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ABSTRACT: This paper investigates the low-frequency excitation of a non-magnetic stratified conducting sphere by external sources, using
a classical quasi-static approach. We focus on point-impressed sources represented by charges or electric dipoles, which predominantly
generate electric fields. The findings have implications for low-frequency scattering theory and can potentially support the assessment
of localized human exposure to low-frequency electric fields, such as those from Wireless Power Transfer using capacitive coupling
technology.

For a sphere with an arbitrary number of homogeneous layers, we develop a numerical-analytical solution inspired by the Exact
Difference Scheme. This approach yields a tridiagonal discretized representation of the continuous problem, ensuring uniqueness and
computational stability, and allowing for efficient solution via the Thomas algorithm. For a sphere with general radial inhomogeneity,
we apply the Finite Difference method. Computational experiments show a strong agreement between these two approaches.

We also examine the physical aspects of electric field interaction with a four-layer model of the human head, using the concept
of coupling coefficients for the electric field and the generated heat. Our results show that these coupling coefficients increase with
the separation between the point sources and the sphere, converging in certain cases to those for a uniform incident electric field. A
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comparison with the relevant ICNIRP reference levels for the incident electric field is also provided.
The comprehensive Wolfram Mathematica code, consisting of multiple modules and including theoretical definitions and explanations
of the computed quantities, is available as a supplement to the paper.

1. INTRODUCTION

he motivation for this paper is twofold. First, it stems from

the authors’ interest in the low-frequency scattering theory
for electromagnetic (EM) waves. Second, it addresses the need
for a rational analysis of localized exposures of the human body
to EM fields from Wireless Power Transfer (WPT).

The theory of low-frequency EM fields is based on the obser-
vation that the EM field and the impressed sources can be ex-
panded in a series in powers of a small parameter, the angular
frequency (w) [51,24,2, 11, Ch. 3]. Consequently, theoretical
analysis of the low-frequency excitation can be conducted us-
ing perturbation theory concepts and methods. This aligns with
the fact that existing and prospective WPT technologies using
near-field coupling operate at frequencies not exceeding a few
hundred kHz [20].

In this context, the paper examines the low-frequency ex-
citation of a conducting sphere. The inherent symmetries of
this problem allow for efficient analysis, revealing fundamental
features of EM-object interaction that are broadly applicable to
other objects. The sphere thus serves as an excellent reference
case for analyzing properties, validating numerical simulation
techniques, and generating calibration data for measurements.
For these reasons, the model involving a conducting spherical
object is of significant interest across many applications. We il-
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lustrate the physical and practical relevance of spherical models
by considering several examples pertinent to the low-frequency
range.

In exploration geophysics, the quasi-static solution for the
excitation of a stratified conducting sphere by an incident mag-
netic field is fundamental to magnetotelluric methods [64, 4,
Ch. 4], while excitation by an electric dipole is key to wire-
less EM methods [15]. Both approaches are used to remotely
probe the Earth’s internal structure. Similarly, the homoge-
neous or two-layer conducting sphere, representing an under-
ground object such as an ore body in a conductive medium, is
relevant to electrical resistivity and induced polarization meth-
ods for near-surface sounding [54, pp. 60-79, 62, Chs. I, IT]. (It
is worth clarifying that in this Section, “stratified” refers to a
penetrable spherical body composed of concentric layers, each
homogeneous, with the number of layers being a variable model
parameter, as opposed to fixed-layer models.)

In EM materials engineering, electrically small spheres serve
as structural elements [46,47,29]. The low-frequency exci-
tation of a stratified conducting sphere by embedded electric
dipoles serves as a canonical model for the human head in
electroencephalography (EEG) and magnetoencephalography
(MEGQG). In EEG, the quasi-static solution for the induced elec-
tric field is of interest, while in MEG, the focus is on the quasi-
static solution for the induced magnetic field [35, Ch. 6, 10].
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Finally, spherical models are widely used in analytical and nu-
merical dosimetry to study EM field interactions with the hu-
man body and its parts [12, 28, 50].

We begin our review of relevant prior research with exact
solutions that are valid at any frequency. These solutions can be
applied directly to the low-frequency range, serve as sources for
low-frequency approximations, and act as benchmark solutions
for validating the latter.

For plane-wave scattering by a penetrable sphere, the litera-
ture is extensive. The Mie solution for a homogeneous sphere
is well-covered in [18, Ch. 9], and its generalizations, includ-
ing to a stratified sphere, are summarized in [57, Sec. 11.3, 65],
and [36, Ch. 7].

When sources are confined to a finite point in space, EM
field quantities can be derived from the corresponding sources
(point dipoles) or using dyadic Green’s functions (GFs) [55, 57,
Sec. 1.6]. In the review below, any mention of dipolar excita-
tion implies that the corresponding analyses apply to arbitrarily
oriented dipoles or can be easily generalized to such cases.

Explicit solutions for a homogeneous conducting sphere in a
conducting medium irradiated by an external magnetic or elec-
tric dipole are provided in [30] and [59], respectively. For radi-
ally inhomogeneous dielectric media with continuous permit-
tivity profiles, explicit solutions for the electric dyadic GF are
given in [66]. (Note a minor error in [66]: the solutions to
Eqgs. (14) and (15) for the radial functions corresponding to su-
perscript p = 1 should be selected based on the requirement
that they vanish as the radial variable approaches zero, rather
than by imposing a standing wave condition at infinity.)

The EM field due to an arbitrarily oriented electric dipole in
or around a homogeneous spherical particle is explored in [6, 8],
while the electric field due to an electric dipole inside or out-
side a stratified sphere is treated in [7]. The four dyadic GFs
for electric and magnetic dipoles in a stratified medium are con-
structed in [27], and the electric and magnetic dyadic GFs for an
electric dipole outside a stratified sphere are provided in [42],
although no numerical implementation details are reported in
these works. The T-matrix method is used in [40] to derive
the electric dyadic GF for a single electric dipole located inside
or outside a stratified sphere, potentially with a perfect elec-
tric conductor (PEC) core, with numerical examples provided.
The same spherical model is extended in [23] to consider the
case of multiple arbitrarily located electric dipoles. An analy-
sis of the EM field due to an external electric dipole irradiating a
stratified conducting sphere in a conductive medium is detailed
in [62, Appendix A]. A robust transfer-matrix solution for an
electric dipole radiating inside and outside a stratified sphere is
developed in [31] and validated numerically, with accompany-
ing computer code provided in [41].

The exact dipole excitation solutions for penetrable spheres
in [30,59,40,23] have been adapted for the low-frequency
range, yielding low-frequency approximations for the scattered
EM field in both the near zone [30, 59] and far zone [40, 23].
In [40] and [23], these approximations have also been applied
in the analysis of related inverse scattering problems.
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Our review of works using low-frequency approximations fo-
cuses on spherical objects that are either PECs or have finite
nonzero conductivity, and are excited by point-like sources.

Higher-order terms in the low-frequency expansions for a
PEC sphere excited by an external magnetic dipole are derived
in [58] and [52] for conducting and lossless ambient media, re-
spectively. Quasi-static solutions for a penetrable sphere in free
space consisting of two conducting layers or three layers (a con-
ducting core, a conducting outer shell, and a free-space layer
between them) are presented in [60] and [61], respectively, for
an external magnetic monopole excitation. The EM field due to
electric or magnetic multipole excitation can be obtained by dif-
ferentiating the solution for an electric or magnetic monopole
with respect to source coordinates, as highlighted in [61] and
employed in this paper.

Quasi-static solutions and numerical analyses for the elec-
tric potential produced by an electric dipole inside a four-layer
isotropic conducting sphere in non-conductive space are re-
ported in [37] and [33], with the latter validating the analytical
model against Finite Element Method simulations. For strat-
ified anisotropic conducting spheres, the quasi-static electric
and magnetic fields due to an internal electric dipole are de-
rived and validated in [39] and [34]. Anisotropy here refers to
differing radial and tangential conductivities within each layer.
These solutions build on the general analytical results for poten-
tial distributions in stratified spheres with anisotropic conduc-
tivity due to internal electric monopoles, derived in [32], which
also addresses spheroidal inhomogeneous anisotropic media.

In this paper, we focus on non-magnetic isotropic radi-
ally inhomogeneous conducting spheres composed of an arbi-
trary number of concentric continuous layers, within the low-
frequency framework. The problem formulations follow the
approach outlined in [51]. We examine the excitation of these
spheres by external point impressed sources, such as charges or
electric dipoles. Point sources like these are fundamental for
modeling arbitrary spatial source distributions [57, Sec. 3.3].
At low frequencies, they primarily generate electric fields [14,
Sec. 6.5]. Our emphasis on electric fields aligns with emerg-
ing WPT technologies [9, 13, 63], which rely on capacitive cou-
pling and predominantly produce electric fields. The results are
implemented in a Wolfram Mathematica code, provided as a
supplement.

Initially, we concentrate on the sphere with homogeneous
layers, which has applications in its own right and can also
serve as an approximation to an inhomogeneous sphere with
arbitrary radial conductivity dependence by replacing it with
multiple sufficiently thin homogeneous layers — refer to, e.g.,
[22,38], for similar treatments of analogous EM scattering
problems. In Section 2, we combine analytical derivations with
numerical techniques to efficiently compute the induced elec-
tric field within a piecewise-homogeneous sphere with an ar-
bitrary number of layers and positions of impressed sources
outside the sphere. Inspired by the Exact Difference Scheme
(EDS) introduced in [56] and [16], our approach leverages its
perfect suitability for this context. Notably, it yields a tridiag-
onal discretized equivalent of the continuous problem, ensur-
ing uniqueness and computational stability. Moreover, it facil-
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itates numerical solution through a left elimination version of
the Thomas algorithm [44, § 1.1, pp. 9-10], [1, § 2-3, pp. 52—
54]. The program implementation of this numerical-analytical
approach is presented in Modules 1 to 8 of the code supplement.

In Section 3, we examine the sphere with general radial inho-
mogeneity. To analyze the excitation of such a sphere, we used
a direct numerical approach based on the finite difference (FD)
method [44,26]. This not only provided an independent tool
to validate the EDS-based solution, but also produced a robust
computational tool for efficient analysis of practical exposure
problems. The FD code is detailed in Modules 9 to 18 of the
supplement.

In Section 4, we demonstrate the effectiveness of the
numerical-analytical and FD solutions by examining a four-
layer sphere model that simulates the human head at low
frequencies [35, Ch. 6,33,37]. Our computational experi-
ments show a strong agreement between the two solutions. To
explore the physical aspects of the electric field interaction
with this model, we analyzed the coupling coefficients for
the electric field (Kg) and the generated heat (Kg) for
various impressed sources, including point charges, linearly
or circularly polarized dipoles, and uniform incident fields
generated by infinitely remote sources. Implementation details
are provided in Modules 19A to 29 of the code supplement.

The FD solution proved to be particularly efficient, allowing
for analysis of various scenarios through simple search across
the FD grid nodes. Our findings include that a) the coupling
coefficients for the uniform incident field exceed those for lo-
calized sources; b) the coupling coefficients for point sources
increase with the distance between the sphere and the sources;
c) for a point charge, a linearly polarized dipole aligned with
one of the Cartesian axes, or a circularly polarized dipole with a
horizontal (x-y) plane of polarization, the coupling coefficients
converge to those for the uniform incident field; and d) the max-
imum magnitude of the induced electric field and the maximum
generated heat are achieved at the structural interfaces of the
radially inhomogeneous medium, rather than within its contin-
uous regions.

