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ABSTRACT: The dispersion equation for a rectangular tape helix with four rectangular dielectric support rods was derived using precise
boundary conditions and field-restricting functions. The dispersion equation is a simplified conjoint expression obtained for the axial and
transverse directions, derived by solving an infinite set of linear homogeneous simultaneous equations, represented as an infinite-order
matrix whose determinant is zero. The dispersion characteristics plotted from the simplified dispersion equation consist of dominant
and additional higher-order modes, similar to an open rectangular slow-wave structure (SWS), but with the existence of Syoa(koa) roots
everywhere without the limitations of the forbidden region boundary. The phase velocity curves obtained for the corresponding mode
of the dispersion characteristics exhibit comparable behavior to the free-space rectangular helix SWS, especially in the third “allowed”
region, which offers a wider beam-wave interaction region with phase speed equivalent to the speed of light at higher operating frequen-
cies. The numerically computed dispersion curves and their corresponding phase velocities were plotted. Similar dimensional variations
of the structure with discrete support rods were simulated using three-dimensional simulation software. The dispersion characteristics
obtained from the simplified dispersion equation along with the dimensional variation of the dielectric-loaded rectangular tape helix SWS
determine the capability and limitations of such minuscule traveling wave tubes (TWTs) as planar TWTs suitable for fabrication using
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micro-machining techniques.

1. INTRODUCTION

Traveling wave tubes (TWTs) are rapidly evolving with ap-
plications in the 21st century, such as 6G communications,
high-resolution radars with expanding functionalities, high-
data-rate wireless links, and high-throughput satellite commu-
nications. The exploitation of the frequency spectrum by newly
developed communication equipment has forced researchers
to think beyond GHz frequency ranges and venture into the
THz spectrum. Cylindrical TWTs exhibit indisputable domi-
nance, with high power, gain, and bandwidth amplification in
the GHz frequency range. With an emphasis on amplification
in the extended frequency spectrum in the THz range, conven-
tional cylindrical TWTs have limitations in terms of manufac-
turing flexibility, cost, performance, and operating frequency
range. With the advent of micro-machining techniques such as
3D printing and more advanced research in the field of materi-
als science, it is now possible to fabricate rectangular and pla-
nar slow-wave structures (SWSs), including dielectric support
structures with required permittivity.

Cold test analysis of unsupported tape-helix cylindrical
TWTs using both field [1] and equivalent circuit [2] analysis
approaches has been well established. Practically relevant
cylindrical tape helices supported by dielectric rods [3] and
corrugated dielectric support rods [4—6] have also been re-
ported. Most reported tape-helix SWS models account for
the anisotropic conductivity [7] of the tape rather than the
perfectly conducting tape model [8, 9] because it is well known
that the contribution of the perpendicular component of the
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surface current density in a perfectly conducting model is
negligible and often ignored. The cold test models reported
with anisotropic tape material conductivity and dielectric rod
support structures were extended to perform a large-signal
field analysis in [10].

Field analysis of planar tape TWTs with unidirectional con-
ducting (UC) sheets suspended in vacuum [11, 12] and planar
UC sheets enclosed infinitely with dielectric tubes [13] have
been reported by earlier researchers. Kumar and Aditya [14]
proposed a simplified tape-helix analysis for unloaded SWS
with straight edge connections, in which the effective dielec-
tric constant (EDC) method exhibited accurate dispersion be-
yond the cut-off frequency. The field analysis of a rectangular
unloaded planar SWS considering only one-quarter of the struc-
ture to satisfy the boundary conditions and dividing the cross-
sectional geometry into four regions was proposed by Fu et al.
in [15]. A similar field analysis approach was extended to the
dielectric loaded planar TWT structure by Fu et al. in [16],
where the area between the planar rectangular helix and the
outer enclosing conductor is filled with dielectric material with
the assumption that the permittivity of the discrete dielectric
rods, €, is averaged to obtain the effective permittivity €.

