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ABSTRACT: Antennas operating in the close vicinity of obstacles or scatterers behave much different from isolated antennas radiating in
free space. To assess such interactions in which a large number of parameters are involved (pertaining to the geometry, possible movement
effects, and materials), stochastic models are often conceived and adopted so as to cope with innate uncertainties and to overcome the need
for time-consuming parametric investigations. In this paper, an analytical stochastic approach is presented for the archetypical problems
of the vertical, horizontal, and arbitrarily oriented dipole above a semi-infinite ground (either perfectly conducting or dielectric). The
analysis focuses on how the input impedance of the dipole is affected by the existence of the ground plane when the distance or the angle
between them varies in accordance with some certain probability distributions. Approximate closed-form expressions are obtained for the
probability distributions of the input resistance and reactance respectively, which can directly yield the respective moments and variances
(and potentially other quantitative measures) and are useful for characterizing the probabilistic behavior of the dipole and its interaction
with the ground. Representative numerical results are presented aiming at the validation of the proposed model and the investigation of
the probabilistic behavior of the impedance change. Finally, a few concluding remarks are outlined, and possible extensions to real-world
problems are discussed.

1. INTRODUCTION

Antennas and antenna arrays are usually strongly affected,
even disrupted, when they operate in proximity to ob-

jects acting as scatterers or absorbers of electromagnetic waves.
Some exceptions to this rule are very directional antennas (e.g.,
radar pencil-beam antennas) and smart arrays with strong adap-
tation/mitigation capabilities. Apart from such exceptions, the
interactions between antennas and obstacles/scatterers in their
near-field region become more pronounced, often causing se-
vere deterioration of the antenna’s performance, when the dis-
tance between them or/and their relevant orientation changes
with time. Such interactions take place in numerous practical
applications, including the coupling between handset and user
head/arm/body in personal/mobile communications, as well as
temporal/spatial variations and fading effects due to bouncing
of an antenna (e.g., straight/helical wire antennas) on the roof of
a moving platform (e.g., car, vessel, aircraft, spacecraft, rover
moving on a rough terrain). The practical relevance of the re-
sults of this study to such more complex scenarios will be es-
tablished below.
As an outcome of the strong coupling between an antenna

and an object in its close vicinity, the antenna currents are al-
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tered significantly, a fact that is further manifested in the de-
viation of the transmitting/receiving characteristics from the
ones pertaining to the antenna’s free-space behavior. These
regard both near-field and far-field quantities, including input
impedance, radiation/reception patterns, the axial ratio of the
radiating field, as well as the efficiency of the antenna [1–5].
Despite the importance of the aforementioned issues, anten-

nas in the presence of (relatively) moving objects are rarely as-
sessed analytically, mainly due to modeling difficulties and to
lack of confidence in establishing an adequate stochastic model
for the description of the varying geometry, let alone the com-
plexity in the description of the coupling itself, especially for
scatterers/obstacles of non-canonical geometry. Even canoni-
cal cases, such as elementary dipoles close to spheres [6], are
too difficult to handle analytically and are perhaps too compu-
tationally intensive for a purely numerical assessment. On the
other hand, stochastic models and numerical approaches have
been proposed and used in many ways, as they seem to over-
come many of the aforementioned difficulties in an effective
and often comprehensive manner, e.g., see [7–20] for studies
exploiting stochastic tools for purposes rather different from
those of this study. The study of this paper differs notably
from other works, as long as it regards a toy problem and is
based solely on classic antenna theory in order to obtain closed-
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form results by applying probability theory. Nevertheless, none
of [7–20] focuses on the antenna itself from this perspective,
and the cases discussed therein are much more demanding and
not easily tractable using analytical tools.
In this paper, a simple and tangible analytical model is

presented for the stochastic assessment of electrically short
dipoles carrying constant currents (i.e., Hertzian dipoles) ra-
diating close to either a perfect ground (i.e., an infinite in
extent and perfectly conducting screen) or above a dielectric
ground (i.e., a homogeneous dielectric half-space) with or with-
out losses. The dipole is first taken to be either vertical or
horizontal, with the distance from the ground varying accord-
ing to some properly selected probability distribution. To add
more degrees of freedom in the proposed model, the analysis is
straightforwardly generalized to an arbitrarily oriented dipole,
and the angle defining the orientation of the dipole is also taken
to be a random variable. In this respect, the stochastic model
introduced and utilized hereinafter aims at assessing the dipole-
scatterer interaction using two random variables (but not simul-
taneously for reasons explained below). Approximate closed-
form expressions are obtained for the probability density func-
tion (PDF) of the real and imaginary parts of the dipole’s in-
put impedance. The resulting formulas are verified via inde-
pendent Monte-Carlo (MC) simulations exploiting the starting,
full-wave expressions regarding the dipole’s input impedance.
Finally, a few concluding remarks are outlined, and some pos-
sible extensions of the present work are discussed.