Throughout the paper, the symbol 4 denotes the imaginary
unit, and the time convention e ~** is used for time-harmonic
sources and fields. This work was completed using Wolfram
Mathematica 12 from Wolfram Research (Champaign, IL).

2. NUMERICAL-ANALYTICAL SOLUTION

2.1. Model Setup

Let us consider a conducting body 15 in the form of sphere with
radius a, centered at the origin of a Cartesian coordinate system
x, Yy, z, and embedded in free space F with absolute permittiv-
ity €9 and permeability y9. The body is non-magnetic, meaning
permeability equals that of vacuum (u). In the low-frequency
approximation, the only material property that determines the
induced electric field E is the body’s conductivity k. We fo-
cus on the spherically stratified body where the conductivity k
varies radially, & = k(r). A graphical illustration of the strati-
fied sphere is shown in Fig. 1.
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FIGURE 1. N-layer sphere.

In this model, the body B consists of IV concentric spherical
layers, numbered sequentially from the outermost layer (j = 1)
to the innermost layer (; = N). The outer boundary at r = a
is denoted by S. The interface between the jth and (5 + 1)th
layers (referred to as “interface ;5”) is a spherical surface with
radius a; and is centered at the origin. The function k(r) is
assumed to be smooth and positive within each layer, but may
have a jump discontinuity at an interface.

For notational consistency, the radius of the sphere is also
denoted as ay, so that the symbol ag in Fig. 1 is the same as a.
Sometimes, we use the convention that ay = 0. Note that the
largest radius (ag) has the lowest index.

Anticipating further needs, it is convenient to introduce the
spherical coordinates r, 6, ¢, having directed the polar axis
along the z axis (Fig. 2):

y=rsinf sing, z=rcosf (1)
0<f6<m 0<¢<2m)

rsinf cos ¢,
(0 <r < +oo,

Tr =

(6 is the angle from the z axis, and ¢ is the azimuthal angle).
For simplicity, if the coordinates z, y, z are given in terms of
r, 0, ¢ according to Eq. (1), we will use the same notation for a
function of a point in space, regardless of how the point is repre-
sented in different coordinate systems. For example, E;(r) and
Ey(r, 0, ¢) both denote the same function of a point in space.
The body is excited by impressed charges with a volume den-
sity distribution p(r), which are assumed to be located outside
the body. In the low-frequency approximation, the resulting

X

FIGURE 2. Spherical coordinates r, 8, ¢.
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electric field is potential, and its complex amplitude E(r) can
be represented as the gradient of a scalar function:

E(r) = —VV(r), )

where the minus sign is conventional but not critical to the anal-
ysis. To indicate whether a quantity refers to free space (F) or
the body (B), we will use the subscripts 0 and b, respectively.

The problem for Vj [51] is completely separated from the
problem for V;,. The former is equivalent to the problem de-
scribed in [53, Ch. II1, 48, Ch. I, 57, Ch. 4], which addresses the
potential generated by an impressed charge distribution outside
body B as if it were an insulated PEC with no net charge on its
surface S.

The problem for V}, is solved affer obtaining the solution Vj
in free space, as the latter is used in the boundary condition for
V4 on S through the quantity

0
“ar

r=a

a(0,9) = 3)

If B were a PEC, this value of o (6, ¢) would represent the sur-
face charge density on the PEC surface S.

If the quantity o (6, ¢) is known, the potential inside the body
can be derived by solving the following BVP, which admits a
unique solution:

10, 0 k(r) B
25" k(r)a + 3 AQ] Vy(r,0,0) =0, (4)
K200 n0.0), r=a) )
or
AVy(r, 0,
{Vi(r,0,6)} =0, {k(r)W} “0 (©)
Vb(r7 07 ¢) =0 (T = O) (7)
Here, Ag is the spherical Laplacian:
1 0 . 0 1 0?
2= o0 90 t sFo 0 ®)

The partial differential equation (PDE) (4) is applied to all
points in each layer j = 1,2, ..., N of the medium, except the
origin (r = 0), where the Laplacian in spherical coordinates has
a singular point. Eq. (5) is the boundary condition on the outer
boundary of the sphere. Eq. (6) defines the conditions at each
interfacer = a; (j = 1,2,..., N —1) between the layers. The
curly braces denote the jump of the bracketed quantity across
an interface. The condition at the origin, given by Eq. (7), en-
compasses the boundedness of the solution at r = 0 and also
ensures the uniqueness' of the solution by setting the potential
to zero at the origin.

The above problem for Vj, is a Neumann BVP because the
normal derivative of V, is specified on the outer boundary S
of the domain. As is well known [49, p. 512, Prob. 8.3.6], the

I Replacing the zero on the right side of Eq. (7) with an arbitrary constant
would yield a solution differing by that constant, but the induced electric field
derived from (2) would remain unchanged, regardless of the constant’s value.
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Neumann problem (4)—(7) has a solution only if the boundary
data o satisfies the solvability condition:

/o@@MS:O )
S

In our case, Eq. (9) is automatically satisfied because it is part
of the problem formulation for V.

From here, we describe vector quantities in terms of their
Cartesian coordinates (with subscripts z,y, z), and also
in terms of spherical coordinates using local basis vectors
e1(0,9),e2(0, ¢), e3(¢) along the directions of increasing r, 6,
and ¢, respectively:

e1(0,0) = xgsinfcos ¢ + ygsinfsin ¢ + zg cosd, (10)
ex(0,0) = xgcosfcos ¢+ ygcosfsing —zgsind, (11)
e3(¢) = —Xosin¢ + yocos ¢. (12)

Here, xq, yo, Xg are the unit vectors for the Cartesian coordinate
system. The spherical coordinates of a vector will be labeled
with subscripts 1, 2, and 3. The spherical coordinates 7, 8, ¢ of
the observation point r are indicated as arguments of the local
basis vectors only where necessary for clarity. For example,
e; denotes e; (0, ¢), etc. Using this notation, the electric field
vector E; inside the sphere is given by:

Eb(r) - elE‘bl (T7 97 ¢)+92Eb2 (7”, 97 ¢)+63Eb3(ra 9) ¢) (13)

2.2. Excitation by a Point Charge

Scalar potential. In the special case of a point charge ¢ located
near the sphere at position ¥’ (r’ > a), the charge density is
given by:

p(r) =qd(r —r'), (14)
where ¢ is the Dirac delta function. The location of r’ is arbi-
trary; the source point need not be on any of the coordinate axes
x, y or z. The corresponding potential Vj outside the sphere
(r > a) is obtained using the method of images [21, p. 61,

Eq. (2.8)1:
Volr) = VO )+ —— (&
dreg \ |r — ry|

+%ﬂ, (15)
'

where

V) = e e

(16)

is the incident potential generated by the point charge in free
space without the sphere. The point r, and charge ¢, are de-
fined as:

r, = ﬁr , 17
a
G = —q—, (18)
T
with ¢.. = —q.. We observe that the image sources of this

field comprise a charge ¢, at point r, inside the sphere and a
charge q.. = —q. at the origin [21, Sec. 2.3, p. 61].
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Substitute in Eq. (15) the expansion [21, p. 102, Eq. (3.38)]

+oo

1 T
BN i W
=0 >

(19)

and the corresponding expression

—+oo
a2l

1 1
r—r| - Z (') Py(cos),

=0

(20)

where . and r~ are the smaller and larger of r and 7/, and
P;(«) is the Legendre polynomial of order [ in « [21, p. 98,
Eq. (3.16)]:

1 d .,

_ l
= S gal @ 1

Fi(a) @1

Here v (0 < v < ) is the angle between the vectors r and r':
cosy =ej -€; =cosfcosd +sinfsind cos(p — ¢'). (22)

Primed quantities are associated with the source point r’, such
ase] = ey (0, ¢'), etc. (To be clear, ordinarily the prime is used
to represent a derivative, but in this paper derivatives are never
denoted by primes.)

Considering the expression derived from Eq. (3), we can rep-
resent the quantity o as (cf. [53, Sec. 3.22, p. 203, Eq. (8)])

alfl

g =
0(67 ¢) = T - OS]

=y @+
=1

Fi(cosy).  (23)

Based on this representation, we seek 1/, in the following form:

alfl

Y

. “+o0
1w

=1

Fi(cosy)o(rl), (24)

where the expansion coefficients v(r|l) are yet to be deter-
mined. Substituting expansion (24) in Eqgs. (4)—(7), taking into
consideration that [21, p. 110, Eq. (3.64)]

AqP(cosy) + (1 +1)P(cosvy) =0, (25)

and using expression (23), we obtain that for each value of the
parameter [ = 1,2, ... the function v(r|l) satisfies the ordinary
differential equation (ODE)

d du(r|l)

2
—r°k
r’f‘ (r) .

— Il + DEk(r)v(r|l) =0 (26)

when 7 is confined to an interval corresponding to a layer (j =
1,2,...,N), as well as the boundary condition

dv(rll
k(r) “((i’;‘ )1 (r=a) @7)
the conjunction conditions
e =o. {en™ -0 e
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atthe points r = a; ( = 1,2,..., N — 1), and the requirement

lo(r|l)] < oo (r—0) (29)

at the singular point r = 0.

We have thus reduced the three-dimensional BVP (4)—(7)
to a one-dimensional problem for the functions v(r|l) (I =
1,2,3,...). These functions form the key building blocks of
our numerical-analytical approach. We will revisit these func-
tions, examine some of their properties, and present an efficient
algorithm for their computation later in this section, specifically
for a piecewise-homogeneous sphere.

Electric field. A useful relation is introduced next, namely

1
Vecosy=—(eyey-€) +eses-¢e)). (30)
T
To derive this expression, we used the formulas
0 cosy , Odcos~y .
=ey- = sinfes - €] 31
20 ey - e, 90 sinfes - e, (€28

which follow from Eq. (22) by differentiation with respect to ¢
and ¢ and taking into account that

Oey Oe

— = L _ sinfe
=e2 = 3.
lolv} ’

— 32
5 (32)
Based on Egs. (2) and (24) and using Eq. (30), we can derive
the following expressions for the spherical coordinates of the
induced electric field vector:

Ebl (T7 97 (ZS) = L(/IQA(T? 07 ¢)7

drr (33)

wq

Ebm(T,e,(]S) = mem ’ ellB(Tvevqs) (m = 253) (34)

where
—+oo

>+ ()

=1

1 a
e ()
=1

A(r,0,9) = 1]—’;(0057)13(7"”)7 (33)

B(r,0,¢) = ' Py(cos)v(r|l). (36)

In these expressions, a dot - appearing above a function indi-
cates ordinary differentiation with respect to the argument:

ity = 2410,

_ dPl (a)

].31(04) da ’

(37

etc. We are using this symbol in order to avoid confusion since
prime notation which is usually reserved for derivatives is as-
sociated in this paper with the source point r’.
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2.3. Excitation by a Point Dipole

Dipole at arbitrary location. The other charge distribution
that we consider is:

p(r)=p-V'i(r—r) (38)

where V' is the nabla operator acting on the primed variable 1,
and:

P = Xopz + Yopy + Zop-. (39
Here, p., py, p. are arbitrary complex constants with respect to
the variable r. This charge distribution represents a point dipole
with an electric moment p [57, Eq. (3.30)].
The potential V;, due to a point dipole is derived by applying
the operator p - V' to the potential (24) for a point charge with
q = 1. The resulting expression is as follows:

+o0 —
iw l 1

ZZ2Z+1 —rzv(rll)

Vi(r, 0, ¢) =

= |p, (1 + 1)P,(cosv) — (e - p',)Pi(cosy)| .  (40)

Here, the quantities used are:
Py =p-ep, (41
P = p—epi (42)

They characterize the electric dipole moment p in terms of the
local basis €], €}, €4 at the source point r’. This passage also
uses a formula V' cos v, obtained from Eq. (30) by interchang-
ing the primed and unprimed quantities.