Wei et al. in [17] followed the approach of [15] to derive the
dispersion equation for a rectangular tape helix for both open
and dielectric-loaded structures. Owing to the symmetry of the
structure, the cross-section of the helix was divided into four
regions. The fourth region, which is the intersection of re-
gions II and III constituting the corner edge of the helix, was
ignored because of the negligible electromagnetic field behav-
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FIGURE 1. Dielectric loaded multi-turn rectangular tape helix structure.

ior at the edges described by Meixner [18]. The distinct aspect
of this study arises from the employment of the field confine-
ment function in conjunction with rigorous mathematical ma-
nipulation of the appropriate boundary conditions to obtain a
refined simplified dispersion equation. This equation not only
conforms to the asymptotic behaviors exhibited by its individ-
ual components, but also emerges through the precise substitu-
tion of complex constant variables at the boundary conditions
x = a and y = b. In this approach, the dielectric rod permittiv-
ity, €,, is weighted averaged to obtain the effective permittivity
€qf calculated using the effective dielectric method (EDC) pro-
posed in [14].

In the first part of this study, a simplified dispersion equa-
tion, which is a conjoint expression for  and ¢ directions was
derived using an additional boundary condition that employed
a confinement function. The derived dispersion equation was
an asymptotically rapidly converging expression of the order
O ~ 1/|n|? which exhibited faster computation for the con-
vergence of the Bpa(koa), Spa > 0 roots. It was also pointed
out that the authors in [17] were unable to numerically com-
pute the derived complex dispersion equation for higher-order
modes owing to the complexity of the derived dispersion equa-
tion; they chose to compute only the fundamental mode by de-
generating the dispersion equation for n = 0. In this study, the
theory proposed for a open rectangular tape helix SW'S was ex-
tended to a dielectric-loaded rectangular tape helix SWS. Wei et
al. [17] derived the dispersion equation for the dielectric-loaded
case of planar TWT, but the complexity of the derived dis-
persion equation was multi-fold, and dispersion characteristics
were not computed and ignored. In this study, the electromag-
netic field equations were substituted into the accurate field-
restricted rectangular tape helix boundary condition and care-
fully manipulated to obtain the dispersion equation. The disper-
sion equation thus obtained is much simpler than [17] but more
intricate than the open planar TWT structure and is computable
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FIGURE 2. Dielectric loaded rectangular tape helix structure. (a) Lat-
eral view with (i) discrete dielectric rods and (ii) smoothened dielectric
tubes. (b) Cross-sectional view.
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with a faster convergence factor for Sya roots. The dispersion
characteristics were plotted from the derived dispersion equa-
tion for the dielectric-loaded case, and the corresponding phase
velocity was numerically computed. The effects of dimensional
variations on the phase velocities and interaction impedances
were simulated using CST.

This manuscript contains four sections. Section 2 describes
the “problem formulation” of the dielectric-loaded rectangular
tape helix SWS, which includes various definitions and dimen-
sions adapted in this study. In addition, this section discusses
the field equations in the two regions, boundary conditions, and
derivation of the dispersion equation. Section 3, “Results and
Discussion”, describes the reckoning of the dispersion equation
to obtain the dispersion characteristics and simulation plots for
the phase velocities and interaction impedance using the three-
dimensional electromagnetic simulation tool CST for dimen-
sional variations. Section 4 presents the concluding section that
summarizes the findings presented in this paper and provides
suggestions for future work.

2. PROBLEM FORMULATION

We use the rectangular tape helix slow-wave structure model
described in the open rectangular planar tape helix (PTH)
model, except that the structure is now supported by dielec-
tric rods. Accordingly, the loaded tape helix SWS has the di-
mensions of infinite length [, width of the tape w, pitch angle
1, pitch p, and infinitesimally thin tape thickness §(] 0), as
shown in Figs. 1 and 2(a). To maintain uniformity, the nota-
tions and definitions in this study are the same as those used
in the open rectangular PTH model. The rectangular tape he-
lix had a height of 2a and width of 2b, and the height and
width of the complete structure, including the dielectric rods
and outer conductor, were 2¢ and 2d, respectively. The axis
of the rectangular tape helix was along the Z coordinate of
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the rectangular Cartesian coordinate system (z, g, 2). Hence-
forth, equations and expressions referring to the open rectangu-
lar PTH model are referenced with Prefix I in this manuscript.
The dielectric-loaded tape helix is further approximated to be
lossless, with dielectric rods providing complete insulation be-
tween the tape and the outer conductor; the tape conductivity
is anisotropic and lossless. The structure exhibits periodicity
such that f(z,y,2) = f(x £ a,y,2) = f(z,y £ b,z), and
accordingly, both even and odd propagating modes exist. In
this analysis, only odd modes corresponding to the transverse
antisymmetric mode of propagation were considered.

