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ABSTRACT: In this paper, a hybrid method is proposed for electromagnetic vibration prediction of flatted single-layer interior permanent
magnet synchronous machines (IPMSMs) for flywheel application. The proposed hybrid model combines the mesh-based equivalent
magnetic network (EMN) model and vibration transfer function method. A small size 4-pole/6-slot flatted single-layer IPMSM for
demonstration purposes is manufactured to illustrate the proposed hybrid method. Firstly, the modeling method of the proposed mesh-
based EMN model is introduced, and the electromagnetic forces are calculated. Second, the vibration transfer function construction
method is introduced. Thirdly, the modal superposition method is applied to compute the electromagnetic vibration acceleration of the 4-
pole/6-slot IPMSM. Finally, the simulation and experimental test at rated rotational speed condition are used to verify the effectiveness of
the proposed hybrid method, and the vibration acceleration at twice the fundamental frequency from proposed method has the acceptable
agreement with tested and simulation. The proposedmethod can be applied to predict the electromagnetic vibration for flatted single-layer
IPMSM with concentrated winding at different operating conditions.

1. INTRODUCTION

In recent years, flywheel energy storage systems have re-
ceived significant attention due to the development of green

energy [1]. Interior permanent magnet synchronous machines
(IPMSMs) can be used in the flywheel energy storage systems
due to their wide speed operation range and high-power den-
sity [2]. The drive motors of flywheel energy storage systems
typically operate at very high rotational speeds, making it es-
sential to minimize the vibration amplitude of the drive motors
as much as possible. The main source of vibration in IPMSMs
is electromagnetic vibration caused by electromagnetic forces.
The multi-physis finite element method (FEM) is commonly
used to evaluate the vibration performance of motors [3]. How-
ever, FEM requires extensive meshing, resulting in low compu-
tational efficiency and long computation times. Therefore, the
research on fast methods for calculating electromagnetic vibra-
tions of IPMSMs is essential.
To calculate the vibration of an IPMSM, first it is neces-

sary to compute the electromagnetic force harmonics, which
entails calculating the magnetic field within the motor. Cur-
rently, there are various methods for calculating the internal
magnetic field of motors, such as FEM, analytical methods,
subdomain models, and equivalent magnetic network (EMN)
methods. The widely used FEM employs meshing to discretize
the partial differential equations throughout the motor, offering
high computational accuracy but at the cost of long computa-
tion times [4]. Analytical methods and subdomain models are
often suitable for motors with simpler geometries but struggle
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to account for saturation in the core regions [5]. In recent years,
the EMN method has received considerable attention and has
been validated for application in various types of motors, in-
cluding IPMSMs, vernier motors, and linear motors, due to its
fast computation speed. Therefore, this paper employs a par-
titioned EMN method to model the IPMSM and calculate the
magnetic flux density in the air-gap region to obtain the elec-
tromagnetic forces acting on the stator teeth.
To ensure computational accuracy, FEM is often used to cal-

culate the vibration response of motors. However, commercial
FEM software can be prohibitively expensive, and the accu-
racy of the calculations is directly related to the mesh resolu-
tion. Therefore, to reduce computational costs and enhance ef-
ficiency, many researchers employ the vibration transfer func-
tion method based on modal superposition to achieve rapid
computation of motor vibrations. In [6], the vibration trans-
fer function of a 10-pole/12-slot electrical machine is derived
by using FEM, and the force modulation and tangential effects
were considered. The results show that this method has high
precision and high efficiency for electromagnetic force com-
putation. In [7], an analytical method was proposed to obtain
the vibration transfer function and had good agreement with
the experimental test. Therefore, the vibration transfer function
method is an effective and fast method to compute the vibration
acceleration of electrical motor.
This article proposes an improved EMN model for flatted

single-layer IPMSM and combined with the vibration transfer
function to predict the vibration performance. The structure of
this paper is as follows. In Section 3, the proposed improved
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(a) (b) 

FIGURE 1. The 4-pole/6-slot flatted single-layer IPMSM. (a) 2-D model. (b) Flux line distribution.