Regarding the electric field vector E;, within the sphere, we
compute it by taking the negative gradient of the potential, as
indicated in Eq. (2). Using the representation from (40), we get
the following expressions: for the radial component —

. +oo al-1
1w
Ey(r,0,0) = o >+ 1) T2 v(rll)

=1

— ey - pl]—:’l(cos v) — P (I + 1)P(cos 7)} . (43)

and for the transverse component (m = 2,3) —

too al—1
w
Eiym(r,0,0) = — Z(2z+1) (i)
=1

= [(en - &) (Pieosy)(er - L) = #(L+ 1) Pu(cos))

+(em ~pl)ﬁ’l(cos fy)} . (44)

To derive these representations, we used the expression for
V(e -p.):

1
V(e -p)= - (ecex - p’| +eses-p'). (45)

This equation can be easily verified using the formulas from
Eq. (32).
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Note that the quantities {v(r|{)};°, in Eqs. (40) and (43)-
(44) are the same as those used in Egs. (24) and (33)—(34) for a
point charge.

Dipole on the z axis. When the point dipole is positioned in
free space on the positive z axis at a distance h from the sphere’s
surface, the source point is given by:

¥ =207, Z =a+h (46)

In this setup, the quantity cos v from Eq. (22) is equal to cos 6.
The quantities p} and p’, from Eqs. (41)—(42) are:

Py = P 47)
P = Xopz + YoPy, (48)

resulting in
e; - p'L = (pscos¢+ p,sing)sinf. (49)

Consequently, the scalar potential V;, from Eq. (40) can be ex-
pressed as

Vo(r,0,¢) = iw(ps cos ¢+py sin §)Wo (r, 0) +iwp. W) (r, 6).
(50)
The functions W, and W), which notably do not depend on the

variable ¢, are given by the following expressions:

sin @ +X a1
Wi(r,0) = == (2+1) ,l+2pl(cose)v(r|1), (51)
=1
1 too al-1
W (r,0) = EZ(%—H)(I—H) —15 Pr(cos O)u(r|l). (52)
=1

The corresponding expressions for the induced electric field can
be easily derived from Egs. (2) and (50). We omit these deriva-
tions for brevity.

2.4. Exact Difference Scheme (EDS)

The problem of finding the functions {v(r|l)}?°, can be solved
exactly when the conductivity function k(r) is constant within
each layer (j =1,2,...,N):

k(r) =k; =const; (k; > 0) (53)

It is not assumed that the conductivities of adjacent layers are
necessarily different; in other words, it is possible that k; =
kj41 for layers j and j + 1.

This model has its own applications [35, Ch. 6] and can
be used to approximate an inhomogeneous sphere with an ar-
bitrary functional form for k(r) by replacing it with multi-
ple sufficiently thin homogeneous layers — see, for exam-
ple, [22, 38] for a similar treatment of analogous EM scattering
problems.

We derive the solution using a recurrence algorithm origi-
nally developed in [43] for the EDS designed for differential
equations with discontinuous coefficients (for the latest devel-
opments in this approach, see [16]). In [43, 16] the solutions are
defined for the overlapping pairs of consecutive layers. This
requires solving Eq. (26) for each layer in the pair and then
matching the solutions at the interface between the two layers.

We made a slight modification to that algorithm to simplify
its application. Specifically, we solve Eq. (26) locally for each
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layer, and then patch the solutions together at the interfaces ac-
cording to the interface conditions (28).

Stencil functions. For a fixed [/, consider the ordinary dif-
ferential equation (ODE):

da 2 du(r)
drr dr
(aj <r< aj_1)

—I(l+Du(r)=0 (54)

defined on the interval corresponding to the jth layer (j =
1,2,...,N). This ODE follows from Eq. (26) for the case of
a homogeneous layer. As a reminder, in our notation, ag and a
refer to the same value — the radius of the sphere, and we set
ay = 0, as previously mentioned.

It is worth mentioning that the term with [ = 0 is absent in
series (24), suggesting that it could be omitted from the analy-
sis. However, to maintain generality, we assume ! = 0, 1,2, . ..
until further notice.

For each shell layer (j = 1,2,..., N — 1), we introduce the
solutions L;(r|l), R;(r|l) = u(r) for Eq. (54), defined by the
following boundary conditions:

Lj(a;|l) =1, Lj(a;-1[l) =0,
Rj(a;|ll) =0, Rj(aj-1[l)=1.

These stencil functions® are linearly independent and can be
represented as follows:

(35)
(56)

w0 = Lt () () ]
o = el [(2) - (2)]

(a; <r<aj_1)
For the core (j = N), we use the stencil function u(r) =
Ry (r|l) determined by the boundary conditions
|[Rn(0]l)] < o0 (r—0)
Ry(an-1]l) = 1.
It is straightforward to verify that:

(39
(60)

r

l
) (O <r< aN,l) (61)
aAN—-1

Rl = (
In our context, Ry (0]0) is defined as 1. Within the inter-
val (a; < r < aj;_1), the stencil functions (57), (58) and
(61) have their values in the range [0,1]. Moreover, for | =
1,2,3,. .., the stencil functions L, (r|l) are strictly decreasing,
while R;(r|l) are strictly increasing because d.L;(r|l)/dr < 0
and dR;(r|l)/dr > 0.
Discretization of the problem. To proceed, we introduce
the (as yet unknown) values v; (1) of the function v(r|l) at the
N points a;, where:

(62)

2 The letters L and R in Lj,R; (j =1,2,..., N — 1) refer to the fact
that the solution to Eq. (54) on an interval a; < 7 < aj_1 that assumes
prescribed values u(a; ), u(a;j_1) at the left and right endpoints, respectively,
can be expressed as u(r) = w(a;)L;(r|l) + u(a;—1)R;(r|l).

O<any_1<any_o2<...<ay <ap,

113

0 0 0 0 -1

+
0 ay,

anz A A a

FIGURE 3. Nodes on sphere’s surface and the interfaces for a point
charge outside the sphere. The numbers positioned above the hori-
zontal axis denote the forcing terms present on the right-hand side of
Egs. (66), (69), and (73).

i.e., on the sphere’s surface and the interfaces:
vi(l) =v(ag]l) (7=0,1,...,N —1) (63)

As mentioned earlier, the problem we are addressing, namely
that of a point source outside a conducting sphere, restricts the
use of [ to positive integer values. Consequently, we will only
consider [ > 1 from this point onward. Also note that the
nodes (62) are numbered from right to left, i.e.,the largest node
(ag) has the lowest index.

In Fig. 3, the locations of the nodes defined by Eq. (62) are
illustrated. The numbers (0 and —1) above the horizontal axis
represent the forcing terms on the right-hand side parts of sub-
sequent Egs. (66), (69), and (73).

It can be easily verified by direct substitution that for the
conductivity (53) the expressions within the shell layers (j =
1,2,3,...,N —1)

o(r|l) = v; (D)L (r[l)+vj—1 (D Rer[l)
and the core (layer N)
o(r|l) =vn_1 (RN (1) (0<r<any-1) (65)

satisfy the ODE (26), the first of the interface conditions (28)
and the requirement at the origin (29) for any values of the N
unknowns {v;(() ;y:})l.

After imposing boundary condition (27) on representa-
tion (64) specialized to the first layer (j = 1) we obtain the

relation

(a;<r<a;_1) (64)

—Co(l)vo(l) + Bo(l)vi(l) = -1, (66)
where
Bo = kMl 67)
dr r—aq
Co =k dRy(r|l) (68)
dr r—aq

Next, using representations (64) in the second of conjunction
conditions (28) at the interface r = a; between shells j and
j + 1 yields:

Aj(l)’t}j_l(l) — C](l)’U](l) + Bj(l)vj+1(l) =0 (69)
(G=1,2,...,N—2)
with
dR;(r|l
Aj = Jiilgﬂ ) o (70)
dL, l
By = —ky el an
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L dRaGlD| LGl
i+l dr T dr

r=a;

C; = . (72)

r=a;

Obviously, these equations apply only if N > 3.

Finally, substituting representations (64) for j = N — 1 and
(65) in the second of conjunction conditions (28) at the interface
r = apy_1 between shell N — 1 and the core (layer N) leads to
a relation

An_1(Dvn—2(l) — Cn-1(Dvn-1(1) =0, (73)

where
dRyx_1(r|l
A =y, D (74)
r T=anN -1
dRpn (7|l dLn_1 (7|l
Cna = kN%h’:aN_l —kna % -(75)
r r —ana

Equations (66), (69), and (73) constitute a tridiagonal system of
linear algebraic equations (SLAE) for the NV unknowns (63). In
terms of [56, 16], the SLAE in question is an exact discretized
version of problem (26)—(29). Once the solution to the SLAE
is known, the function v(r|l) can be recovered at any point of
the interval 0 < r < a via Egs. (64), (65).

By Eqgs. (57), (58), and (61), we have the following explicit
formulas:

k1 (20 +1)(a1/a0)™

By(l) = a0 1= (ay /a2 (76)
kl l + (l =+ 1)(&1/0,0)2l+1
CO(Z) - ;O 1 (al/ao)QHl ) (77)
kj (20 + 1) (aj/a;_1)
o - NG o
kjs1 21+ 1)(ajq1/az) ™
B = a;j 1—(aj+1/a;) 7 )
Ci(l) = kjr L+ (L4 D(aj41/a;)*
’ a; 1= (aj41/a;)**
ki L+ 1+ 1(a;/a;)* (80)
aj 1= (aj/a;_1)**t
(j=12,...,N—2)
kN—l (2l + 1)(aN_1/aN_2)l
An-a(l) = i T (s a2 T (81)
lk kny_11+1+1 _ _g)2H1L
Cna(l) = N kN +1+i(an—1/an—2) (82)

an-1 an-1 1—(ay—1/an_2)?+!

SLAE properties and solution procedure. One can easily see
from the expressions immediately above that for/ = 1,2, 3, ...
the following inequalities hold:

Co(l) > Bo(l) > 0,
Cj(1) > A;(1) + B (1),

(83)

Aj(l) > 0, BJ(Z) >0 (84)

114

(jz 1,2,...,N—2)
Cn-1(l) > An—1(1) > 0. (85)

In consequence of properties (83)—(85), for each admissible [,
the coefficient matrix of SLAE (66), (69), (73) is strictly di-
agonally dominant by rows and, therefore, non-singular thus
ensuring the uniqueness of solution to the considered SLAE?.
As yet another consequence, the sufficient conditions for the
applicability and stability of the Thomas, or tridiagonal matrix,
algorithm are satisfied [44, § 1.1, Eq. (16)].