From the lateral view of the rectangular tape helix shown in
Fig. 2(a)-(ii), the tape helix is supported by four rectangular di-
electric support rods with permittivity €,.. The tape helix and di-
electric rods are enclosed within the outer conductor. For sim-
plicity, the discrete dielectric support rods are smoothed to fill
the gap region between the tape and outer conductor, thereby
forming a dielectric tube or an enclosure between the tape he-
lix and outer conductor. The permittivity, €, of the dielectric
rods after smoothing is weighted averaged out to obtain the ef-
fective permittivity, €. of the dielectric tube using the EDC
method proposed in [14] as shown in Fig. 2(a). In this analysis,
only one-quarter of the structure governed by the limits men-
tioned below was considered for the sake of simplicity. The
cross-sectional structure is divided into four regions as shown
in Fig. 2(b) with the following dimensional limits: (a) Region
I (vacuum): (0 < z < aand 0 < y < b); (b) Region II
(dielectric): (¢ < = < cand 0 < y < b); (c) Region IIT (di-
electric): (0 < z < aand b < y < d); and (d) Region IV
(dielectric): (¢ < z < cand b < y < d). Region IV is usu-
ally ignored because of the weak fields in the corner regions, as
per Meixner [18] and Marcatili [19]. Therefore, only the field
equations corresponding to regions I-III were considered for
the analysis.

2.1. Field Equations

The eigen-functions in the Cartesian coordinate system for the
electric and magnetic fields can be obtained from the Vector
Helmbholtz wave equation. The fields have periodic symmetric-
ity with simultaneous rotation and translation with respect to the
wave propagating +z direction, defined as e(7«!=Fn2) A i,
where w is the angular frequency, and 3, is the propagating
field constant. Hence, following Floquet’s theorem, the elec-
tromagnetic field equations are represented as the sum of an in-
finite series of rectangular harmonics obtained from the scalar
wave equation using the method of separation of variables.

%9  0%¢ 9

¥ v _ < <
8x2+3y2 i for 0 <z <aand 0<y <b (la)
0%¢ 0% 12

ox? 87y2_7—n ¢ for a <a < candb<y<d(lb)

where ¢ = E or H, 72 = 2 — k§ = 72, + 72, and
% = B — eoeqrky = T2 + 7,52 The “+” in the superscript
of 7,,, n € Z denotes the transverse wave number in the dielec-
tric tube region (a < x < cand b < y < d). 8,2 Bo + 27n/p,
where 8y = 3(w) is the fundamental guided wave propagation
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constant for nth space harmonic of electromagnetic waves sup-
ported by the dielectric-loaded rectangular tape helix SWS at
radian frequency w, and 7, and 7, are the propagation coef-
ficients in the = and y directions, respectively. The free-space
wave number at the radian frequency w is defined as koA w/c,
where c is the velocity of light given as ¢ = 1/ /fio€o. The free
space permeability and permittivity are p and €, respectively.
With the aforementioned definitions, it is now possible to for-
mulate tangential field expressions using the method of sepa-
ration of variables. Accordingly, the field equations in various
regions are as follows:

* RegionI (0 < 2 < a)and (0 < z < b)

Z A cosh[Ty,,2]cosh[T1,,y]e™?  (2)

n=—oo

Elz =

Z Bi:cosh[r1,n2]cosh[r1,nyle’™  (3)

n=—oo

le =

* Regionll (a <z < cand 0 <y < b)

oo

by, = Z Crcosh[razn (c — a:)]cosh[TQyny]ejW @)
Hy, = i D} cosh[raz, (¢ — ;L')]cosh[Tgyny]ej”“’ (%)
* Regionlll (0 <z <aandb <y < d)
Es, = f: E cosh[T3,nx]cosh[Ts,, (d — y)]e?™? (6)
n—;oo
Hs, = Z Fcosh[T3,p,z]cosh(Tay, (d — y)]e?™ (7)
* RegionlV(e<zx<candb <y <d)
By, = i G sinh[Tyyp (¢ — )]
xsinh[74y, (d — y)]e’™? )
Hy, = i H cosh[ryzn(c — 2)]
xcosh[Tyyn (d — y)]e?™? ©)