mashed-based EMN mode for 4-pole/6-slot flatted single-layer
IPMSMwill be introduced. Themagnetic flux density and elec-
tromagnetic force in air-gap will be calculated and compared
with FEM in this section. In Section 4, the modal parame-
ters and vibration transfer function of the 4-pole/6-slot flatted
single-layer IPMSM will be constructed, and the proposed hy-
brid electromagnetic vibration computation method will be val-
idated by FEM and experimental test. The conclusion will be
given in Section 5. The contribution of this paper can be sum-
marized as (1) Proposing an improved EMN modeling method
for flatted single-layer IPMSMwith notched rotor surface using
hybrid permeance element. (2) Combining the EMNmodel and
vibration transfer function to calculate the vibration response
for flatted single-layer IPMSM. The proposed method can be
applied to predict the electromagnetic force and vibration for
flatted single-layer IPMSM with concentrated winding at dif-
ferent operating conditions. The simulated and experimental
results demonstrate that the proposed method has acceptable
accuracy.

2. EMN MODEL OF THE IPMSMS
The electromagnetic forces on the stator teeth of the machine
can be obtained using the Maxwell stress tensor method by
calculating the radial and tangential components of the mag-
netic flux density in the air-gap. The mesh-based EMN model
is applied to obtain the flux density in the air-gap of the ma-
chine. The proposed model of the small size 4-pole/6-slot flat-
ted IPMSM used for verification in this article is shown in
Fig. 1(a), and the flux line distribution of this machine is shown
in Fig. 1(b). In flywheel energy storage applications, the fly-
wheel typically operates at extremely high rotational speeds
to store more kinetic energy. Therefore, the drive motor must
support high-speed operation. This flatted single-layer IPMSM
uses a 2-pole pair design to reduce motor losses at high speeds,
and with this rotor structure, it can mitigate the effects of cen-
trifugal force on the permanent magnets to some extent without
the need for a rotor sleeve. The detailed information about the
4-pole/6-slot flatted IPMSM is summarized in Table 1. The B-
H curve of core region is shown in Fig. 2.

2.1. EMN Model in Stator Region
Figure 3 shows the EMNmodel of each part of the stator region.
From Fig. 1(a), the 4-pole/6-slot flatted single-layer IPMSM
has three-phases double-layer concentrated winding. There-
fore, the equivalent magnetic potential generated by windings

FIGURE 2. B-H data of B35AH230.

TABLE 1. Detailed parameters of 4-pole/6-slot flatted single-layer
IPMSM.

Quantity Value (Unit)
Slot number 6
Pole pairs 2

Stator outer radius 18mm
Stator inner radius 10mm
Rotor outer radius 9.5mm
Rotor inner radius 2.5mm

Stack length 20mm
Air-gap length 0.5mm
Magnet width 8.8mm
Magnet length 1.9mm
Magnet material N45UH
Remanence 1.36T
Core material B35AH230

Rotational speed 32000 r/min

can be equivalent as a source in the EMN at the stator tooth
body. The equivalent magnetic potential sources Fw can be
calculated as follows [8]:

Fw = NcIwsin (2πfet+ θw) (1)

where w = 1, 2, 3 represents phases A, B, and C, respectively;
Nc is the number of turns; Iw is the current amplitude of phase
w; fe and θw are frequency and phase angle of the phase cur-
rent, respectively; and t is the time.
The stator yoke region between two stator teeth modeled by

two permeancesPyoke due to the distribution of flux lines is rel-
atively uniform as shown in Fig. 1(b), which can be expressed
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(a) (b) 

FIGURE 3. Magnetic state and EMN model of stator core and winding region. (a) Magnetic state. (b) EMN model.

