2

)
sin

(
ky∆y

2

)
cos

(
kz∆z

2

)
, (39c)

Wz = cos

(
kx∆x

2

)
cos

(
ky∆y

2

)
sin

(
kz∆z

2

)
. (39d)

Again ξ = x, y, z are the propagation direction. Since the excitation is a monochromatic wave with a

single angular frequency ω, we may write
⃗̂
ψn =

⃗̂
ψ0 e

jωn∆t. Hence, Equation (36) can be written as:

⃗̂
ψn+1 = e jω∆t ⃗̂ψn = G−1

1 ·G2
⃗̂
ψn. (40)

For a homogeneous linear system, one can deduce:(
e jω∆tI6 −G−1

1 ·G2

)
· ⃗̂ψn = 06. (41)

By determining the determinant of the matrix in Equation (41) and setting it to zero, the resulting
numerical dispersion relation for 3D-RPIM in lossy media can be written:

sin2
(
ω∆t

2

)
− σσ∗ (∆t)2

4εµ
cos2

(
ω∆t

2

)
− j

(
σ∆t

4ε
+
σ∗∆t

4µ

)
sin (ω∆t) = S2

(
W 2

x +W 2
y +W 2

z

)
. (42)
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Here, the Courant factor is S = c∆t/∆, with c being the speed of light in the modeled media,
∆ = ∆x = ∆y = ∆z = λ0/Ns the uniform spatial resolution, λ0 the exact wavelength in the lossy
material, Ns the spatial sampling rate, and ∆t the time step size.

As done so far for RPIM, the analytical study was reproduced by using Yee’s FDTD scheme; then
the governing electromagnetic equations, the general Fourier mode insertion, and the linear homogeneous
system are deduced. Finally, the dispersion relation in lossy media is obtained. We note that the FDTD
dispersion relation in lossy media is similar to Equation (42), whereas the expressions of the Wξ terms

(for ξ = x, y or z) should be Wξ = sin (kξ∆ξ/2), even though the coefficients C1, C2, C
′
1, C

′
2, and Sξ

are identical for both dispersion relations.
Let us also consider the case in which equivalent magnetic losses σ∗ are neglected. After some

calculations, the dispersion equation is thus given by:

sin2
(
ω∆t

2

)
− j

σ∆t

4ε
sin (ω∆t) = S2

(
W 2

x +W 2
y +W 2

z

)
. (43)

These dispersion relations in lossy media are complex and lead to complex wavenumbers. However, if
σ = σ∗ = 0, Equation (42) is reduced to that for lossless media, for which the wavenumber becomes a
purely real number. The resulting relation is reduced to:

sin2
(
ω∆t

2

)
= S2

(
W 2

x +W 2
y +W 2

z

)
. (44)

We should mention that the dispersion relation of the FDTD method in lossless media is also literally
similar to Equation (44), with Wξ = sin (kξ∆ξ/2) for ξ = x, y, or z. In the following section, a
comparative study built on the numerical dispersion characteristics is performed for both methods.

5. NUMERICAL RESULTS

We now investigate and compare RPIM and FDTD dispersion characteristics in lossy media, such as
numerical dispersion, loss error, and anisotropy. The following performance measures are defined herein,
such as numerical phase error NPE and loss error NLE. In addition, to remove the angular dependence
from NPE and NLE, the averaged corresponding quantities are defined. Hence, the average numerical
phase error, loss error ANPE, and ANLE, respectively, for M ×N preselected angles are given:

NPE =
β − β0
β0

, ANPE =
1

M ×N

∑
n,m

NPE(ϕn, θm), (45a)

NLE =
α− α0

α0
, ANLE =

1

M ×N

∑
n,m

NLE(ϕn, θm), (45b)

where β and β0 are the numerical and physical phase constants, and α and α0 are the numerical and
physical loss constants, respectively. Also m = 1, 2, . . . ,M and n = 1, 2, . . . , N , and M = N = 91 are
chosen since it is the dispersion pattern period. Numerical anisotropy loss Al and anisotropy dispersion
Ad are defined as Al = (αmax − αmin)/αmin and Ad = (βmax − βmin)/βmin, where αmax and βmax are
the maxima of the numerical loss and phase constants, respectively, when scanning in ϕ and θ, while
αmin and βmin are the corresponding minima. The Courant-Friedrichs-Lewy (CFL) number is defined
as S3D = ∆t/∆tc, where ∆tc is the CFL limit.