There are a number of variants of Thomas method, mostly
based on implementation details or specific considerations [44,
§§ 1.1, 1.2]. Our Egs. (66), (69) and (73) can be most efficiently
solved with the help of the left elimination variant of Thomas
algorithm as follows [44, § 1.1, pp. 9-10]:

* start with
An_1()

Cn () (86)

O'N_l(l)

and calculate the coefficients {o; (1)} ;V:jz using the down-
ward recurrence relations

4;(1)
Ci(1) = oj41(1)B;(1)
(J=N-=-2,...,2,1)

(the symbols o; have nothing to do with the surface
‘charge density’ in Eq. (3) and elsewhere!)

o;(l) =

87

+ calculate {v; (l)}jN:Bl using the starting value

1
vo(l) = 88
= G B 9
and the upward recurrence relation
’Uj(l) :aj(l)vj_l(l) (j = 1,2,...,N— 1) (89)

The strength of our solution procedure for the induced electric
field is the simplicity and stability of the aforementioned algo-
rithm (i.e., roundoff errors in floating point arithmetic remain
bounded).

By virtue of properties (83)—(85), it can be shown induc-
tively, starting with j = IV — 1, that for all admissible j the nu-
merators in the right-hand side of Eqs. (88 and (88) are nonzero:

Ci(1) = o511 () B;(1) > Aj >0, (90)
and the multipliers o ({) are bounded by
0<o;(l) < 1. ©1)
Using (91) in (88), (89) we find that
0<wvy—1(l) <...<wv1(1) <wvo(l). (92)

The Wolfram Mathematica implementation of the numerical-
analytical solution described in this Section is provided in Mod-
ules 1 to 8 of the code supplement.

3 Incidentally, for I = 0 the SLAE coefficient matrix at hand is singular,
i.e., its determinant is zero.
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3. NUMERICAL SOLUTION USING FINITE-
DIFFERENCE APPROACH

This Section aims to provide a direct numerical algorithm for
numerically solving the low-frequency potential V, in a strati-
fied conducting sphere. The goal is not to present novel find-
ings, but to verify the analytical solutions derived in the pre-
ceding section and to develop a robust computational tool for
efficient analysis of various practical exposure problems. To
accomplish this, we use the classic FD method [44, 26], which
offers robust algorithms, supports general models, and is rela-
tively straightforward for programming. The program imple-
mentation of the FD approach is detailed in Modules 9 to 18 of
the code supplement.

Without loss of generality, we focus on a scenario where the
point source is positioned in free space on the positive z axis at
a distance h from the sphere (b > 0), as specified in Eq. (46).
Due to the symmetry this assumption introduces, we will ex-
clude the variable ¢ from our consideration, and formulate the
BVPs in the r-0 domain.

For this scenario, we first derive the exact representations
of the scalar potential in terms of auxiliary functions U, W),
and W , and present the BVPs for these functions. We then
discretize the BVPs by approximating each derivative in the
continual formulation with a difference quotient at the grid
nodes [44,26]. In the grids utilized in our computer pro-
gram (implemented in Wolfram Mathematica), the local dis-
cretization error resulting from these approximations exhibits
a quadratic dependence on the size of both radial and angular
cells.

We do not detail the entire discretization process here, as it
would compromise readability. The reader can verify the FD
approximations by substituting Taylor series expansions into
the FD quotients, noting that the functions U, W, and W sat-
isfy their respective PDEs.

3.1. Considered Continual BVPs

Surface charge density for point sources on the z axis. In the
following discussion, we do not make assumptions about the
internal structure of the conducting sphere, remaining within
the framework of a general model with a general conductivity
distribution k(r).

If the source is a point charge g, we find from the appropri-
ately adapted Egs. (15) and (3), that the surface charge density
o(0,¢) = o(0) becomes independent of ¢, leading to the fol-

lowing expression for o (6):
a(0) = q7(0), 93)

where

1 1 h(h + 2a)

o) = — - :
76) dma |a+h [h2—|—4a(a+h)sinzg]§

94

When the source is a point dipole with moment p, the following
steps are convenient: First, derive the scalar potential 1 for the
dipole positioned next to the sphere by applying the operation
p - V' to the representation (15) for the scalar potential of an

115

arbitrarily positioned charge with ¢ = 1. Then, set the obser-
vation point on the z-axis as specified in Eq. (46), and finally,
determine the surface charge density o using Eq. (3).

The first step results in the following expression for the scalar
potential of the dipole in free space:

i 1 ps-n,
Y _ V(zn(,)
o(r) (r) + dmeg |r — ry|?
1 g Qe
— — 95
+47T80 Lr—r* L }’ 3)
) 1 p-n
(inc) _ 96
v (r) deg r — 1|2’ ©6)
I et ©7)
S o=
n,o= (98)
.|
ap - €}
. = B0 99)
Qxx = —(x, (100)
a 3 / /
p- = () l2ei(p-e)—pl. (10D

Representation (95) illustrates that the potential due to a point
dipole is generated by image sources within the sphere, in-
cluding a charge ¢, and a dipole of electric moment p.. at the
point r,, as well as a charge g, at the center of the sphere [3,
Prob. 3.36, pp. 38-39, 251252, 45].

In the case where the dipole is located in free space on the
positive z axis, as indicated by Eq. (46), the corresponding sur-
face charge density o(6, ¢) can be expressed as:

o(0,¢) = (pzcos ¢+ pysing)r, (0) +p.7y(0), (102)

where the functions 7, and 7 are both independent of ¢. Their
expressions are:

1 3h(h + 2a)sind

T1(0) = —— = 103
1) 4 [h2 4 4a(a + h) sin® 8= (103)
1 1
10 = = fra [
+2a(h2+2ah+4a2)sin2g—h2(h+4a) . (104)

[h2 + 4a(a + h) sin® §]*

Equation (102) parallels a similar expression (50) for the po-
tential V3, within the sphere. Expressions (94), (103), and (104)
clearly demonstrate that

dT(a) dTH(Q) . .
5 =0~ =0 7.(0) =0 (105)
(0:077()
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As a final point, to support further analysis, we provide asymp-
totic representations for 7(0), 7(0), and 7.(0) as h > a.
These representations are as follows:

3cosf
T(0) =~ I (106)
3sinf
3cosd
TH(Q) ~ W (108)

As an aside, it is worth mentioning that Eqgs. (106) and (108)
resemble an expression [25, Eq. (1.12)], [57, Sec. 4.7.1, p. 144,
Eq. (4.72)], [53, p. 205, Sec. 3.24, Eq. (27)], [21, Eq. (2.15)]:

0(9,¢) = 35(]E0 cosf (109)

for the induced charge density on the surface of an uncharged
insulated PEC sphere embedded in a uniform electric field
aligned with the z-axis:

E("9) = 2y, (110)

where FE is a constant.

Model and BVPs. We now revert to the assumption made
in Section 2.1 and consider a general piecewise-smooth con-
ductivity function k(r) (k(r) > 0). This is different from
the earlier assumption in Section 2.4, which treated k(r) as
piecewise-constant. For an arbitrary point (0 < r < a) inside
the sphere, we can define two one-sided limits: k(r — 0) and
k(r+0). If r lies within the continuous portion of the medium,
these limits coincide with the value of k at that particular point:
k(r —0) = k(r + 0) = k(r). When the point r corresponds
to an interface, it is possible for k(r — 0) to be different from
k(r + 0). The precise positions of these interfaces are not de-
tailed in this Section. To allow greater flexibility in subsequent
derivations, we permit a situation where k(r — 0) = k(r 4+ 0)
at an interface. In such a situation, the interface serves as a
geometric concept rather than a separate material entity.

In order to address future needs, we will now introduce the
following linear differential operators:

) f L0 500
L o ) g (111)
O et 1 0 0 v
LY (v) Sind 50 sm@ae 7y (112)

These operators act on the variables r and 6, respectively. The
parameter v in the definition of L(®) (1) can be either 0 or 1
in the forthcoming derivations. It is important to note that the
symbols 7 and 6, when employed as superscripts, should be re-
garded solely as labels rather than representations of arguments
or specific variable values.

In the scenario involving a point charge, based on the ex-
pression (93) for o, the potential V}, inside the sphere can be
expressed as a function independent of ¢:

Vi = iwqU (r, ). (113)

116

Thus, the initial formulation presented by Eqgs. (4)—(7) can be
reformulated in the -0 plane as follows:

L0 4L (0)} Ur8) =0 (0<7r<a, 0<0<m) (114)

ou(r,0)

k(r) o = 7(0) (r=a) (115)
ou(rey

T—O @=0,m1; 0<r<a) (116)
weoy=o. {in 250} - )
U(r,6)=0 (r=0) (118)

The PDE (114) does not apply to the values of  where the coef-
ficients of the PDE, such as the function k(r) or its first deriva-
tive, are discontinuous. These points represent the interfaces
in our formulation. For each interface, the interface conditions
from (117) are applied. The boundary condition (115) and the
symmetry condition (116) are derived from Eq. (5) and the first
relation in Eq. (105), respectively. The condition at the origin,
given in Eq. (118), addresses the requirement for boundedness
and also ensures uniqueness by specifying that the desired po-
tential must be zero at the origin.

In the scenario involving a point dipole, using representa-
tions (50) and (102), we derive the BVPs in the r-6 plane for
the functions W, and W) from Egs. (4)—(7). Specifically,
the function W) satisfies a BVP that is formally derived from
Egs. (114)—(118) after replacing U — W) and 7 — 7). The
function W satisfies the following BVP:

L(r)+L(9)(1)}WL(r,0) =0 (0<r<a, 0<f<m) (119)

b 2D ) =) (120)
Wi(r,0)=0 (@=0,m 0<r<a) (121)
{Wi(r,0)} =0, {k(r)anff’e)} = (122)
Wi (r,0) =0 (r—0) (123)

We do not elaborate on the mathematical significance of the
components in this BVP, as they parallel those in Egs. (114)—
(118).

A principal difference between the problems for U and W
lies in the fact that, at # = 0, 7, the functions U and W, ad-
here to the Neumann and Dirichlet boundary conditions, re-
spectively — see Egs. (116) and (121). Similarly, the problems
for U and W) can be categorized as the same type since both
require the Neumann boundary conditions at § = 0, 7.
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3.2. FD Discretization for U and W |

In this section, we will outline the discretization algorithm for
the representative continual BVPs, specifically (114)—(118) for
U and (119)—(123) for W . To maintain brevity, we will omit
the discretization scheme for the BVP for W), as it follows the
same structure as the one for U.

FD grids. To discretize the radial coordinate, we split up
the interval 0 < r < a into M subintervals [r,,, 7,,—1] by the
M + 1 nodes

O=ry<ry_1<...<m<rpg=a (124)

such that they include all of the interface points as a subset. The
precise locations of these interfaces are not explicitly specified
in this Section. The set of indexes m associated with the inter-
faces is denoted as M.

Note that we enumerate the radial nodes starting from the
outermost node (o) and proceed inwards. The length of grid
cell [rp, rm—1] (m = 1,2,..., M) is represented by Ar,,, =
Trmn—1 — Tm. The parts [r,,, m—1] need not be of equal length
(the non-uniform grid). A non-uniform radial grid enables grid
adaptation to enhance resolution by adjusting the cell size in
each layer and incorporating smaller spacing between grid cells
near the center of the sphere, while utilizing larger grid cells
elsewhere. In our program implementation of the FD algorithm,
the radial grid is uniform within each layer; however, the grid
size may vary across layers.