(a) (b)

FIGURE 4. Magnetic state and EMN model of the first part of rotor core. (a) Magnetic state. (b) EMN model.

as [8, 9]:

Pyoke =
2µ0µrLstack

θyoke
ln
Ro

Ri
(2)

where µ and µr are vacuum permeability and relative perme-
ability, respectively; Lstack is the axial length of stator core;Ro

and Ri are the outer radius and inner radius of the stator yoke;
θyoke is the arc length between two adjacent stator teeth.
Similarly, each stator tooth can be modeled by two radially

arranged permeances Ptooth, which can be obtained as follows:

Ptooth = 2µ0µrLstack
Wt

Hs
(3)

whereWt andHs are the width and height of stator tooth body,
respectively.
As shown in Fig. 1(b), there is a certain amount of leakage

flux in the stator slot. To account for the impact of leakage flux
on electromagnetic performance, a permeance Pslot is added at
the slot region to simulate the path of the leakage flux, which
can be expressed as:

Pslot ≈ µ0µrLstack
Ws

Hs
(4)

whereWs is the average width of stator slot region.
Due to the complex distribution of magnetic field at the stator

tooth tips and slot openings, a rectangular permeance element
is used to model this region, as shown in Fig. 3. There exist
two radial and two tangential permeances in one rectangular
permeance element to model the pole shoe and slot opening at
the stator core region, which can be expressed as follows:

Pr = 2µ0µrLstack
Wcell

Hcell
(5)

Pt = 2µ0µrLstack
Hcell

Wcell
(6)

where Hcell and Wcell are the height and weight of the rect-
angular permeance element, respectively. The permeance Ptri

used for modeling the the bevel area of the pole shoe can be
obtained through [8]:

2.2. EMN Model in Rotor and Air-Gap Region
The rotor core surface of this 4-pole/6-slot flatted single-layer
IPMSM has undergone irregular shaping treatment to mini-
mize the torque ripple, resulting in a nonuniform air-gap region.
This non-uniformity presents significant challenges for model-
ing using the EMN model. Consequently, this study employs a
discretized modeling approach to address the irregular air-gap
area.
Figures 4 and 5 show the proposed EMN model for rotor

core and air-gap region. The rotor and air-gap region of the
4-pole/6-slot flatted single-layer IPMSM are divided into two
parts for EMNmodeling. The first part comprises the rotor core
and permanent magnet (PM) region, while the second part en-
compasses the air-gap region and the surface area of the rotor
core.
Firstly, the PM section is modeled using multiple rectangular

units of the same width. Each rectangular unit incorporates a
PM MMF source FPM and a permeance PPM, which can be
expressed as:

{
FPM = BrmhPM

µ0

PPM = µ0
wPMLstack

NPMhPM

(7)
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FIGURE 5. EMN model of the second part of rotor core and air-gap.

whereBrm is the residual magnetic density; hPM andwPM are
the height and weight of PM;NPM is the number of rectangular
units.
Second, the rotor core region above the PM is modeled using

several rectangular units with varying heights. As the flux lines
in this region are predominantly perpendicular to the PM, each
unit incorporates only a single permeance Pcore, which can be
expressed as:

Pcore = µoµrLstack
Wcc

Hcc
(8)

where Wcc is the width of rectangular unit, which is equal to
wPM /NPM , andHcc is the height of rectangular unit. It is im-
portant to emphasize that the air region beneath each unit of the
PM need be modeled using permeance Pt, with its calculation
method like that of permeance PPM of PM.
Third, as illustrated in Fig. 1(b), the flux lines in the rotor

core region beneath the PM region exhibit an arc-shaped distri-
bution. Consequently, this region can be modeled using mul-
tiple arc-shaped path units. Each arc-shaped unit includes two
permeances Pcell, which can be obtained as follows:

Pcell =
2µ0µrLstack

θcell
ln
Rco

Rci
(9)

where Rco and Rci are the outer radius and inner radius of the
arc-shaped unit, and θcell is the arc length of the arc-shaped
unit.
For the modeling method of the second part, it mainly in-

cludes a regular air-gap region and an irregular rotor core sur-
face region. The same EMN modeling method as used for the
stator tooth pole shoe is applied in the air-gap region to facili-
tate the subsequent calculation of the radial and tangential flux
densities in the air gap. The calculation method of these per-
meance is the same as in (5) and (6). As shown in Fig. 4, the
permeance PPM of the permanent magnet region is connected
to the permeance Pcore above it and the permeance Pair be-
low it. All the permeances in this part will be applied in the
total permeance matrix G (Eq. (11)) based on their connection
relationship.
For the rotor core surface region, which includes both core

and air and has an irregular shape, multiple rectangular units
are used for modeling this region. If a rectangular unit only
contains core, it is modeled using four permeances, the same
as in (5) and (6). If the rectangular unit contains both air and

core, the air region is equivalently modeled using one perme-
ance Pca, while the core region is modeled using the same four
permeances as previously described. The permeance Pca can
be expressed as:

Pca = µ0Lstack
W1

H1
(10)

where W1 is the width of the rectangular unit, and H1 is the
height of the rectangular unit in air region.