2. PROBLEM GEOMETRY AND STOCHASTIC MODEL-
ING
The problem at hand consists of an elementary electric dipole
of length l (much smaller than the operating wavelength λ) and
constant current (uniform or equivalent stemming from a tri-
angular distribution), radiating in close proximity to a planar
interface extending to infinity in area and in depth, which can
be either a perfectly conducting screen or the surface of a ho-
mogeneous, either dissipative or lossless, dielectric half-space.
The geometry of the problem is shown in Fig. 1 for the cases
of vertical, horizontal, and arbitrarily oriented (slanted) dipoles
at a height h above the ground. The third case can be treated

FIGURE 1. Geometry of a vertical, a horizontal, and an arbitrarily ori-
ented infinitesimal electric dipole at a height h above a perfect or im-
perfect ground plane (infinite scatterer).

as a superposition of the first two (see below). Alternatively,
the first two cases can be identified as special cases of the third.
The purpose of Section 3 below is to provide closed-form ex-
pressions for the dipole’s input impedance as a function of the
distance h between the dipole’s center and the planar interface
or/and, if necessary, of the angle ψ defining the orientation of
the dipole (with respect to the ground plane). When the afore-
said distance or angle is treated as a random variable obeying
some known PDF, it is possible to derive approximate analyti-
cal expressions for the PDFs of the dipole’s input resistance and
reactance. Such an approach can aid in assessing the influence
of objects lying in the antenna’s near-field region upon its input
impedance, efficiency, radiating power, and other quantities of
theoretical and practical interest.
With regard to Fig. 1, the dipole can be vertical, horizontal,

or arbitrarily oriented, as dictated by the elevation angle ψ. The
time dependence exp(jωt) is suppressed throughout the analy-
sis below. The wavenumber in the vacuum (or air) is denoted as
k0 = 2π/λ = ω/c, where ω denotes the radial frequency, and
c stands for the speed of light. The wavenumber in the ground
(lower half-space region) is denoted as k, which is related to the
respective dielectric permittivity εrε0, magnetic permeability
µ0, and electric conductivity σ, as follows

k = k0

√
εr − j

σ

ωε0
(1)

Both lossy (σ ̸= 0) and lossless (σ = 0) cases are assumed and
examined below.
In Section 3, closed-form expressions are provided for the

input impedances of the vertical and horizontal dipoles as a
function of h. From these expressions and via superposition,
the input impedance of the arbitrarily oriented dipole can be
derived as a function of h and ψ. From these and for known
PDFs characterizing the variations ofh or/andψ, one can obtain
approximate closed-form expressions for the PDFs of the input
resistance and reactance separately (or, alternatively, for the re-
spective magnitude and phase). Then, one can further elaborate
the probabilistic behavior of the antenna when it operates in the
manmade environment, in which the antenna’s position or/and
orientation change with respect to objects in its close vicinity.
Such stochastic models have been used for the assessment of
interactions between user and mobile handset (e.g., see [7, 9]).
In this paper, the analysis focuses on the change in the antenna’s
input impedance, which is related to other quantities of theoret-
ical and practical interest.
Albeit perhaps not representative for all interactions between

antennas and obstacles/scatterers, the results of this work can
be useful as a starting point for more complex cases, as long as
realizable antennas can be often subdivided into short sections
carrying uniform currents. To this end, one could model more
intricate antennas/scatterers with the aid of a (small) number
of elementary dipoles (e.g., see [21–27] and other works cited
therein) or to attempt to perform a stochastic analysis on the
basis of approximate closed-form expressions describing the
antenna-scatterer interaction. From these perspectives, the ap-
proach of this work can serve as an example (and even as a
benchmark case) for generalized approaches or as a basic guide
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for performing similar analyses. For example, in the case of an
elementary dipole close to a perfectly conducting or dielectric
sphere, one can start from the closed-form solution for the scat-
tered EM field around the sphere, then analytically obtain the
impedance of the dipole from the tangnetial component of the
total electric field at its center (in the form of an intriguing se-
ries), and examine the impedance’s probabilistic behavior when
the antenna-sphere distance varies about a central value.