where 7,4, and Ty, for i = 1 to 4 in (2)~(9) are the prop-
agation coefficients in the x and y directions in regions -1V,
respectively. Also, Tizn = Tan, Tiyn = Tyn> T2an = T3zn =
Taon = Tip a0d Toyn = T3yn = Tagn = 7). In (2)~9),
Ay By, Cx. Dy E*, F¥, G, and H; are the constants of the
field coefficients to be determined for the dielectric-loaded rect-
angular tape helix SWS case by substituting in the boundary
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conditions covered in the next subsection. The other field equa- Thus at (x = a, —b < y < b),
tions in regions II-1V can be generalized as Hi.(a—,y,2) — Ha.(a+,y,2) = Jylz=a (12a)
E. = Jﬂn 0F;, Jwho 0H,, (103) Hly(a_7 Y, Z) - H2y(a+7 Y, Z) = _JZ|CE:G (12b)

TOWE 0x 0 W2 Oy andat (—a <z < a,y = b)
B — JBn O, jwpo OH;, 10b Hy,(2,0—,2) — H3,(2,b+,2) = —Jz|y=p (120)
WS W2y W2 s (10b) Hig(w,b—,2) — Hy(2,b+,2) = J|ymp  (12d)
_ jweoee OB, | B, OH;. In(11) ar}d (12), the tape helix region inside the helix ﬁll§d with
Hi, = W2 oy W2 oz (10¢c) vacuum is represented as (a—, b—), and the region outside the
" Y " helix filled with dielectric is represented as (a+, b+). The sur-
 jweoeer OB, | B, OHi. fgce current density components in (12) along i“? 9, and Z direc-
H;y = W2 ox W2 o (10d) tions are represented as J,, Jy, and J, respectively. The con-
n n y

where ¢ = 1 to 4 indicates the region of the rectangular tape
helix. In (10),

fori=1
for s = 24

n
It is to be reiterated that the field representations corresponding
to region I'V are ignored owing to the weak fields present in the
corner edges of the structure that do not contribute significantly
to the analysis; rather, this assumption simplifies the problem
approach in determining the dispersion equation.

2.2. Boundary Conditions

For the cross-sectional structure shown in Fig. 2(b) for a rect-
angular tape helix supported by a dielectric tube enclosed by an
outer conductor, the boundary conditions along x and y direc-
tions are as follows:

1. The electric field boundary conditions are

e The tangential electric fields along Z directions are
continuous for all values of z.

e The tangential electric field along ¢ direction disap-
pears on the tape surface.

o The tangential electric field along Z-direction disap-
pears on the tape surface.

Thus, at (z = a, —b <y < b),

Ei.(a—,y,2) — Ea.(a+,y,2) =0 (lla)

Evy(a—,y,2) — Eay(at+,y,2) =0 (11b)

[Es.sine — Egyycosy] g(y,z) =0 (llc)
andat(—a <z <a,y=>)

Ey.(x,b—,z) — Es,(x,b+,2) =0 (11d)

Ei.(z,b—,2) — Es.(x,b+,2) =0 (lle)

[E5, siny) — Es, cost] g(x,z) =0  (11f)

1. The magnetic field boundary conditions is

e The magnetic field discontinuity along the propagat-
ing Z direction is equal to the surface current density
components, as given below:

100

finement boundary conditions are expressed as (11c) and (111),
respectively, where functions g(x, z) and g(y, z) are the con-
finement functions introduced to restrict the tangential electric
field to zero on the tape surface. The confinement functions are
defined as follows:

g(z,2) A Z 17,(2)(2), within the interval

l=—0c0

{zl(l+y/p) —w/2 <z < (I+y/p) +w/2}

9(y,z) A Z 17,(y)(2), within the interval

l=—0c0

{2l +2/p) —w/2 < 2 < (I +2/p) +w/2}

2.3. Surface Current Density Expansions and Dispersion Equa-
tion

For the anisotropic conductivity of the tape helix, the perpen-
dicular component of the surface current density, J, = 0,
and the total surface current density, J; = J| at helix bound-
aries x+ = a and at y = b. The parallel component of the
surface current density is governed by the functional depen-
dence of the variables x and y along z due to the symmetry
and periodicity imposed by the tape helix geometry. Hence,
J(, 2)|z=a = J)| (Y, 2)|y=p. Accordingly, J)(z, 2)|z=, and
J)(y, 2)|y=b are defined as follows:

J)(2,2)|o=a = (Z Jne_]ﬂ”z> 9(x,2)|a=a (132)

nez
Ty, 2)ly=p = (Z Jne‘jﬁ“> g(y.2)ly=  (13b)
nez

where the nth space harmonic Fourier coefficients of the sur-
face current density, .J,,, are given by

+w/2 ]
J = / Joe I Po==Bn2) gy — g sine (—"Z“’) (14)
—w/2

where .Jy represents an undetermined constant amplitude as-
sumed to flow along the tape helix winding path approximated
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by a narrow, anisotropic conducting tape. The confinement
functions g(z, z) and g(y, z) on the right-hand side of (13) en-
sure that the surface current density is confined within the tape
surface only, and not elsewhere. In (14),

. ( ) . ( ) sin X if X £0 (15)
sSinc X) =sinc(nX) =
1 if X =0

For a given pitch angle ¢, from the geometry of the tape helix
structure, the following winding direction surface current den-
sity components are resolved as given below [17] in the axial
and orthogonal directions with J; =0

Jylz=a = Jjjcostp = Z Ty e 5n" (16a)
nez

Jeloma = Jysing =Y Jo,e 900 (16b)
nez

Jm|y:b = *JH cosy = Z Jen eijﬁnz (16C)

nez

Toly=p = Jysingg = T, e (16d)

nez

We can now address the boundary conditions using the preced-
ing definitions. Taking into account the following approxima-
tion of the ratio of the propagation coefficients that determine
the mode number of propagation in a rectangular waveguide:

Tim _ 4 (17)

Tjyn
where ¢, j correspond to the region of the tape cross-section that
can take values from 1-3, provided that ¢ # j and ~y corre-
spond to the directions x or y; within the bounds of the antici-
pated wave propagation in the rectangular waveguide structure,
the aforementioned approximation holds true. By substituting
the electric field expressions given in (2)—(10b) into the electric
field boundary conditions in (11), we obtain the following field
constants in terms of the field constants A or B}

. cosh(7;na)

% = [t an) (1
. s cosh(7,,b)

En = 4 |:Sil’1h(7'yn(2b)):| (180)
. L (T2 sinh(7,,a)

D"“‘B”(75>[ﬁmw@n@a»} (189)

. L (T2 sinh(7,,,b)
&“&(ﬁ>th@m] (150

Similarly, satisfying the magnetic field boundary conditions
in (12) using the magnetic field expressions in (3)—(10d) to-
gether with the field constant expressions in (18), from (12a)
and (12b) at x = a,

B:L|l':a = {

et [ ()]
Sinh(Tmna) gna
A;|w:a = ]|:2 Jo :| |:Tyn:|
WEeoCeff | [ Tan
csch(7,,b) 7,72 sinysinc (%)
. (19b)
cosh(7,,a) Yna

Thus, all field constants A, B}, Cy, D}, E*, and F¥ are ob-
tained from the boundary conditions listed in (11) to (12b).
However, it is obligatory to satisfy all the magnetic boundary
conditions in (12), despite determining all the field constants.
It can be observed from (18) and (19) that the field constant
A, is complex, and therefore, C; and E are also complex,
whereas B, D7, and F}; are non-complex field constants. An-
other set of field constants for A} and B;; may be resolved in
a manner similar to that detailed in the open rectangular PTH
model by simply swapping the propagation coefficients 7,,b
with 7,,a and vice versa, or by satisfying the boundary condi-
tions in (12¢) and (12d). Thus, using the field constants in (18)
and satisfying the magnetic field boundary conditions in (12c)
and (12d) evaluated at y = b, we obtain:

* JOTwn
B - 2]