2.3. Computation of Electromagnetic Force Density
After establishing the EMN model of the 4-pole/6-slot flatted
single-layer IPMSM as described above, the entire EMNmodel
can be solved. This allows for the determination of the radial
and tangential flux densities in the air-gap region, which are
then used to calculate the electromagnetic force density. The
solution of the EMN model is based on Kirchhoff’s law, which
establishes the relationship among MMF matrix F, magnetic
permeance matrix P, and magnetic flux matrix Φ as:

Fn×n = P−1
n×nΦn×1 (11)

where n is the number of permeance in the whole EMN
model [10]. Based on the complete nodal voltage matrix
in (11), a successive over-relaxation method is utilized to
solve the proposed linear matrix equation. This approach is
derived from an enhanced Gauss iterative method, making
it highly effective for handling higher-order equations. The
magnetic flux density B(i, j) between two nodes i and j at
each permeability can be calculated from [9]:

B (i, j) =
F (i)− F (j)

S (i, j)
P (i, j) (12)

where S is the cross-sectional area of the permeance P (i, j).
Due to the nonlinear characteristic of the permeance in the iron
core region, it is necessary to iteratively update the permeability
in each calculation step. The iteration process should be termi-
nated and proceeds to the next step when the following equation
is satisfied:

max
∣∣∣B(k) (i, j)−B(k+1) (i, j)

∣∣∣ < ζ (13)

where ξ is the deviation limit as 1×10−3.
The magnetic flux density in air-gap region can be obtained

after accomplishing the EMNmodel solution. Therefore, based
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on theMaxwell tensor method, the radial and tangential electro-
magnetic force densities can be acquired through solving mag-
netic flux density as [11]:

fr =
1

2µ0

(
B2

n −B2
t

)
(14)

ft =
1

2µ0
BnBt (15)

where Bn and Bt are the radial and tangential magnetic flux
densities in air gap, respectively, as shown in Fig. 6. The tan-
gential force mainly generates the electromagnetic torque of the
motor, and the radial force is the main source to generate the
electromagnetic vibration. The radial force is the main research
object, and tangential force is neglected in this paper.

FIGURE 6. Calculation of radial and tangential force densities.

Figures 7(a) and 7(b) show the radial magnetic flux and har-
monics results from FEM and proposed EMN model, respec-
tively. The radial air-gap magnetic flux density waveforms cal-
culated using the proposed method demonstrate a significant
degree of consistency with the results obtained through FEM.
The computation times for the FEM and proposed EMN model
are 132s and 37s, respectively. However, the computational er-
ror of the radial magnetic flux density waveform occurs in the
stator slot opening area. To further enhance the computational
accuracy, one can increase both the number of layers and the
quantity of permeances in the slot opening region.
Figures 8(a) and 8(b) show the waveforms and harmonic re-

sults of radial electromagnetic force density between the FEM
and proposed FEM model. It can be observed that the funda-
mental component of the radial electromagnetic force density is
the 4th order, with a computational error of 3.5%. However, the
calculation errors for higher-order electromagnetic force har-
monics, specifically the 6th, 8th, 10th, and 12th orders, are
significantly larger, at 14.5%, 13.8%, 15.2%, and 12.2%, re-
spectively. In addition, Table 2 shows the comparisons of the
amplitude of the 2nd-order radial flux density between simula-
tion and EMN at different load conditions, which shows a good
agreement between simulation and proposed EMN method.

TABLE 2. Comparisons of the amplitude of the 2nd-order radial flux
density between simulation and EMN at different load condition.