3. FORMULATION
For the purpose of simplicity, the dipole’s input impedance
is hereinafter examined after being normalized to the radia-
tion resistance of the infinitesimal dipole in free space R0 =
ζ0(k0l)

2
/(6π), where ζ0 ≈ 377 Ohms is the free-space intrin-

sic impedance [28]. The resulting expressions are conveniently
approximated by linear functions (with complex coefficients)
with the aim to facilitate the probabilistic analysis. A more ad-
vanced, second-order approximation is also discussed and ap-
plied.

3.1. Vertical Dipole above a Perfectly Conducting Ground
With regard to the case of a vertical electric dipole above a per-
fectly conducting ground, the input impedance of the dipole can
be easily found using image theory, according to which the ex-
act fields in the air surrounding the dipole can be found via
superimposition of the primary fields generated by the dipole
in the absence of the ground and the fields generated by an
image dipole carrying an equal current flowing towards the
same direction. Then, for the input impedance of the pri-
mary dipole Zv

in, one can use the well-known relation for a
two-element array of identical elements carrying equal currents
Zv
in = Zs+Zm(0, 2h) involving the self-impedanceZs and the

mutual impedance Zm(0, 2h) between parallel electric dipoles
separated by zero horizontal distance and by vertical distance
equal to 2h. From the general expression for Zm provided in
Appendix A, the change in the impedance ∆Zv

in = Zv
in − Zs,

normalized to R0, is readily obtained from

∆Zv
in

R0
= −ζ0 exp (−j2k0h)

160π

(
1

k20h
2 − j

2k30h
3

)
(2)

Assuming that h = h0 + ∆h with ∆h ≪ h0, one can use
the approximations

exp (−j2k0h) ≈ exp (−j2k0h0) (1− j2k0∆h) (3)

1

hn
≈ 1

hn0

(
1− n∆h

h0

)
n = 2, 3, . . . (4)

Using (3) and (4), and after some algebraic manipulations
so as to keep only first-order terms with respect to ∆h/h0 and
neglect the higher-order terms, (2) yields a linear expression of
the form Dv(Bv + Cv∆h/h0), where

Dv = −ζ0 exp (−j2k0h0)
160π

(5a)

Bv =
1

k20h
2
0

− j

2k30h
3
0

(5b)

Cv = − 3

k20h
2
0

+ j

(
− 2

k0h0
+

3

2k30h
3
0

)
(5c)

3.2. Horizontal Dipole above a Perfectly Conducting Ground
With regard to the case of a horizontal electric dipole above a
perfectly conducting ground and similar to the case of the ver-
tical dipole, the exact fields in the air surrounding the dipole
can be found via superimposition of the primary fields gen-
erated by the dipole in the absence of the ground and the
fields generated by an image dipole carrying an equal current
flowing towards the opposite direction. Then, for the input
impedance of the primary dipoleZh

in, one obtains the expression
Zh
in = Zs−Zm(2h, 0) involving Zs and the mutual impedance

Zm(2h, 0) between parallel electric dipoles separated by a hor-
izontal distance equal to 2h and by zero vertical distance. Thus,
the change in the impedance ∆Zh

in = Zh
in − Zs, normalized to

R0, is readily obtained from

∆Zh
in

R0
=
ζ0 exp (−j2k0h)

160π

(
− j

k0h
− 1

2k20h
2 +

j

4k30h
3

)
(6)

Obviously, (6) contains a term analogous to (k0h)−1 in addi-
tion to terms (k0h)−2 and (k0h)−3, which is not present in (2).
This reveals that the horizontal dipole experiences stronger cou-
pling with the ground over a wider range of h than the vertical
dipole (particularly for larger values of k0h). It is also stressed
that the imaginary part is more sensitive than the real part (see
Section 4). The latter feature is in line with the large reactance
of infinitesimal dipoles, a fact that is rather well known from
classic antenna theory.
Assuming that h = h0 + ∆h with ∆h ≪ h0 and using

the approximations of (3) and (4) while neglecting the higher-
order terms, (6) yields a linear expression of the formDh(Bh+
Ch∆h/h0), where

Dh =
ζ0 exp (−j2k0h0)

160π
(7a)

Bh = − 1

2k20h
2
0

+ j

(
− 1

k0h0
+

1

4k30h
3
0

)
(7b)