" csch(rgna)] | €08 ¢sinc (%) (20)
cosh(7y,b) Enb
N/ Tan
e -] 2
weo€efr| | Tyn
7,72 sin4sinc ( 222
[Csch(Tma)} < P ) (20b)
cosh(7y,b) Xnb
where in (19) and (20),
7‘+2
Xna = coth (7zna)coth (7, (c —a)) + {”2] (21a)
Tn
T+2
Xnb = coth (7,,b) coth (1, (d — b)) + [:2} (21b)

coth (7na) + r—"j] coth (14 (c — a)) (21c)

n

€na

&np = coth (1,,b) + [T’T;] coth (7, (d — b)) (21d)

n

On equating (19) and (20), the ratio of the wave propagation
coefficients is given as

(Tyn)z _ coth (7zna) coth (Tn(c — a)) + [7%2} -
T’I,'TL

coth (7,»b) coth (1, (d — b)) + [TT";}
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The aforementioned ratio is expressed in terms of established
quantities. It is then substituted into the field constant ex-
pressions to determine the roots of the dispersion equation.
The final boundary condition is a conjoint expression derived
from (11c) evaluated at x = a in the interval —b < y < b
and (11f) evaluated at y = b in the interval —a < x < a. The
presence of confinement functions ensures that the current den-
sity is restricted to the tape surfaces. This leads to the following
representation of the final boundary condition.

b
(/ [E22|r:a Sinw_E2y|x:a Ccos 1/1] g(yv Z)dy
b

+ / [Es|y=b Sin ) — E'35 | y=p cos Y] g(z, z)dx) =0(23)
Using the relevant field constants corresponding to the elec-
tric field expressions evaluated at appropriate boundaries and
intervals, the dispersion equation for the dielectric-loaded rect-
angular tape helix can be derived from (23). For instance, the
field expressions F, and Ey, are evaluated at x = a in the in-
terval —b < y < b, using the field constants C}; and D}, which
in turn use A} and B} obtained from (19). Similarly, the field
expressions Fs, and E3, are evaluated at y = b in the interval
—a <y < a, employing the field constants E; and F; which,
in turn, use the field constants A} and B} derived in (20). With
certain judicious algebraic manipulations, we can formulate the
following dispersion equation:

sine (”:“) > { [ <T") e

neE”Z leL

e~ Tumbg! b
() ]
yn

where
!
Opn@|
’ =
on,b

where Xna, Xnb> Ena, and &,y are defined by (21). Owing to
the use of the confinement function across the tape surface for
wave propagation along the 4z direction, the deduced disper-
sion equation for the dielectric-supported rectangular tape helix
TWT is more precise and simple than the dispersion equation
provided in [17]. Thus, the dispersion equation is evidently
reliable for the following two reasons: (a) When the limiting
constraints imposed by the impact of dielectric loading are ap-
plied to the dispersion equation (24), it is shown to degenerate
to the dispersion equation for the open rectangular planar tape
helix (PTH) case by only allowing €, — 1; (b) The dispersion
equations in open planar tape helix and (24) are identical and
equivalent.

In (24), e~ Ten® #£ 0 and e~ "v»? # 0 which implies that the
Fourier coefficients must vanish. Thus, using (14), dispersion
equation (24) becomes

(W) _ 0
p

2
. TnJO

WEQEeff

24

3

sin” 1)
cos?

Xna 7—1% Ena
2
_ (7—:/7—n)2 Tyn kg

Xnb T Enb

(1 /n)* on kG [

> " Jo (0h,a + a),b) sinc (25)

neZ

102

To obtain a more generalized representation of the infinite set of
homogeneous simultaneous equations, the Fourier coefficient
of the surface current density component J; in (25) must be re-
placed with the resolved current density components from (16)
based on the direction and region of operation. However, be-
cause of the nature of the direction-specific variables of the sur-
face current density components, the resolved current density
parameters can be specified generically as the winding direc-
tion component of the surface current density as Jj| and (25)
can be represented as

> iy =0 foricZ (26)
JEZ
where
aij = Z (U;na —+ J;nb)
nez

xsine [(i _Z)”’] sinc [(j _Z)W} @7)

In (26), a;; is an i x j matrix of infinite order, and Jj; is the
column matrix of size j x 1. This study places heavy emphasis
on the idea of field confinement within the tape surface, and
the existence of the sinc function in (27) in every coefficient
element of the matrix o; realizes the field restriction. For a
Justifiable solution of (26), the infinite-order matrix cv;; must be
truncated to a finite order, and the determinant of the coefficient

matrix |A| A c;; must be zero, that is,
Al =0 (28)

Thus, theoretically, (28) is the simplified dispersion relation for
the dielectric-supported rectangular tape helix SWS enclosed
by an outer conductor, with the tape material having anisotropic
conductivity.