Speed (r/min) Load (N.m) Simulation (T) EMN (T)
32000 0.792 0.776
32000 0.125 0.893 0.889
22000 0.064 0.813 0.798
12000 0.113 0.824 0.809

3. CONSTRUCTION OF VIBRATION TRANSFER
FUNCTION

3.1. Computation of Electromagnetic Force Density
The electromagnetic force density obtained through the pro-
posed EMN model in the previous section is typically applied
as a concentrated force load in analytical calculations or FEM.
According to the force transmission model (Fig. 9), the con-
centrated force acting on the center of each stator tooth can be
expressed as:

Fn,z (θ, t) =

∫ 1
2 θs+

2π
Qs

z

− 1
2 θs+

2π
Qs

z

fr (θ, t)RsiLstackdθ (16)

whereQs is the number of stator slot, θs the angular span of the
stator tooth tip, z the zth stator tooth, and Rsi the stator inner
radius. Furthermore, the concentrated force is typically decom-
posed into the frequency domain using Fast Fourier Transform
(FFT) method for analysis, and subsequently modal superpo-
sition method is utilized to calculate the vibration in the fre-
quency domain, which can be expressed as:{

Fn,z (θ) =
∑
v
avcos (nθ + φv)

av = 2
vπFzsinαπ

Qs
v

(17)

where Fz represents the amplitude of the concentrated force
acting on the zth stator tooth surface, α the ratio of tooth width
to tooth pitch, θ the mechanical angle, v harmonic order, and
φv the phase angle.

3.2. Computation of Vibration Transfer Function
In experimental testing, vibration acceleration sensors are com-
monly employed to measure the vibration acceleration on the
surface of the motor stator or housing, as illustrated in Fig. 10.
For instance, the vibration transfer function represents the map-
ping relationship between the vibration response V1 of the mo-
tor surface and the radial electromagnetic forces Fn,1, Fn,2,
Fn,3, …FnQs acting on the stator tooth face. The transfer func-
tion between force Fn,j and the vibration at point i can be ex-
pressed as [7, 12] and as shown in Fig. 11:

Hij=
a0ω

2
fvRoRmy

Ehy

1√[
1−

(
ωfv

ω0

)]2
+

[
2ς0

ωfv

ω0

]2
+
∑
v

12avω
2
fvRoR

3
my

E (v2−1)h3
y

1√[
1−

(
ωfv

ωv

)]2
+
[
2ςv

ωfv

ωv

]2
cosv [θi − (j − 1) 2π/Qs] (18)

where Rmy is the average radius of the stator yoke, E the
Young’s modulus of the stator, hy the thickness of stator yoke,
ωfv the angular velocity of the vth order force, ωv the angular
velocity of the vth order modal shaper of stator, and ςv the vth
order modal ratio, which can be obtained through [12]:

ςv =
1

2π

(
2.76× 10−5ωv + 0.062

)
(19)
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(a) (b) 

FIGURE 7. Comparison of radial magnetic flux density waveform and harmonics between FEM and proposed EMN model.

(a) (b) 

FIGURE 8. Comparison of electromagnetic force between FEM and proposed EMN model. (a) Waveforms. (b) Harmonics results.

FIGURE 9. Force transfer model.

FIGURE 10. Vibration tested point position for vibration transfer func-
tion.

3.3. Vibration Synthesis

The vibration acceleration of the point i in the stator surface can
be synthesized by vibration transfer function and radial concen-

mm
FIGURE 11. Transfer function.

trated force, which can be derived as:

Vi =

Qs∑
j=1

HijFn,j (20)

Then, the total vibration acceleration of the stator outer sur-
face can be obtained through the superposition principle, which
can be expressed as:

A1

A2

A3

...
AQs

=


H11 H12 H13 · · · H1Qs

H21 H22

H31
. . .

...
... Hij

HQs1 · · · HQsQs




Fn,1

Fn,2

Fn,3

...
Fn,Qs


(21)
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FIGURE 12. Experimental 4-pole/6-slot flatted single-layer IPMSM.

(a) (b) 

FIGURE 13. Concentrated force of 4-pole/6-slot flatted single-layer IPMSM. (a) Waveforms varying times. (b) FFT results of Fn,1.