Ch = −2 +
3

2k20h
2
0

+ j

(
2

k0h0
− 3

4k30h
3
0

)
(7c)

3.3. Vertical Dipole above a Dielectric Ground
In the case of a vertical dipole above a lossy/lossless dielec-
tric ground, the change in the input impedance can be found
from the approximate closed-form expression [29, Eq. (23.46)],
which holds for |2kh| ≫ 1 and is given by

∆Zv
in

R0
≈ 3j exp (−j2k0h)

8k30h
3

k − k0
k + k0
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×
{
1+

4k0
k

+j

[
2k0h+

3

kh

(
1− 2k0

k
+
3k20
k2

)]}
(8)

It is particularly stressed that the condition |2kh| ≫ 1 be-
comes less important when k is large, which is the case in many
real-world scenarios (e.g., for typical soils, concrete walls,
human-body tissues).
Again, using the approximations of (3) and (4) while ne-

glecting the higher-order terms, (8) givesDv(Bv+Cv∆h/h0),
where

Dv =
3j exp (−j2k0h0)

8k30h
3
0

k − k0
k + k0

(9a)

Bv = 1+
4k0
k

+j

[
2k0h0+

3

kh0

(
1− 2k0

k
+
3k20
k2

)]
(9b)

Cv = −3 + 4k20h
2
0 −

6k0
k

(
1 +

2k0
k

− 3k20
k2

)

−j
[
6k0h0+

8k20h0
k

+
12

kh0

(
1− 2k0

k
+
3k20
k2

)]
(9c)

3.4. Horizontal Dipole above a Dielectric Ground
In the case of a horizontal dipole above a lossy/lossless dielec-
tric ground, the change in the input impedance can be found
from an approximate closed-form expression [29, Eq. (23.52)],
which holds for |2kh| ≫ 1 and is given by

∆Zh
in

R0
≈ 3j exp (−j2k0h)

16k30h
3

k − k0
k + k0

×
{
1−4k20h

2+
2k0
k

+j

[
2k0h+

3

kh

(
1−2k0

k
+
3k20
k2

)]}
(10)

Again, using the approximations of (3) and (4) while neglect-
ing the higher-order terms, (10) gives Dh(Bh + Ch∆h/h0),
where

Dh=
3j exp (−j2k0h0)

16k30h
3
0

k − k0
k + k0

(11a)

Bh=1+
2k0
k

−4k20h
2
0+j

[
2k0h0+

3

kh0

(
1− 2k0

k
+
3k20
k2

)]
(11b)

Ch=−3 + 8k20h
2
0 +

6k20
k2

(
−2 +

3k0
k

)

+j

[
2k0h0

(
−3− 2k0

k
+ 4k20h

2
0

)

− 12

kh0

(
1− 2k0

k
+

3k20
k2

)]
(11c)

3.5. Probabilistic Analysis for Vertical and Horizontal Dipoles
in Proximity to a Perfectly Conducting or Dielectric Ground
In all the cases examined so far, the normalized impedance
change ∆Zv,h

in /R0 (symbol denoting either ∆Zv
in/R0 or

∆Zh
in/R0) is approximated by a linear function of the normal-

ized distance change ∆h/h0, with the proviso that this last
quantity is relatively small (∆h≪ h0). Then, one can assume
certain PDFs for the auxiliary random variable Ξ = ∆h/h0
and obtain closed-form expressions for the PDFs governing
the real part ∆Rv,h

in /R0 and the imaginary part ∆Xv,h
in /R0 of

∆Zv,h
in /R0 = ∆Rv,h

in /R0 + j∆Xv,h
in /R0. These expressions

can provide valuable insight and condensed information about
the behavior and performance of the antenna when it moves
with respect to the perfect/imperfect ground. To facilitate the
analysis and presentation, the notation Π = ∆Rv,h

in /R0 and
Φ =∆Xv,h

in /R0 is used below.
The simplest distribution that one can assume for Ξ is the

uniform one with −∆hmax ≤ ∆h ≤ ∆hmax, which obeys the
PDF fΞ(ξ) = h0/(2∆hmax), −∆hmax/h0 ≤ ξ ≤ ∆hmax/h0.
Then, the ensuing PDFs of Π and Φ are given by the following
simple expressions

fΠ (r)=
1

|Re {Dv,hCv,h}|
h0

2∆hmax
, (12a)