The angular domain 0 < 6 < 7 is discretized by introducing
a uniformly partitioned angular grid with the nodes

0, = nAf (n=0,1,2,...,N) (125)
0

A = —. 12
N (126)

Please note that in this Section, the notation NV refers to the dis-
cretization of the angular coordinate, where N + 1 represents
the number of nodes in the angular domain. It is important to
clarify that this definition of IV is unrelated to a similar sym-
bol used in previous Sections, where it represents the number
of layers composing the stratified sphere. Although the use of
the same symbol may appear duplicated, it is hoped that this
does not introduce any ambiguity, as the number of layers is
not explicitly relevant in this particular Section.

For the grid in the r-6 domain, the grid nodes (r,,,0,,) are
assigned two indices: m = 0,1,2,..., M for the radial direc-
tion, and n = 0,1,2,..., N for the polar angle direction. As
customary, the subscripts will accompany the value of a func-
tion at the corresponding grid node: k,,, = k(ry,), 7 = 7(60r),
Umn - U(va 0n)~

In the FD equations presented below, we include error terms
for clarity. The actual FD approximations are obtained by dis-
carding these error terms. We first present the discretized equa-
tions for the function U and then outline those for W .

Discretization of PDE (114). When the node r,,, falls within
a continuous layer (i.e., the index m does not belong to the set
M), and 6, is a point inside the interval 0 < 6§ < = (i.e.,
n=1,23,..., N—1),the FD approximation of the PDE (114)
can be expressed as

AU 10— [CO 4+ CO0)| Up + B U1

A AP U1+ B Uy i1 €5 +0(A60%) =0 (127)
(m=1,2,3,....M—1 A mé¢M A n=1,2,3,...,N—1)
with
Em—1 + k) (rm + Arp /2)?
Am = ot 128
m kmArm (Ary, + Arpiq) (128)
B — (km + k1) (rm — Arpy/2)? (129)
m Em AT 1 (Ary + Arpi1)
O = AR+ B, (130)
® _ sinf,,_1 +sinf,
An 2A0? sin 0, (131
) _ sin9n+sin9n+1
By 2A62%sin6, (132)
c®0) = A® + BY). (133)
(ry _ O(Ary)+O0(Arpi1)  (Armu #Ary)
elr) = (134)
O(Argn) (Arerl Arm)

The aforementioned expressions for A and B are predi-
cated on the assumption that both nodes 7,1 and 7,1,

(135)

reside inside the designated layer. However, in the event that
either node r,,11 and/or r,,,_; resides at the interface between
the designated layer and an adjoining layer, it becomes nec-

Tm+1 = Tm — A’I"erh Tm—1="Tm + A’l”n“

essary to modify the aforementioned formulas for Agﬁ) and

B,(,’;). This modification involves replacing the respective func-
tion values k,, 41 or k,,,—1 with a one-sided limit. Specifically,
k1 should be replaced with k(r,,+1 + 0) and k,,—1 with
k(rm—1 — 0) as appropriate.

Discretization of Boundary Condition (115). When con-
sidering a radial node r,,, on the boundary r = a (i.e., m = 0), it
is necessary to differentiate between two scenarios: one where
the angular node 6,, is a point inside the interval 0 < 6 < 7
(ie,n=1,2,3,..., N — 1), and another where the node 6,, is
the endpoint 0 or w (i.e., n = orn = N).

In the former situation, the FD approximation of the bound-
ary condition (115) can be expressed as:

N .
B(T2) + T21 0 07(19)(0) UOn‘i’BSTQ)Uln
g
Ar k&
e il (A(G)U(Jn 1+ BOU, n+1)
2r0
+0(Ar}) + O(Ar AG?) = —7, (136)
(m=0 A n=123,...,N—1)
Here we have defined
kST = k(rg —0), (137)
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2y 2(rg — Ar1/2)2ki kS
B(() 2) — (TO Tl/ ) 17 , (138)

raAry (kl + ké_)>

4

4 6
BY - AD - 2o

(139)
The corresponding difference equations at the angular end
nodes 6y and 0 (where 6y = 0 and 6y = 7) are as follows:

Ar k)
_ B(""2)+ 1o
< 0 2rk

Bé“”) Uso + B Uyg
Ariky”

o BYUg1 +O(Ar2)+ O(Ar1 A0%) = —7y (140)

vy Ar k(Y .
Qﬁm+7ﬁoA§>%N+%mmN

ATl kéi)

22 AQUy n—1+O(Ar2)+O(Ar AG?) = —7 (141)

+

(m=0 A n=N)
Equations (140) and (141) have been derived considering the
property

o3U(r,0)

55 =0 (0=0m 0<r<a) (142)

which the function U(r, §) exhibits due to the first relation in
Eq. (105).

Discretization of interface conditions (117). We focus here
on the case where the node r,, is situated at an interface (i.c.,
m € M). Since the radial node is positioned at the inter-
face, the continuity of U(r, ) specified by the first condition
in Eq. (117) is enforced automatically. The discretized version
of the second condition in Eq. (117) at every interior angular
node 6,, (where n ranges from 1to N — 1) is given by:

+ —
ol +<Armk’(” | Ak, )> ci(0)

2r2, 2r2,

A'(nCQ)Um—l,n_ Umn

Arp kS Ar k)
B(TZ) o N mhivm m+1~m
B Untin + 2r2, 2r2,

(A%G)Um,n—l + B’I(LQ)U"”""J"1> +0(Ar7,) + O(Arfn-i-l)

+O(AT, A0?) + O(Ar 1 A0%) =0 (143)
(meM A n=123...,.N-1)

where

2rym + Arp /2)2 kg1 kST
T’I%LAT’ITL (kmfl + kr(n )) ,

A2 — (144)

2 (=)
B,,(777j2) _ 2(7’m —A’I"m+1/2) km+1km ’ (145)

7"72nA7"7n+1 (km,+1 + k7(n_))
C(r2) = A2 4 B2, (146)

and k,(,f ) and k:,(,f) represent the limits of the function k(r) as
the argument r approaches the node r,,, from below or above,
respectively:

EC) = Ek(rm —0), kD =k(rp, +0). (147)

Discretization of symmetry condition (116). For the interior
radial nodes r,,, (m = 1,2,3,..., M — 1) that do not belong to
the interfaces (i.e., m ¢ M), the discretized version of the sym-
metry condition (116) takes the following form: at the angular
end node 0 = 0y —

A40A T)Um 1,0 — (B(()el) AHC(T)) mO0

AH r
B Um0+ B U + ) =0 (148)

(m=1,23,....M—-1 A méM A n=0)

and at the angular end node 6 = 0 —

Af AB
— AR U, 1,N+(A§31>+ cw) .

Af .
~ o B Unian =AY Unva ey =0 (149)
(m=1,23,....M—1 AN m¢M A n=N)

where

1
61 61
By =AY = £ (150)

(r0)

The local discretization error €, in relation (148) is given by:

ey =0(A°)
O(Arm) +O(Arpp) (Arpp #Ary,
ag. 19! 7“2) (Arp) (Arpmp #Ary) (151)
O(A nL) (Arm-‘rl :Arm)
(Note that the error term 6(79) in Eq. (149) has the same form
and is omitted here.)
When the radial node 7, is situated at an interface (i.e.,
m € M), the following discretized versions of the symmetry
condition (116) apply: at the angular end node 0 = 6y —

A 2
l Tm )A(mTQ)Umfl,O
2 Ar"nLk?(?ir) + ArnL-i—l k7(1:

A6 2
_ Béel) + =2 = Tm 5 CT(;Z) Um()
2 Armk',n + Arm-‘,—l km
Al 2
Tm B( )U7rz+1 0+B )Uml

2 Armk,(,j) +A7’m+1k£n_)
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FO(ArmAG) + O(Arm 1 A8) + O(AGP) = 0
(meM A n=0)

and the angular end node § = O —

(152)

Al r2,
m (r2)
9 (+) (-) A,"L Um—l,N
AT‘rnLk/m + Arny,—i,-lk/m

(o1) , Ab o (r2)
_ AN +7 & (7)Cm UnnN
Armkm +ATm+1 km

A6 r2
— T BUIU,, 1 N+AYU,, vy
2 Armkﬁ)—i—ArmHk,(n_) 7 N '

+O(A7,, A0) + O(AT,, 1 A0) + O(AG?) =0 (153)

(meM A n=N)

Relations (148)—(149) and (152)—(153) were derived under the
assumption that the radial cell sizes Ar,,, and Ar,,, 1 are of the
same order of magnitude:

Arp,

=1.
© <Arm+1)

Additionally, property (142) was considered in the derivations.
Discretization of the condition at the origin (118). The
discrete version of Eq. (118) is evident:

Upo=0
(m=M A n=0)

When formulating this relation, we acknowledge that the NV + 1
points (ras,6y,) in the r-0 plane, where n = 0,1,2,..., N,
correspond to the identical node. In Eq. (155), we have selected
n = 0 to simplify the indexing of unknowns and equations with
a single index [26, Sec. 2.14].

Discretization of BVP (119)—(123) for W . For the sake of
clarity in subsequent notation, we will refer to the function W
as W, and the function 7, from boundary condition (120) as 7.

The discretized versions of PDE (119), the second interface
condition in Eq. (122), and the boundary condition (120) at
the interior angular nodes 6,, (where n = 1,2,3,...,N — 1)
are similar to their respective equations (127), (143), and (136)

(154)

(155)

for U, except that the coefficient c¥ (0) must be replaced by

(1)

W= A0+ BY 4

sin” 6,

(156)

The difference equations that correspond to the boundary con-
dition (120) at the angular end nodes 6 and 6 are given by:

—B{™Weo + BIPWio + O(AF2) = =1 (157)
(m=0 A n=0)
and
—BSWon + BIP Wiy + O(Ar) = —7y  (158)
(m=0 A n=N)

119

These equations have been derived considering the property

O?W (r,0)

502 =0 (06=0,m;

0<r<a) (159)

which the function W (r, #) exhibits due to the last relation in
Eq. (105).

The symmetry condition (121) represents a Dirichlet condi-
tion, leading directly to:

Wpo=0 (m=0,1,2,....M—1 A n=0) (160)
Wpun=0 (m=0,1,2,....M—-1 A n=DN)(6l)

These equations incorporate the nodes (rg,60y) (form = n =
0), and (19, 0n) (for m = 0, n = N).

Furthermore, the condition at the origin (123) leads to the
same form (155) as the one for the function U.

3.3. Computation of the Induced Electric Field Vector on the FD
Grid
We present the formulas required to approximate the induced
electric field vector (2) on the FD grid in the r-0 plane. This
approximation involves calculating the gradient components of
the functions U, W), and W at the grid nodes. However, we
focus on the functions U and W U because the corresponding
expressions for W) identical to those for U.

VU at the origin node. At the origin node (with node indices
m = M and n = 0), we have the following expression:

Unm—1,0 —Un-1,n

VU'I:y:z:O =12 QA’/'M

+O(Ar2,). (162)

19U

The nodal values of T

are computed as follows:

19U
S 163
<r 06 >mn (163)
0 (n=0,N)
- - 164
U1 “Uman=1 4 o pg2) (n=1,2,3,..., N *)

2rm A0

(m=0,1,2,...,M —1)

In the right hand side of the above equation, the top expression
comes from the symmetry condition (116), and the bottom line
is the well-known central difference approximation of the first
derivative of U (r, §) with respect to 6.