Similar to the range used in [9], the conductivity is selected to vary from 10−4 S/m to 30 S/m,
thereby including the electric conductivity of most dielectric materials [15]. The operating frequency of
the wave we are interested in is set to f = 300MHz.

Figures 1 and 2 present NPE and NLE versus θ at ϕ = 45◦, where 0◦ ≤ θ ≤ 90◦. The node
sampling rate Ns = 80, CFL number S3D = 0.5, and conductivity σ = 15S/m. We note that the FDTD
method exhibits low dispersion errors compared to RPIM but has larger NLE, except for θ = 0◦. The
NPE and NLE for the two methods are equal.

As observed from Fig. 3, ANPE increases with the conductivity σ for both methods, where FDTD
has a lower ANPE. Fig. 4 shows that the RPIM exhibits a small ANLE compared to FDTD within
the range [11.07 S/m, 30 S/m] with S3D = 0.5 and Ns = 80. However, for the range [0 S/m, 11.07 S/m],
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Figure 1. Numerical Phase Error for RPIM and
FDTD with σ = 15S/m, Ns = 80 and S3D = 0.5
at ϕ = 45◦.
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Figure 2. Numerical Loss Error for RPIM and
FDTD with σ = 15S/m, Ns = 80 and S3D = 0.5
at ϕ = 45◦.
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Figure 3. 3D Averaged Numerical Dispersion
Error for RPIM and FDTD method with S3D =
0.5.
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Figure 4. 3D Averaged Numerical Loss Error for
RPIM and FDTD method with S3D = 0.5.

this last behavior is inverted. On the other hand, for both methods the lossless case illustrates the
expected absence of numerical losses.

Figures 5 and 6 illustrate that, although the FDTDmethod anisotropy dispersion is smaller than the
RPIM one, the RPIM anisotropy loss is mainly lower than the FDTD method over a broad conductivity
range delimited by 11 S/m and 30 S/m.

According to Fig. 5, the anisotropy dispersion increases with conductivity for both methods.
However, Fig. 7 reveals that the anisotropy dispersion decreases when conductivity varies from zero
to 0.0288 S/m and reaches its minimum at about 2.379 × 10−7 S/m. This behavior is hidden in Fig. 5
because the swept conductivity varies from 0S/m to 30 S/m. The presence of these minima is exploited
as an alternative to reduce numerical anisotropy dispersion, which affects the resonance frequency, by
adding suitable electric losses when lossless media is considered.

6. NUMERICAL EXPERIMENTS

An accumulation of phase errors, resulting from numerical phase velocity errors, leads to a resonance
variation over the frequency domain [16]. Thus, resonance frequency accuracy serves as a measure of
anisotropy. This property will be exploited in this section.
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Figure 5. 3D Numerical Anisotropy Dispersion
for RPIM and FDTD method with S3D = 0.5.
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Figure 6. 3D Numerical Anisotropy Loss for
RPIM and FDTD method with S3D = 0.5.
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Figure 7. 3D Numerical Anisotropy Dispersion for RPIM and FDTD with S3D = 0.5, and Ns = 80.

As illustrated in Fig. 7, numerical anisotropy dispersion decreases over the range of [0 S/m,
0.0288 S/m] until it reaches a minimum at σ = 0.0288 S/m, for the operating frequency. Accordingly,
loss addition in lossless media decreases Ad and thereby improves resonance frequency accuracy for
σ < 0.0288 S/m.