Re {Dv,hBv,h}−|Re{Dv,hCv,h}|∆hmax/h0
≤r≤Re{Dv,hBv,h}
+ |Re {Dv,hCv,h}|∆hmax/h0

fΦ (x)=
1

|Im {Dv,hCv,h}|
h0

2∆hmax
, (12b)

Im {Dv,hBv,h}−|Im{Dv,hCv,h}|∆hmax/h0
≤x≤ Im{Dv,hBv,h}
+ |Im {Dv,hCv,h}|∆hmax/h0

where Re{·} and Im{·} denote real and imaginary parts,
whereas | · | gives the absolute value of its real argument or the
magnitude of its complex argument. The superscript/subscript
(v, h) is used to distinguish between the vertical and horizontal
cases, which share the same general expressions.
Another choice for the distribution of the random variable

Ξ is a truncated Gaussian (or truncated normal) one, which is
derived from that of a normally distributed random variable
by bounding randomness from below or/and above [30]. The
lower and upper bounds can be set so as to realistically describe
the inherently non-negative distance h = h0 +∆h. Therefore,
one can assume −∆hmax/h0 ≤ ξ ≤ ∆hmax/h0 and, conse-
quently, obtain [30]

fΞ (ξ) =
h0√
2πσ̄

exp
(
− (ξh0)

2

2σ̄2

)
erf
(

∆hmax√
2σ̄

) (13)

where erf(·) is the well-known error function pertaining to the
unit normal distribution, and σ̄2 is the variance of the zero-mean
parent normal distribution for ∆h. For (symmetric) variations
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of the zero-mean random variable Ξ obeying (13), the respec-
tive variance σ2

Ξ is given by

σ2
Ξ =

σ̄2

h20

1−√ 2

π

∆hmax
σ̄

exp
(
− (∆hmax)

2

2σ̄2

)
erf
(

∆hmax√
2σ̄

)
 (14)

Then, the PDFs of Π = ∆Rv,h
in /R0 and Φ =∆Xv,h

in /R0 are
given by the following expressions

fΠ (r)=
1

|Re {Dv,hCv,h}|
fΞ

(
r − Re {Dv,hBv,h}
Re {Dv,hCv,h}

)
, (15a)

Re{Dv,hBv,h}−|Re{Dv,hCv,h}|∆hmax/h0≤r

≤Re{Dv,hBv,h}+
∣∣∣Re{Dv,hCv,h

}∣∣∣∆hmax/h0
fΦ (x)=

1

|Im {Dv,hCv,h}|
fΞ

(
x− Im {Dv,hBv,h}
Im {Dv,hCv,h}

)
, (15b)

Im{Dv,hBv,h}−|Im {Dv,hCv,h}|∆hmax/h0≤x
≤ Im{Dv,hBv,h}+|Im{Dv,hCv,h}|∆hmax/h0

Closed-form expressions for the mean and mean square values
associated with (15) are contained in Appendix B.
Other choices for the distribution of the (non-negative) ran-

dom variable Ξ are possible (e.g., exponential, beta, gamma)
and have been tested, but are not presented here due to space
limitations.

3.6. Extension to Arbitrarily Oriented Dipoles in Proximity to a
Perfectly Conducting or Dielectric Ground
Arbitrarily oriented dipoles above a perfect/imperfect ground
can be easily treated with the aid of the formulas derived in
Section 3 (Subsections 3.1–3.4). For a dipole with its axis at
an arbitrary angle ψ measured from the direction normal to the
ground plane of Fig. 1, one can simply divide its current I0
to a vertical component I0cosψ and to a horizontal component
I0sinψ. Then, the input impedance of the slanted dipole can
be obtained from that of the vertical and horizontal ones, as
explained in Appendix A. This procedure leads to the change in
the dipole’s input impedance due to the presence of the ground
scatterer, which is given by

∆Zin

R0
=

∆Zv
in

R0
(cosψ)2 +

∆Zh
in

R0
(sinψ)2 (16)

Then, one can utilize the results of Subsections 3.1–3.4 to
obtain explicit closed-form expressions for the arbitrarily ori-
ented dipole under investigation. To this end and after some
elementary algebraic manipulation, (16) gives

∆Zin

R0
=

1

2

(
∆Zv

in
R0

+
∆Zh

in
R0

)
+
1

2

(
∆Zv

in
R0

−∆Zh
in

R0

)
cos(2ψ) (17)