Nodal values of %‘rj on the outer boundary of the sphere.
From Eq. (115), for nodes (7, 6,) on the outer boundary of
the sphere (m = 0), we have:

<8U(r, 9)) _ T (165)
or on kO
(m=0 A n=01,2...,N) (166)

Nodal values of %‘rj at an interface: This involves consider-
ing the one-sided limits of U (r, @) /Or as r approaches the in-
terface from one side, due to the fact that the derivative OU /Or
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does not exist at interfaces where the conductivity, as a function
of r, exhibits a jump discontinuity.

To formalize this, we consider the index m to be a member
of the set M. The adjacent nodes of the radial grid, r,,,1 and
m—1, reside in the layers bordering the interface defined by
r = r,. Specifically, r,,_1 is situated inside the outer layer,
which is closer to the boundary of the sphere, while 7, is
positioned inside the inner layer, closer to the sphere’s center.

We begin by focusing on the interior angular nodes 6,
(where n = 1,2,3,..., N — 1). The following expressions
represent the one-sided derivatives:

U (r,0 A2
( ) = ﬁ (Umfl,n - Umn)
or r=rm,+0,0=0, k’m
Ar,,
+ o 2 [A(G)U -1 Cr(LG)(O)Umn + sze)Um,nJrl
+ O(Ar7,) + O(Ar, A6%), (167)
(r2)
B
M _Zm (Umn —Upps1 n)
aT r=r,—0,0=0, kh(r:) ’
Arp,
- 27”1%:1 |:A£L9) Um,n—l - CT(LQ) (O)Umn + Bﬁ@) Um,n+1

+ O(Arfn-l-l) + O(AT7U+1A92)’ (168)
where the coefficients A, BY) and (" (0) are given by
Egs. (131)—(134).

The one-sided derivatives W |»=r,, +0 at the angular end

nodes 8 = 6,0y are given as follows: on the outer side r =
7m + 0 of the interface r = r,,, —

U (r,0) AR
o |y, 40,000 R (Um—10 = Umo)
+ 2T BO) (U U 2 2
22 (Ui —Unmo) +O(Ar2)+O(Ar,, AG?),  (169)
oU (r,0) A
or r=r,+0,0=0n B kEnJr) (Um*LN - UmN)
Ar,,

2T2 Agg)(Um,N—l - UmN) +O(Argn) +O(ATWLA02) ’ (170)

and on the inner side r = r,,, — 0 of the interface r = r,,, —

oU(r, 0 BffLQ)

% = el (Umo — Unm+1,0)
r=r,—0,0=0q m

Arm

T B Ut =Upmo) +O(AT2, )
+ O(AT 1067, (171)

U (r,6 B2

%) =0 (UnN = Unt1,n)
r=rm—0,0=0N m

120

_ A’l”erl
2r2,

AU v = U ) +O(AF2, 1)

+ O(AT,, 1 106%), (172)

where the coefficients B ) and Ag\, are defined in Eq. (139).
The equations for the angular endpoints have been derived con-
sidering the property indicated by Eq. (142).

Nodal values of %‘rj outside interfaces. For a non-origin
node (7, 0,,) within a continuous medium, not at an interface
(m ¢ M), the method applied to interface nodes can be used
by treating the surface r = r,, as a pseudo-interface where the
function k(r) remains continuous: k(r,, —0) = k(r,, +0) =
k(rm)-

If Arpy1 = Ary, the derivative OU(r,0)/Or at a non-
origin node (7, d,) within the continuous medium can also
be expressed as:

oU(r,0) B
or mn a

which involves a well-known central difference approximation.
This expression assumes that the nodes r,,, 1 and r,,, 1 are part
of the same continuous medium as 7,,,.

The utility of this approximation is increased by the flexibil-
ity to introduce a mathematical interface at a given r = r,,,
along with the corresponding interface conditions (117). The
adjacent layers in the r variable can then be discretized, em-
ploying a specific uniform radial grid for each layer.

Horizontal dipole: Electric field at the origin node. We
will now transition to the scenario involving a horizontal dipole,
positioned outside the sphere on the z-axis, with its electric
dipole moment perpendicular to the z-axis:

Umfl,n - Uerl,n
2071,

+O(Ar2), (173)

P = XoPz + YoPy, (174)

where p, and p, are complex numbers.
For ease of notation, we will refer to the function W, as W,
and the function 7, from boundary condition (120) as 7.
Atthe origin (r = 0), the electric field vector is characterized
by the following expressions:

oW (r,
E’gg(r)\m:y:Z:0 = —iwpy 6(7" 2) , (175)
r=0
) oW (r,
B0y = —ion, DB a7
r=0
E.(r)]eyereo = 0. (177)

. N AW (r, T
Using an FD approximation for the derivative % =0, at

the origin node (with the radial node index m = M), we derive:

8W(7ﬁ7 %) W(TM—lv %)
—_— =—— 22 L 0(Ar? 178
or —0 A?”M + ( TM)a ( )
where we use the fact that W(ry,5) = 0, as stated in
Eq. (123).
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When computing the value W (ras—1, 5) on the right-hand
side of Eq. (178), we distinguish between two cases depending
on whether the maximal angular nodal index /N is even or odd.

In the case of N being even, we have N = 2K, where K
is a natural number, and the angular value § = 7 coincides
with the angular node 6. Therefore, the quantity W (ras—1, 5)
coincides with the nodal value Wj,_1 x on the 2D FD grid.
Consequently,

oW (r, %)
or

W
= -t oard)).

Ar (179)

r=0

In the case of N being odd, we have N = 2K +1, where K isa
natural number, and the angular value § = 7 is located midway
between the angular nodes 6 and 0k 1:

1
= 5(91( +0k41). (180)

bol 3

Since 7 is not an angular node, the quantity W (rys—1, %) has
to be estimated in terms of the nodal values W (ry;—1,0k) =
Wir—1,x and W (rpr—1, 0k +1) = War—1,k+1 via linear inter-
polation as:

s

W(TM,l, 3

) %(WM L&+ W1 k1 HO(AG). (181)

Substituting expression (181) for W (ry;_1, §) into Eq. (178)
yields:
oW (r, 5)
or

r=0

 Wh— gk +Wh-1,k41
QAT’M

+O(Ar3,)+0O(A0%). (182)
With the origin node addressed in the preceding discussion, we
will now consistently refer, without explicit mention each time,
to nodes (7, 6,,) that are not situated at the origin.

The nodal values of 1 2% are computed as follows:

18W
r 00

W,
r Ale (n=0)
- Wm,n;j" _AVZm,n_l (n == 1; 2737 M 7N - 1)
m,N—1 —
A0 (n=")
+O(A?) (183)
(m=0,1,2,...,M —1)

In the right-hand side of the above equation, the top and bottom
expressions arise from the symmetry condition (121) and prop-
erty (159) of the function W. The second line involves the well-
known central difference approximation of the first derivative
of W (r, 8) with respect to 6.

Nodal values of 2V at the outer boundary of the sphere

or
are determined by a formula similar to Eq. (165) for U. Note

121

that according to the last expression in Eq. (105), we have 79 =
7n = 0, which leads to:

(8W<7"9>) —0 (m=0 A n=0N) (I84)
or on

Nodal values of 8W at an interface. For the node (7, 6,)

at an interface (m € ./\/l) expressions for the one-sided deriva-

tives 8(: ) |=r+m=o at interior angular nodes 6,, (Where n =

U (r,0)
1,2,3,...,N oULr8)|

— 1) are similar to those for r=r4m-+0 N

Eqgs. (167)—(168), except that the coefficient Cr(f))(()) must be

replaced by ci? (1).
For the angular end nodes 6 = 0y, 0, due to symmetry con-
dition (121), the following exact relations hold:

oW (r, 0,

OW (r,6m) =0 (meM A n=0,N) (185)
or r=r,+0

Nodal values of %W outside interfaces. For a non-origin

node (7, 0, ) located within the continuous medium outside
the interfaces (m ¢ M), we can apply the methodology and
expressions as previously used for the function U. Specifically,
we can either treat the surface r = r,,,, where the node is lo-
cated, as a pseudo-interface where the function k(r) remains
continuous, applying the expressions for the one-sided deriva-
tives, or we can use an expression similar to Eq. (173) for U.
Additionally, at the angular end nodes 6 and 6, due to sym-
metry condition (121), the following exact relations hold:

<8W(r, 0,)

5 )WLO (m¢gM AN n=0,N) (186)

4. COMPUTATIONAL RESULTS

We illustrate the functionality of the numerical-analytical and
FD solutions by examining a four-layer sphere model that sim-
ulates the human head at low frequencies [35]. The Wolfram
Mathematica code for this model is provided in Modules 19A
to 29 of the supplement. The four layers represent the scalp,
skull, cerebrospinal fluid (CSF), and brain, listed from the out-
ermost layer inward. The model parameters are summarized in
Table 1. The point sources considered are located in free space
on the positive z axis at a distance h from the sphere (b > 0),
as specified in Eq. (46).

For simplicity, we do not attach the layer-specific index j to
the quantities in the table. The outer radii of the layers, repre-
senting the value of a;_; for layer j, are consistent with those
in [33]. The dielectric constant €,..; (equivalent to the real part
of the complex relative permittivity) was calculated for each
layer at a frequency of 200kHz, using an online database of
tissue dielectric properties [17]. This frequency is representa-
tive of portable WPT devices [13,20], which generally oper-
ate at frequencies not exceeding a few hundred kHz. The con-
ductivities of the layers were sourced from an online database
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TABLE 1. Parameters of a four-layer spherical model of the human head.

Model parameters Scalp | Skull CSF Brain
Layer index j 1 2 3 4
Outer radius of layer, m 0.09 0.085 0.08 0.079
Dielectric constant £,.¢; 1100 204 109 2300
Conductivity k&, m~* ohm™* 0.148 | 0.0179 | 1.88 | 0.375
Dissipation factor D = k/weore 12.1 79 1550.2 14.7
Penetration depth d = (2/wpuok)*/?, m | 3.0 9.0 0.8 1.9
Free-space wavelength Ao, m 1499
Normalized potentials Gradient components of normalized potentials, m!
0.006 0.1
vZu‘“°"“".r"""""'"’"*--..,_
0.004 " e,
0.05} %
ynorm) Vs
0.002+ e v, Winorm;
’ — == ® 0= 0 —0- 0—6 -9
/"—‘-__—_‘ ,‘ l"r‘
o W(Lnorm) or \2 Wj_"mm) A""
-0.002f viyr
-0.05F »
-0.004 o
/’
»
-0.006+ ~0.1+ .-’.’,z
0 02 04 06 08 1 0 0.05 01 0.15 02 0.25

o/

o/

FIGURE 4. Angular profiles of the dimensionless normalized potentials, U™™ = h2U, Wlf"orm) = h*W, and Wi““’"“) = h3W,, along with
the spherical components of their gradients, defined by V; = % and Vo = %%. The profiles are evaluated at the midpoint of layer 3 (CSF) at

r = 0.0795m, with h/ag = 0.3.

of low-frequency conductivities [17]. Table 1 additionally in-
cludes key frequency-dependent characteristics of field-tissue
interaction, namely the dissipation factor D (defined as the ra-
tio of the conduction current to the displacement current) and
the penetration depth d (the distance over which a plane wave in
an unbounded medium attenuates by a factor of e = 2.718...).
The conditions for the low-frequency approximation used in
this paper are [57, Sec. 13.10]:

D>1, d>ag, Mo> ag, (187)

where \g = 27 /w,/€o g is the free-space wavelength. These
criteria are clearly met by the model presented.