4. VIBRATION VALIDATION
A small size 4-pole/6-slot flatted single-layer IPMSM for
demonstration purposes is manufactured to validate the pro-
posed method, and the rotor core, stator core, and assembly
machine are as shown in Fig. 12.

4.1. Modal Parameters
From (18), the modal frequency of each modal shape for stator
core should be obtained, to calculate the vibration transfer func-
tion. The experimental test, FEM, and analytical method are
used to acquire the modal frequency, summarized in Table 3.

TABLE 3. Modal parameters of stator.

Order Modal Order Modal

2 3
Analytical 4325.1Hz Analytical 9987.3Hz
FEM 4459.7Hz FEM 10318.1Hz

4 5
Analytical 20391.2Hz Analytical 24845.6Hz
FEM 19428.3Hz FEM 25215.3Hz

4.2. Vibration Acceleration of 4-Pole/6-Slot IPMSM
Before calculating the vibration acceleration of the 4-pole/6-
slot IPMSM, the radial concentrated forces acting on each sta-
tor tooth should be computed based on the electromagnetic
force density from the proposed EMN model and using (16).

Fig. 13(a) and Fig. 13(b) show the waveforms of radial concen-
trated force acting on each tooth and the FFT results of Fn,1 at
32000r/min, respectively, where fe is the fundamental electri-
cal frequency of 4-pole/6-slot IPMSM. Fig. 14 shows the FFT
results of the whole concentrated force at 32000r/min. The
main components of the radial concentrated force are the (0th,
0fe) and (2nd, 2fe). Thus, the (2nd, 2fe) concentrated force
has the main contribution to the vibration, which will cause the
2nd vibration mode.

FIGURE 14. FFT results of whole concentrated force acting on each
stator tooth surface.

Therefore, the vibration acceleration of the IPMSM can be
obtained through submitting the calculated concentrated force
from proposed EMN model to the vibration transfer function.
Fig. 15 shows the vibration acceleration comparison among
experimental test, FEM, and proposed method. It is evident
that the maximum vibration acceleration of the 4-pole/6-slot
IPMSM occurs at 2fe. At 2fe, the discrepancy of the vibration
acceleration between the proposed method and the experimen-
tal test is 12.3%. The vibration acceleration amplitudes at 2fe
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FIGURE 15. Vibration acceleration comparison among experimental
test, FEM, and proposed hybrid method.

are 0.0387m/s2 and 0.0435m/s2 for the proposed method and
the experimental test, respectively. The actual constraints and
materials physical properties of the machine contribute to the
presence of calculation errors. Additionally, during no-load ex-
periments, a certain amplitude of current in the armature wind-
ings generates an armature magnetic field, which also leads to
discrepancies in the vibration calculation results. Nevertheless,
the overall accuracy of the proposed hybrid method remains
within an acceptable range. Comparative analysis of the results
verifies the accuracy of the EMN model in calculating electro-
magnetic forces within the proposed hybrid method.

5. CONCLUSION
This paper presents a hybrid method based on EMN model
and vibration transfer function to calculate the electromagnetic
vibration acceleration on the surface of a 4-pole/6-slot flatted
single-layer IPMSM for flywheel application. The electromag-
netic force density calculated from the proposed EMN model
and FEM has a good agreement. The fundamental compo-
nent of the radial electromagnetic force density is the 4th or-
der, with a computational error of 3.5%. The vibration trans-
fer function obtained through analytical method has a good ac-
curacy and high efficiency to compute the vibration accelera-
tion of the 4-pole/6-slot flatted single-layer IPMSM. This has
been confirmed by both FEM simulation and experimental test.
The vibration acceleration amplitudes at 2fe are 0.0387m/s2
and 0.0435m/s2 for the proposed method and the experimen-
tal test, respectively, and the error is 12.3%. The advantage of
the proposed method is its ability to provide a relatively fast
assessment of motor vibration response and to quickly analyze
the impact trends of motor dimensional parameters on vibra-
tion. However, its limitation lies in the need to further consider
factors such as windings and the housing in constructing the
vibration transfer function to improve calculation accuracy.
The hybrid method proposed in this paper can be applied to

the flatted single-layer IPMSM with different dimensions or
any slot-pole combinations.
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