Given the form of (17), it is deduced that for a slanted dipole
having a fixed ψ and varying h, ∆Zin/R0 is given by a linear
combination of∆Zv

in/R0 and∆Zh
in/R0, which yields a lengthy

function ofh that can be treated in away similar to that followed
for the vertical/horizontal dipole cases. The ensuing PDF of
∆Zin/R0 is not provided here due to space limitations. If ψ
and h vary simultaneously, one has to apply the procedure for
obtaining the PDF of a linear combination of two independent
random variables when ∆h/h0 remains small and of a nonlin-
ear one when the small∆h/h0 assumption cannot be justified.
In both the latter cases, themathematical manipulation becomes
complicated, and the analysis is left for a future paper.
Assuming that the angle ψ varies randomly according to

some known PDF fΨ(ψ) with the height h kept unaltered,
one can readily obtain the PDFs of Π = ∆Rin/R0 and Φ =
∆Xin/R0. When ψ is uniformly distributed in the range 0 ≤
ψ ≤ π/2, fΨ(ψ) = 2/π and the resulting PDFs are given by

fΠ (r)=
2

π
∣∣∣∆Rv

in
R0

−∆Rh
in

R0

∣∣∣
1−
r− 1

2

(
∆Rv

in
R0

+
∆Rh

in
R0

)
1
2

(
∆Rv

in
R0

−∆Rh
in

R0

)
2

−1/2

, (18a)

min
{
∆Rv

in
R0

,
∆Rh

in
R0

}
≤r≤max

{
∆Rv

in
R0

,
∆Rh

in
R0

}

fΦ (x)=
2

π
∣∣∣∆Xv

in
R0

−∆Xh
in

R0

∣∣∣
1−
x− 1

2

(
∆Xv

in
R0

+
∆Xh

in
R0

)
1
2

(
∆Xv

in
R0

−∆Xh
in

R0

)
2

−1/2

, (18b)

min
{
∆Xv

in
R0

,
∆Xh

in
R0

}
≤x≤max

{
∆Xv

in
R0

,
∆Xh

in
R0

}
Obviously, these PDFs are nonuniform. Their first and sec-

ond moments can be readily obtained directly from (17) and are
omitted for brevity.
When ψ varies uniformly within a small range about

an average value ψ0, one can write ψ = ψ0 + ∆ψ with
−∆ψmax ≤ ∆ψ ≤ ∆ψmax and use the approximation
cos[2(ψ0 +∆ψ)]≈ cos(2ψ0)− 2sin(2ψ0)∆ψ to obtain

∆Zin

R0
≈ 1

2

(
∆Zv

in
R0

+
∆Zh

in
R0

)
+
1

2

(
∆Zv

in
R0

−∆Zh
in

R0

)
cos (2ψ0)

−
[(

∆Zv
in

R0
− ∆Zh

in
R0

)
sin (2ψ0)

]
∆ψ (19)

which readily leads to the (approximately uniform) PDFs that
follow
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(a) (b)

FIGURE 2. (a) The PDF ofΠ = ∆Rv
in/R0 as obtained from (12a) along with (5); (b) The PDF ofΦ =∆Xv

in/R0 as obtained from (12b) along with (5).
The histograms were produced by an independent MC code exploiting (2). The results are for f = 1GHz, a perfectly conducting ground, and h
uniformly distributed with h0 = λ/5 and ∆hmax = h0/50. Fig. 2(b) also illustrates the PDF of Φ =∆Xv

in/R0 as obtained from the second-order
approximation of Appendix C (green line).

(a) (b)

FIGURE 3. (a) The PDF of Π = ∆Rh
in/R0 as obtained from (12a) along with (7); (b) The PDF of Φ =∆Xh

in/R0 as obtained from (12b) along
with (7). The histograms were produced by an independent MC code exploiting (6). The other parameters are as in Fig. 2. Fig. 3(b) also illustrates
the PDF of Φ = ∆Xh

in/R0 as obtained from the second-order approximation of Appendix C (green line).
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4. RESULTS
This Section contains numerical results for the cases discussed
in Section 3. These results were obtained from self-developed
computer codes based on the formulation of this work.