The programmatic implementation of the solutions described
in previous Sections has specific characteristics. In the case of
the numerical-analytical solutions in Section 2, all summations
involving [, as exemplified by formulas (24) and (40), have
been truncated after | = L. For the FD solution described
in Section 3, the radial grid was defined by setting the number
of internal nodes within each layer, in addition to radial nodes
at each interface and the origin (r = 0). Our experiments with
various combinations of these parameters confirmed the con-
sistency and accuracy of the solutions.

In this Section, the results obtained from the EDS were com-
puted using Ly,,x = 40, while the FD results were computed
with a uniform distribution of radial nodes within each layer —
specifically, 15 internal nodes in each of layers 1, 2, and 3, and

122

10 internal nodes (in addition to the origin node) in layer 4. The
total number of angular nodes, including the end nodes at§ = 0
and 6 = 7, was 541. The total number of distinct nodes in the
r-6 plane (equal to the number of unknowns) was 31,920. The
resulting SLAE coefficient matrix contained 158,937 non-zero
coefficients for the potentials U and W), and 158,599 non-zero
coefficients for the potential W, . In the Wolfram Mathemat-
ica program that we developed, these SLAE coefficients were
stored as a SparseArray object, and the SLAE was solved using
the LinearSolve[] function.

Validation of solutions. Figures 4, 5, and 6 demonstrate
the performance of the EDS solution (represented by solid and
dashed lines) and the FD solution (shown as dots). The plots
indicate that the agreement between these two solutions is quite
strong.

In Fig. 4, the dimensionless quantities

U(norm) _ hQU, W(norm) _ hBW”, WJ(_norm) _ hBWl

I
(188)
and the spherical components of their gradients are presented.
The operators V; and V5 are defined as

0 10
o V2T e

These quantities are calculated as functions of the polar angle 6,
with the distance h = 0.3ag, and the radial variable set at r =

(189)
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FIGURE 5. Radial profiles in terms of the scaled variable 7scaieq (defined in Eq. (193)) for the radial component J. 1(
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morm) o f the normalized conduction

current density (Eq. (192)) and the transverse component Eé"orm) of the normalized electric field (Eq. (190)). The excitation sources are a point
charge (C) and a z-oriented dipole (D), both positioned at a distance h from the sphere (h/ao = 0.3). Profiles are shown for two polar angles:
0 = m/4 (solid lines and corresponding dots) and @ = /2 (dashed lines and corresponding dots). Solid and dashed lines represent EDS-based

solutions, while dots indicate FD-based solutions.

10"%0°™  s/rad-m-ohm

.
‘o-.e-.-.-.o-o—.-on-.—o-o--o-o—....._. - Y

0 1 2 3 4

I'scaled

FIGURE 6. Radial profiles in terms of the scaled variable raieq (defined in Eq. (193)) for the radial component J1<
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morm) o f the normalized conduction

current density (Eq. (192)) and the transverse components ES"™ and E{™™ of the normalized electric field (Eq. (190)) induced by an z-oriented
dipole located at a distance h from the sphere (h/ao = 0.3). Profiles are shown for a fixed azimuthal angle ¢ = 7 /4 and two polar angles: 0 = 7 /4
(solid lines and corresponding dots) and § = /2 (dashed lines and corresponding dots). Solid and dashed lines represent EDS-based solutions,

while dots indicate FD-based solutions.

(az + a4)/2. This value determines a spherical surface within
layer 3 (CSF), positioned midway between the outer boundary
(r = as) and the inner boundary (r = ay4) of the layer. Layer
3 was chosen because it has the highest conductivity among all
four layers, as indicated in Table 1.

Figure 5 shows the radial profiles (in terms of the scaled ra-

dial variable 7.q410q) for the radial component Jl("m“m) of the
normalized conduction current density, and the transverse com-

ponent Eémrm) of the normalized electric field induced by a
point charge (C) and a z-oriented dipole (D). Fig. 6 presents

Jl(norm)

the radial profiles for and the transverse components

ESmr™) ™™ of the normalized electric field induced by

an x-oriented dipole.
In both figures, the point sources are located at a distance
h = 0.3a¢ from the sphere, with parameters ¢, p,, and p, as-
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sumed to be real positive values. Solid lines and their corre-
sponding dots refer to the case where § = 7 /4, while dashed
lines and their corresponding dots refer to the case where 6 =
/2. As mentioned earlier, lines correspond to EDS-based so-
lutions, and dots represent FD solutions.

The normalized electric field in these plots, denoted as
E(morm) s defined as:

_ L E(

E(norm) (l‘) ‘
W B

; (190)

where ESJ,L(C) represents the maximum magnitude of the inci-
dent electric field in a given excitation scenario, calculated over
the region in free space corresponding to the conducting body
in the excitation problem:

Elne) — max B (r),

'max 0<r<ag

(191)
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It is crucial to note that the incident field and, therefore, £
pertain to a situation where no conducting sphere is present.
The normalized conduction current density is defined as:

J(norm) (l') _ k(T’)E(nOTm) (I‘) (]92)

The division by w in Eq. (190) makes the resulting normal-
ized vectors E(""™)(r) and J("°"™)(r) frequency indepen-
dent, consistent with the low-frequency approximation. The

division by Eﬁfﬁc) reduces dependence on the corresponding
parameters ¢, p., and p,, as their absolute values are elim-
inated from both the numerator and denominator of the ratio
E(r)/ESR.

The components chosen for Figs. 5 and 6 are those that
vary continuously with the radial variable, ensuring continuous
plots. This contrasts with the transverse components of the con-
duction current and the radial component of the induced electric
field, which display discontinuities at the interfaces.

To enhance clarity, the radial variable rs.4;.4 has been in-
troduced, which linearly transforms the radial intervals into
scaled intervals of unit length. This transformation compen-
sates for the varied thicknesses of the different layers, provid-
ing a cleaner representation. The interval 0 < rgeqreq < 1
corresponds to the brain (layer 4), 1 < 7rscq1eq < 2 to SCF
(layer 3), 2 < 7rgearea < 3 to the skull (layer 2), and the in-
terval 3 < rscqreq < 4 to the scalp (layer 1). Mathematically,
T'scaled 1S @ continuous function of the variable r, defined for
layers j = 1,2, 3,4 as follows:

r—aj

Tscaled(T) =4 — j + (aj <r<aj_1) (193)

a;—1 — ay

Physical characteristics of interaction. Our simulations fo-
cusing on physical aspects used the FD solutions and aimed
at comparing the field and thermal coupling of incident elec-
tric fields to a conducting sphere for various sources, includ-
ing point charges, linearly or circularly polarized dipoles, and
uniform fields originating from infinitely remote sources. The
FD approach was chosen for this study because it allows for an
efficient search for the maximum values of the quantities of in-
terest, namely, the magnitude of the induced electric field and
the generated heat. Using the FD framework, this maximiza-
tion is accomplished by comparing function values at the grid
nodes in the -6 domain, while maximizing over the ¢ variable
(where present) analytically at each node.

When performing this search, a node at the interface r = a;
(where 7 = 1, 2, 3) was considered twice — first as part of the
inner layer (5 + 1), and then as part of the outer layer (5). This
approach accounted for the discontinuity in the functions being
maximized, specifically E,orm (r) in Eq. (194) and Qyorm (1)
in Eq. (195), across the interface.

To characterize the physical effects associated with the trans-
mission of an incident electric field into a conducting body, we
can use the magnitude of the normalized induced electric field,
Erorm (r):

Enorm(r) = ’E(norm) (I’)’ (l' S B) (194)
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This quantity is measured in units of srad~!. Additionally, the
normalized rate of heat generation, @Q;,0rm (1), can be defined
as:

Quorm (1) = (N E2 (1) (FEB)  (199)

This value is measured in units of m~* s2 ohm ™! rad 2. It is
related to the rate of heat generation, Q(r), defined as:

Q) = Sk [EWE (reB)  (19)

The relationship between Q0 (r) and Q(r) is given by:

1 Q(r)

42 (inc)2”
W Fmax

Qnorm (r) = (197)

For a given incident field, the coupling coefficient for the elec-
tric field, K, is defined as the maximum magnitude of the
normalized electric field within the conducting body:

Kg = max E,om(1). (198)
reB

Its physical significance lies in the fact that it can be used to
determine the maximum magnitude E,, of the induced electric
field, defined as:

Emax: E . 199
max |E(r)| (199)

Fax can be expressed in terms of the parameter E,Efgf) of the

incident field as follows:

Ermax = wK g E(7€) (200)

Similarly, to characterize the heat generation due to dissipative
power loss in a conductive medium, we introduce the coupling
coefficient K, defined as the maximum value of the normal-
ized rate of heat generation within the conducting body:

KQ = Ipea[;’( Qnorm(r)' (201)

K g has a significant physical role because it can be used to
determine the maximum time-averaged rate of heat generation,
Qmax, defined as

Qmax = max |Q(r)|. (202)

Qmax can be expressed in terms of the parameter EIS;Z;C) of the
incident field as follows:

Qmax = W KoEin)2, (203)

Notably, both K and K are frequency-independent within
the low-frequency approximation.

We apply the concepts defined earlier to study the following
excitation scenarios. Scenario 0 involves a uniform incident
electric field (110) oriented along the z-axis, whereas Scenar-
ios 1 through 5 involve a point source at a distance h from the
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FIGURE 7. Dependence of the normalized Funax (defined as Emax(h)/FEmax(ho), where ho = ao) and the coupling coefficient K (defined in

Eq. (198)) on the separation parameter h for Scenarios 0 through 5.
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Eq. (201)) on the separation parameter h for Scenarios 0 through 5.

E(inc)

max

TABLE 2. Expressions for

and the limit values of the coupling coefficients K §E°°) and K gx’) (in their respective units). For h — oo, the

maximum on the right-hand side of Egs. (198) and (201) occurs at the outer boundary r = a2 of Layer 2.

Scenarios 0 1 2 3 4 5
(inc) la| |p=| [Pe] lpz V5 [Pa|V2
Emax | Eol 47rsqoh2 2wﬁ0h3 4Trgoh3 4ieoh3 41;50;13
109K(E°°> 1.67976 | 1.6798 1.6798 1.6799 | 1.50281 | 1.18896
lOQOK((;O) 2.52533 | 2.52575 | 2.52575 | 2.52575 | 2.02129 | 1.26506
sphere. Specifically, Scenario 1 involves a point charge g, Sce- — the circularly polarized dipole with the polarization circle
nario 2 — the dipole oriented along the z-axis: p = zgp., Sce- lying in the z-y plane: p = p,(xo + iyo).
nario 3 — the dipole aligned with the x-axis: p = xgp,, Sce- . i
. P ghed 4 1 S P 0Pz, X To perform our computations, we needed the values of Er(,f;}f)
nario 4 — the circularly polarized® dipole with the polarization . . .
circle lying in the z-2 plane: p — p. (2o + i%o), and Scenario 5 as defined in Eq. (191) for the scenarios mentioned. The ex-
' =70 0/ plicit expressions for these values are summarized in Table 2.
Although their derivations are straightforward, they are quite
lengthy, so we omit them for brevity.
4 According to the theory of time-harmonic vector fields [5, §§ 1.4.2, 1.4.3], Figures 7 and 8 illustrate the dependence of Fmax, Kg (in
[57, Sec. 7.4], the term ‘polarization’ describes the time evolution of the time- Fig. 7 d K (in Fie. 8 h .
harmonic vector ig. 7), and Qmax, K¢ (in Fig. 8), on the separation parameter
P(t) = Ree ™ “tp. h for the six excitation scenarios. For analysis, the dependen-
Here, we also use it to refer to the structure of the corresponding complex vector ?ies FEinax (h) and Qmax (h) are presented in normalized form us-
p. ing the ratios Epyax/ Fmax o and Qmax/@maxo- Here, Eyax o and
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TABLE 3. Location of the maximum point 7max for the maximization problem (198) as a function of separation h. The separation is numerically

characterized by the ratio h/a, which varies in increments of 0.005.