6.1. 2D Square Cavity

In order to validate the numerical results above, we consider a 2D square cavity λ × λ, filled with a
homogeneous lossy media and terminated by PEC walls. The origin is at the lower-left corner of the
domain. In conjunction with the Cartesian directions, the sampling rate of spatial nodes is fixed at
∆x = ∆y = λ/20. In similar fashion to [11] and [13], the domain is uniformly discretized using double
staggered E/H grids. The electromagnetic fields are fed by a TM line source and estimated by RPIM
under the assumption that TM21 cavity mode is excited. The excitation is a modulated Gaussian pulse
given by: Jz(A,n) = exp[−((n∆t− 4σ)/(

√
2σ))2] sin[2πf(n∆t− 4σ)]. The width factor is σ = 1.061 ns;

the CFL number S2D = 0.5; and the observation point is at B(72 cm; 52 cm). A set of RPIM parameters,
transcendentally introduced, is selected so that the shape parameter α = 18, the maximum distance
rmax = 7.3 cm, and the number of nodes in the support domain N = 12.

Figure 8 shows a comparison between lossless and lossy (σ = 0.0002 S/m) cases for time-domain
Ez field component variations computed with the RPIM at observation point B. The introduced losses
decrease the electric field amplitude owing to a slight increase in physical losses, which in turn produce
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Figure 8. Time domain of Ez component at the observation point for a duration of 160 ns.
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Figure 9. Normalized frequency domain of Ez component at the observation point with S3D = 0.5.

numerical losses. Fig. 9 shows the electric field modulus versus frequency, which validates that the
cavity resonant frequency reaches essentially the value found in the reference case with a relative error
estimated to 1/10 of lossless case, evaluated to 0.29%.

6.2. Double-Ridge Cavity

Fig. 10 shows the geometry of the double-ridge cavity with perfect conducting walls and with dimensions
λ × λ × 0.3λ at f = 3GHz. The excitation is a modulated Gaussian pulse placed at point
A(0.015m; 0.05m; 0.0175m) and the observation point at B(0.085m; 0.05m; 0.0175m). The width
factor is σ = 0.940 ns and the CFL number S3D = 0.5. The number of nodes in the support domain is
N = 8 as shown in Fig. 11; the shape parameter α = 0.7; and the sampling rate of spatial nodes is fixed
at ∆x = ∆y = ∆z = λ/20. From Fig. 12, the relative error is estimated to 1.75% for lossless case and
0.07% for the lossy case. For the first resonant frequency of the double-ridge rectangular cavity, we took
an average over those mentioned [17, 18]; thus, we have used the reference frequency fref = 2.787GHz.
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Figure 10. Node distributions of the H-cavity. Figure 11. H-node support domain.
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Figure 12. Ez component at the observation point of the double ridged cavity.

7. CONCLUSION

In this paper, 3D-RPIM governing electromagnetic equations are formulated in matrix form. The
numerical dispersion characteristics, based on the general Fourier mode, are also investigated. In
addition, the 3D-RPIM and 3D-FDTD dispersion relations in lossy media are deduced. The analytical
difference between those dispersion relations is the expression of theWξ term, for ξ = x, y, or z. Newton’s
method is used to solve the dispersions relations for the RPIM and FDTD methods. Numerical results
showed that FDTD is less dispersive than RPIM. In contrast, RPIM presents lower numerical losses in
a wide conductivity range varying from 11 S/m to 30 S/m with Ns = 80. Moreover, for σ = 0.0288 S/m,
both methods produce numerical anisotropy dispersion of 2.379 × 10−7, which can be considered null.
The RPIM algorithm is implemented in such a way to minimize Ad and improve the frequency resonance
accuracy. For a square cavity, the accuracy of the resonance frequency varies from 0.29% (σ = 0S/m)
to 0.029% (σ = 2 × 10−4 S/m), and for the double ridged cavity, it varies from 1.75% to 0.07%, which
is in reasonable agreement with the theoretically predicted results.
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