First, results are presented for vertical and horizontal dipoles
located at an average height equal to h0=λ/5 above a perfectly
conducting ground, where λ is the wavelength corresponding to
f= 1GHz. The distance h is assumed to vary uniformly about
h0, with maximum deviation ∆hmax=h0/50. The PDFs of
the normalized resistance and reactance changes, as computed
from (12) with the aid of (5) (for the vertical dipole) or (7) (for
the horizontal dipole), are shown in Fig. 2 for the vertical dipole
and in Fig. 3 for the horizontal dipole, along with independent
histograms obtained from an MC code exploiting the rigorous
full expressions of (2) and (6), respectively. Obviously, the re-
sults from the approximate closed-form expressions agree quite
well with the MC ones, especially the real parts. The behavior
of the imaginary parts seems to deviate more notably from uni-
formity in Fig. 3 [compare Fig. 3(b) with Fig. 2(b)], as one could
expect from the fact that the horizontal dipole is more strongly
affected by the presence of the ground. To mitigate the dis-
crepancies in the imaginary parts, a more accurate model can
be obtained by keeping the second-order term (∆h/h0)

2 in the
analysis of Section 3. The resulting, rather lengthy, expressions
are provided in Appendix C and the improved numerical results
corresponding to the cases considered so far in this Section are
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(a) (b)

FIGURE 4. Like Fig. 2 but for an imperfectly conducting ground with εr = 13 and σ = 0.01 S/m at f = 1GHz, the PDFs were obtained from (12)
along with (9). The histograms were produced by an independent MC code exploiting (8).

(a) (b)

FIGURE 5. Like Fig. 3 but for an imperfectly conducting ground with εr = 13 and σ = 0.01 S/m at f = 1GHz, the PDFs were obtained from (12)
along with (11). The histograms were produced by an independent MC code exploiting (10).

depicted in Fig. 2(b) and Fig. 3(b) (green lines), alongside the
rough results of the first-order approximation and the MC ones.
The improvement in the accuracy of the results is obvious and
should be expected for ∆hmax at least up to ∆hmax=h0/20.
A similar behavior is revealed in Figs. 4 and 5 for the

cases of the vertical and horizontal dipoles above a dielectric
ground having εr= 13 and σ= 0.01S/m at the selected fre-
quency f= 1GHz (corresponding to a dry soil [31]). The re-
sults shown in Figs. 4 and 5 were computed using (8)–(12)
and are representative of what one should expect over a wide
range of frequencies and soil parameters. It is again evident that
the approximate formulas (12) for the PDFs work very well,
at least when ∆hmax is kept sufficiently small. Again, as al-
ready deduced from Figs. 2 and 3, the agreement is less satis-
factory for the imaginary parts than the real parts and for the
horizontal dipole than the vertical dipole, but the discrepancies
are less profound than those of Figs. 2 and 3. As ∆hmax is in-
creased with respect to h0, the first-order approximations that
yielded (5), (7), (9), and (11) become less accurate, and the re-
sulting PDFs begin to deviate more notably from the exact ones
and from the respective MC histograms. On the other hand, the
computation of the latter is much more demanding, in terms of
execution time and memory than that required by the approxi-
mate closed-form PDFs. For the MC results shown in this work
for the purpose of comparison, 106 runs were found to generate

trustworthy histograms. No effort has been put to optimize MC
simulations and minimize the number of runs.
Next, numerical results are presented in Figs. 6 and 7 for the

vertical and horizontal dipoles above the aforesaid imperfect
ground when h varies according to the truncated Gaussian dis-
tribution with ∆hmax=h0/20 and σ̄ = h0/50. Again, the re-
sults of these approximate formulas are verified by the inde-
pendent MC histograms obtained using (8) and (10). As σ̄ gets
larger, the PDFs of∆Rv,h

in /R0 and∆Xv,h
in /R0 tend to become

nearly uniform, as long as the truncated Gaussian distribution
of (13) tends to become mostly flat. This behavior should be
expected for other distributions with large dispersion and has
indeed been observed in the results of several numerical tests,
which are not shown here due to space limitations.
Numerical results for slanted dipoles are also provided. First,

for a dipole above a perfectly conducting ground at h0 = λ/5
and for ψ varying in the range 0 ≤ ψ ≤ π/2, the PDFs result-
ing from (18) are shown in Fig. 8, which also illustrates their
agreement to the respective MC histograms obtained from (16)
[or its equivalent (17)], along with (2) and (6). Notably, the
PDFs of ∆Rin/R0 and ∆Xin/R0 are not uniform but curved
upwards and exhibit sharp peaks at the ends. Numerous tests
have revealed that these PDFs tend to become almost flat when
ψ varies uniformly within a small range about any arbitrarily
selected ψ0. The results ensuing from (20), (8), and (10) for ψ
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(a) (b)

FIGURE 6. Like Fig. 4 but for h varying according to the truncated Gaussian distribution with ∆hmax=h0/20 and σ̄ = h0/50, the PDFs were
obtained from (15) and (13), whereas the histograms were produced by an independent MC code exploiting (8).