Location of rmax Scenarios
T = 40 n/a | 0.05-0.06 | 0.05-0.115 | 0.05-0.18 | 0.05-0.125 | 0.05-0.25
Layer 1
e = n/a | 0.065-0.175 | 0.120-0.315 | 0.185-0.29 | 0.13-0.36 | 0.255-0.415
Layer 2
s =2 0o | 0.184.0 032-40 | 029540 | 036540 | 042-4.0
Layer 2

TABLE 4. Location of the maximum point 7ma for the maximization problem (201) as a function of separation h. The separation is numerically

characterized by the ratio h/a, which varies in increments of 0.005.

Location of mmax Scenarios
0 1 2 3 4 5
rtax - ?O n/a | 0.05-0.18 0.05-0.305 0.05-0.73 | 0.05-0.385 | 0.05-1.42
ayer
DS Y - 0.310-0.315 - - -
Layer 2
TE N 32 oo | 0.185-4.0 | 03240 | 0.735-4.0 | 0394.0 | 1.4254.0
ayer
Qmax o represent the values of Epax(ho) and Qmax(ho), where asymptotic forms, we also used & = 1 m in the expressions for
ho = ag for Enaxo, and hg = 0.5ag for Qmaxo. These ratios
are frequencyan@epe;ndent. . ES") when calculating the coupling coefficients.
The following insights are evident from these figures: For Scenario 0 (uniform incident field), we used the explicit

a) The coupling coefficients for the electric field (K ) and solution for the induced electric field derived from the poten-
generated heat (K ) are higher for a uniform incident field tial Vy(r, 0) = MEOASEO_U(TJ 1) cos 0, which Corresp.onds to th.e
than for point sources. This suggests that using a uniform su.rfac.e charge distribution in Eq. (109). The assomatfed maxi-
incident field can represent the worst-case exposure sce- mization problems (198) and (201) were solved analytically for
nario involving a localized source 0, and numerically by simple search over a discrete set of values

' of r.

b) The coupling coefficients K and K¢ for a point source In our simulations involving point sources, we observed that
increase with increasing distance A to the sphere, even as the radial location rpy,y of the maximum magnitude of the in-
the induced field naturally diminishes with greater separa- duced electric field, as well as the maximum generated heat, is
tion between the source and the sphere. consistently found at a structural boundary within the conduct-

. . . ing body. The maximum (or maxima, accounting for all values

©) f“o'r 105?26(11 so;{rcesdsuchhas a pm;tl;:hacrge, a'lmearly po- of ¢, with 0 < ¢ < 27, in ¢-independent exposures due to a

arliie 1 1:1po e ffnfj d\imtl onieﬂ;) L eri a;tteil?n_ a;esl, 1(1)r point charge or a z-oriented dipole) shifts from the outer bound-

a; clu a };.po ihze 113.0 ew ffa. Ot Z(I)( a zl:[y( plane ary of the sphere (r = a) at small separations to the interfaces

oLpo arlzﬁ lon,f e;‘oup .1;1g coe I,Sllen ?_, lc]f anh Q con- bounding layer 2 as separation increases. This shift is detailed

verge to those for the uniform incident field as /o = oo. in Tables 3 and 4, along with the radial location (r = a) of the
This convergence is validated by calculating the limit val- maximum point for Scenario 0 (uniform incident field).

(00) (00) According to these Tables, the piecewise-constant functions

ues K" and K, ', which represent K and K¢ as h — rmax(h), corresponding to the respective maximization prob-

(50) (00) ] 1 lems (198) or (201), can take one of three values: ag, ai, or

oo. The values of K" and K™, in units of srad™" and as. These functions are defined by specifying intervals of con-

m~1s2 ohm ™~ rad 2, respectively, are presented in Table 2 stancy in the variable h. As shown in Tables 3 and 4, these inter-

For Scenarios 1 thr01’1gh 5 involvin g point sources, FD com- vals are disjoint, as the variable h has varied across a discrete set

putations of the potentials U, W, , W were carried out using of7?1 uniformly distri.buted values, starting at h = 0.05a¢, and

the asymptotic forms (106)—(108), with / set to 1m. Since ending at h = 4ay, with a step of 0.005a. Since the functions

' Erorm/(r) and Qporm (r) in Egs. (198) and (201) are discontin-

the dependence of EIE,’;@ on h aligns with the corresponding uous across the interfaces, we also specify the layer from which
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Progress In Electromagnetics Research B, Vol. 110, 107-129, 2025

rPIER B

the point of maximum at an interface is approached. For con-
venience, the tables use the normalized variable h/aq instead
of h.

Example of exposure assessment. Table 2 in [19] presents
basic restrictions (BRs) for EM field exposure from 100 kHz to
300 GHz in terms of the specific energy absorption rate (SAR),
averaged over a 10-g cubic mass of tissue and a time interval of
at least 360 s. We shall denote the appropriately averaged SAR
value for a given exposure as R. Exposure levels respecting the
established limits in [19] are defined by the condition:

R < RBR; (204)

where Rpp is the BR value. The BRs for local head exposure
in the frequency range from 100 kHz to 6 GHz, used in our anal-
ysis immediately below, are as follows [19, Tab. 2]: Rpr =
2 W/kg for general public exposure, and Rpr = 10 W/kg for
occupational exposure.

Assuming that the exposure is due to a time-harmonic EM
field, we have R < Rpmax, Where Rmay is the maximum value
of the SAR, given by R(r) = Q(r)/mq(r) [19, Eq. (10)]. In
this expression, Q(r) is the rate of heat generation defined in
Eq. (196), and m4(r) is the mass density of the tissue at a given
point. Based on this definition for R(r), we can further derive:

R S Qmax

b
™Md,min

(205)

where ()may is defined in Eq. (202), and mg, 4, is the minimum
mass density within the given body part. To satisfy condition
Eq. (204), itis sufficient to ensure Qmax/Md,min < Rpr. From
this and Eq. (203) we obtain the following exposure condition

on the parameter ESr®:

1 JmaminRBR

E('an) < ,
Kq

max

(206)

where K is the coupling coefficient for a given exposure sce-
nario.

Condition (206) is satisfied for a/l considered exposure sce-
narios if we: a) set K to the highest value among those con-
sidered, as indicated in Table 2 for uniform field incidence, and
b) set Mg min = 1007 kg/mS, which is the mass density of CSF,
the lowest among scalp, skull, CSF, and brain (as referenced in
the IT’IS density database [17]).

Converting from angular frequency w to cyclic frequency
fmpz (measured in MHz), and switching to the root mean
E(znc) o

max,rms —

square® (RMS) value, (inc) 1./2, we obtain the
following condition for the incident field in head exposures:

E(inc)

max,Tms

1 {31781.6 (general public exposure) (207)

fmuz |71065.8 (occupational exposure)

3 In [19, Tab. 2], RMS values are used instead of the absolute values of
complex amplitudes for time-harmonic quantities.
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Note that all RMS electric field values in this paper are mea-
sured in units of V/m. At a frequency of 0.2 MHz, we have:

(208)

max,rms

plne) 158,908 V/m (general public exposure)
355,329 V/m (occupational exposure)

This can be compared with the limits defined by the reference
levels in Table 6 of [19] for local exposure in the frequency
range 0.1 MHz to 30 MHz:

pine) 017 671 (general Public exposure) (209)
’ mitiz | 1504 (occupational exposure)
At 0.2 MHz, this leads to:
(inc) 2070.15V/m (general public exposure) (210)
LTINS 7 14640.09 V/m - (occupational exposure)

We can see that the low-frequency electric field levels specified
in Eq. (208) are significantly higher than those in Eq. (210).
(Mathematically, the terms on the right-hand side of Eq. (207)
are larger than those on the right-hand side of Eq. (209) for all
frequencies up to approximately 384.4 GHz for general public
exposure and 381.3 GHz for occupational exposure).

As a final example, let us consider Table 4 in [19] which
specifies BRs for EM exposure of any body part in the fre-
quency range of 100kHz to 10 MHz, based on peak spatial
values. These restrictions are defined in terms of spatially
averaged RMS values of the induced electric field, over a
2mm X 2mm X 2mm volume of contiguous tissue. We de-
note these RMS values by E,,,,;. Exposure levels respecting
these restrictions are defined by the condition:

Erms < EBR,rmw (211)

where Epr rms represents the BRs established in [19, Tab. 4],
measured in V/m: Egr = 1.35 - 10~*fy, for general public
exposure, and Egr yms = 2.7 - 10~* fy, for occupational ex-
posure, with fy, being the frequency in Hz.

For a time-harmonic field, it is clear that

Erms < Emax,rms7 (212)

where Emax rms = Emax/ V2. To satisfy condition (211), it is
sufficient to ensure that Enax rms < EBR,rms. From this and
Eqg. (200), we can derive the following exposure condition for

the parameter B ms:
L Eprrms

E(znc)
Kg '’

max,rms (213)
where K g is the field coupling coefficient for a given exposure
scenario.

Condition (213) is met for al/l analyzed exposure scenarios if
K is set to the highest value provided in Table 2, which cor-
responds to uniform field incidence. Converting from angular
frequency w to cyclic frequency fy,, we obtain the following
condition for the incident field:

E(inc)

max,rms

{12, 791.1V/m (general public exposure) (214

25,582.1 V/m (occupational exposure)
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This can be compared with the limits defined by the reference
levels in Table 8 of [19] for local exposure in the frequency
range 100 kHz to 10 MHz:

Fino) (general public exposure)

max,rms

(215)

170 V/m

83 V/m
(occupational exposure)

Thus, we can see that the low-frequency electric field limits
specified in Eq. (214) are significantly Aigher than those in
Eq. (215).

Our estimates suggest that the existing reference levels for
the electric field, as specified in [19, Tabs. 6, 8], are conser-
vative when the incident EM field is low-frequency and pre-
dominantly electric [14, Sec. 6.5]. This scenario is typical of
emerging WPT technologies [9, 13, 63] that employ capacitive
coupling.

However, these exposure assessments should not be taken as
guidance for practical applications. Validation through further
research is essential due to various limitations. Notably, our
assumption of a spherical stratification model for the head may
necessitate additional anatomical detail. Moreover, we did not
consider the influence of nearby dielectric and conducting ob-
jects, which can affect low-frequency electric fields. Further-
more, our model did not incorporate the impact of the entire /u-
man body on the induced electric field within the head. While
suitable for highly localized exposures, this assumption may be
inadequate as the interaction area expands, potentially leading
to conduction currents flowing into other body parts or to the
ground.
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