2.4. Interaction Impedance

The interaction impedance for the nth space harmonic of a pe-
riodic slow wave structure can be expressed as in [20].

|Eanl®
Nn = B)
2P(L1Jﬂn

29)

where P, is the time-averaged RF power determined from E .,
i = 1-4 expressed as in (10).

3. NUMERICAL COMPUTATION AND SIMULATION

Using «;; in (26), the numerical computation of the disper-
sion equation can be performed using various dimensional and
computational parameters as described below. Upon observ-
ing 07,,,a and o, b in (24), the asymptotic behavior of the dis-
persion equation is of the order O ~ 1/|n|?, and the conver-
gence of the roots for Spa(koa) is anticipated to be faster and
decisively satisfactory for the desired accuracy. The dispersion
curve is plotted for pitch angle, ¢ = 10°, effective permittivity,
€off = 1.34, dimensional ratios, w/p = 0.33 (a narrow tape),
b/a =1 witha = 1.17mm, and ¢/d = 1 with ¢ = 1.872 mm.
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FIGURE 3. Numerically computed dominant and higher-order mode
dispersion characteristics of a dielectric-loaded rectangular tape helix
slow-wave structure and sheath helix structure.

A dispersion coefficient matrix of order N = 10 was consid-
ered, with each entry of the matrix undergoing convergence it-
erations for M = 30. However, it was observed during the
computation that the convergence of all coefficients up to a dec-
imal accuracy of 0.0001 occurred for M < 15. Despite forc-
ing each coefficient of the dispersion matrix to iterate 30 times
and computing the matrix of order 10 x 10, the computation
time for the complete dispersion plot was less than 80s on a
3.30 GHz processor for all values of Sya ranging from 1 to 16
with an incremental step size of ABga = 0.1. This drastic re-
duction in the computation time would not have been possible
without proper manipulation in the derivation of the dispersion
equation, which includes approximations such as in (17), the in-
clusion of additional confinement functions, and mathematical
maneuvers of variables as produced in (24).

The dispersion curve between [pa and kga is plotted in
Fig. 3, and it is worth emphasizing that the dispersion charac-
teristics for a dielectric-loaded rectangular tape helix have not
been reported in the literature and resemble the dispersion plot
for a dielectric-loaded cylindrical tape helix presented in [3]. In
Fig. 3, the fundamental mode dispersion characteristics, along
with the three higher-order modes, are plotted in comparison
with the theoretical sheath model of the tape helix. The trian-
gular boundaries and shaded “forbidden” regions are notional
for this model and are reproduced for the sake of comparison
with the previous open tape helix model. The roots of the dis-
persion equation for the dielectric-loaded model are unbound
and can exist everywhere in the Sga — koa space. The disper-
sion plot for the dielectric-loaded rectangular tape helix is no
longer an approximation for the dielectric-loaded sheath model
of the tape helix for a given €.

The fundamental mode of the dispersion plot starts closer
to zero for small values of Bypa > 0 whereas higher-order
modes have a significant kga value. The plots of all higher-
order modes are similar to that of the fundamental mode; hence,
the analysis here is performed with respect to the fundamen-
tal mode only. The higher-order modes throughout the plot re-
main higher than the fundamental mode, except for the second-
order mode, which overlaps the fundamental mode at the peak
values in the first, second, and third “allowed” regions. The
fundamental mode dispersion characteristics increased with an
increase in Spa and started decreasing after reaching a peak
value at Spa = 2.5. The decreasing plot of the fundamen-
tal mode for values of Sya =~ 5.5 enters the notional “forbid-
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FIGURE 4. Numerically computed phase velocity plot corresponding
to the dominant mode dispersion characteristics of a dielectric loaded
rectangular tape helix slow-wave structure.
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den region” and again starts increasing in the second “allowed”
region. This pattern is observed in the first “allowed” region
and repeats in the second and third “allowed” regions. In the
third “allowed” region, the dispersion curve of the dielectric-
loaded rectangular tape helix remains below that of the sheath
helix model. It is worth emphasizing that the presented dis-
persion plot was obtained only after allowing the roots to un-
dergo quadratic weighted linear regression smoothing. The
phase speed curve for the rectangular dielectric-loaded tape he-
lix model corresponding to the fundamental mode of the disper-
sion characteristics is shown in Fig. 4. The usable flat region of
operation for the electron beam interaction leading to the pos-
sible large signal amplification of the rectangular TWTs corre-
spondsto 0.1 < fpa < 2.8 and 14 < fga < 14.4. The flat por-
tion of the plot corresponding to the roots 0.1 < Spa < 2.8 pro-
duces a phase velocity output equal to 76%—80% of the velocity
of the light and is hence not desirable for signal amplification.
However, the second flat region of the plot, corresponding to
14 < Boa < 14.4, produces a phase velocity of 14.58% of the
velocity of light and is a desirable region of operation for signal
amplification. In the same region, the rectangular tape helix ex-
hibited superior operation compared to the sheath model, which
produced a phase velocity of 17.38% of the velocity of light.
Using the eigenmode solver in the 3D simulation tool CST,
a simulation of the rectangular periodic structure with perfect
electric conductor (PEC) tape material supported with four dis-
crete rectangular dielectric rods made of emaill with a rela-
tive permittivity, €, = 5.1, is carried out. The dielectric ma-
terial is enclosed by an outer conductor, as shown in Fig. 2.
The structure was simulated to obtain the phase velocity and
interaction impedance plots for b/a = 1,2, 4 and 10, with di-
mensions “a” taking values of 15.85 mm, 1.17 mm, 0.058 mm,
and 0.232 mm, respectively. Appropriate boundary conditions
were applied to the structure to simulate the desired operating-
frequency ranges, as shown in Figs. 5-8. Comparing the sim-
ulated plots in this work with the open rectangular tape he-
lix structure, the phase velocity values of the dielectric-loaded
structure are approximately 50% less than the phase velocity
values simulated in the open rectangular tape structures. As
can be seen from the plots in Figs. 5-8, the operational fre-
quency ranges expand as the dimensions decrease, reaching far
into the THz frequency ranges. From the simulation plots, we
can deduce that THz-frequency operation is feasible for small-
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structure with b/a = 1, ¢ = 10°, a = 15.85 mm.
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FIGURE 7. Simulated curves of phase velocity and interaction

impedance for a dielectric-loaded rectangular tape helix slow wave
structure with b/a = 4, ¢ = 10°, a = 0.058 mm.

dimensional rectangular SWS if such SWS can be manufac-
tured using state-of-the-art printing techniques.

4. CONCLUSION

This study derives a simplified yet accurate dispersion equa-
tion and plots the dispersion characteristics and phase veloc-
ity plots for a practically relevant dielectric-loaded rectangu-
lar tape helix slow-wave structure. A simplified dispersion
equation was derived by incorporating confinement functions
into the boundary conditions. The derived dispersion equation
was plotted for dispersion characteristics with fundamental and
higher-order modes. In future work, the effects of additional
dimensional variations of the model can be investigated, and a
large-signal field analysis of the rectangular tape helix with a
sheet beam can be used to calculate the output power, gain, and
efficiency. In subsequent research, we plan to evaluate the ef-
fectiveness of the EDC method introduced in [14] for determin-
ing the equivalent dielectric constant of the dielectric tube. Ad-
ditionally, we examine the current distribution across the sur-
face of tapes with varying widths, especially in the context of
rectangular helix TWTs. With the advent of micro machining
printed fabrication techniques, rectangular SWS with inclined
straight edge connections, as mentioned in this manuscript, and
further smaller dimensions can be fabricated, thereby leading
to high-frequency, low-power signal amplifications.

structure with b/a = 2, ¢ = 10°, a = 1.17 mm.

FIGURE 8.
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