(a) (b)

FIGURE 7. Like Fig. 5 but for h varying according to the truncated Gaussian distribution with ∆hmax=h0/20 and σ̄ = h0/50, the PDFs were
obtained from (15) and (13), whereas the histograms were produced by an independent MC code exploiting (10).

(a) (b)

FIGURE 8. (a) The PDF of Π =∆Rin/R0 as obtained from (18a), (5), and (7); (b) The PDF of Φ =∆Xin/R0 as obtained from (18b), (5), and (7).
The histograms were produced by an independent MC code exploiting (16) [or (17)] along with (2) and (6). The results are for f = 1GHz, a
perfectly conducting ground, h0 = λ/5, and ψ varying in the range 0 ≤ ψ ≤ π/2.

varying uniformly about ψ0 = π/5 with ∆ψmax = π/50 are
shown in Fig. 9. This time, the dipole was taken to be placed
at h0 = λ/5 above a dielectric ground plane having the same
parameters as before. It was again verified that this flatness
also occurs for the case of the perfect ground and for arbitrary
combinations of h0 and ψ0.

5. CONCLUDING REMARKS AND DISCUSSION ON
POSSIBLE EXTENSIONS

Antennas are most often studied in free space, isolated from
real-world obstacles/scatterers, mainly in order to facilitate the
analysis and obtain radiated fields and pertinent parameters of
interest, either analytically or numerically, for as low computa-
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(a) (b)

FIGURE 9. (a) The PDF of Π =∆Rin/R0 as obtained from (20a), (8), and (10); (b) The PDF of Φ =∆Xin/R0 as obtained from (20b), (8), and
(10). The histograms were produced by an independent MC code exploiting (8) and (10). The results are for f = 1GHz, an imperfectly conducting
ground with εr = 13 and σ = 0.01 S/m at f = 1GHz, and for ψ varying uniformly about ψ0 = π/5 with∆ψmax = π/50.

tional cost as possible. Nevertheless, real antennas usually op-
erate in close proximity to obstacles/scatterers of various types
(from masts and support structures to user heads/arms/bodies,
walls, plants, as well as all kinds of indoor objects). Therefore,
the conclusions drawn from the study of an antenna subject to
the underlying assumptions and notions for the existence (or
non-existence) of other objects may be incomplete andmislead-
ing, and can undermine the performance of the actual wireless
system exploiting the antenna.
To overcome the aforesaid deficiencies and given the fact

that antenna-obstacle/scatterer arrangements are rarely mutu-
ally motionless (especially in the contemporary manmade en-
vironment), stochastic approaches that somehow incorporate
spatial/temporal variations seem more promising and are of-
ten adopted by researchers instead of deterministic ones. This
work aims at investigating how an elementary dipole is affected
by the presence of a ground plane, which is the simplest type
of obstacle/scatterer, when the distance/angle between them
varies in accordance with simple and reasonable probability
distributions. The ensuing closed-form PDFs for the input re-
sistance/reactance provide a basis for delving deeper into the
probabilistic behavior of the antenna and can be useful when
studying more intricate antennas or antennas that are modeled
with the aid of elementary dipoles. To facilitate the analysis of
this paper, only simple scenarios involving one random variable
obeying reasonable and tractable distributions were presented.
The results discussed regarded the PDFs of the resistance and
reactance separately, which revealed their dependence upon the
specificities of the height and angle distributions.
Scenarios involving canonical obstacle/scatterer geometries

(e.g., spherical or cylindrical ones)may be tractable using avail-
able closed-form solutions (as starting point) along with some
stochastic strategy for incorporating spatial/temporal random-
ness. However, as long as the analytical derivation of closed-
form expressions for PDFs or other related functions (e.g.,
cumulative probability functions, characteristic functions) and
comprehensive quantities (e.g., moments) is (almost) impossi-
ble for complex real-world scenarios, non-analytical methods

could be utilized to assess the performance of antennas close to
non-canonical objects.
Future extensions of the present work could focus on anten-

nas in the presence of spheres or cylinders, or even close to
human head/body phantoms, provided that exact or approxi-
mate closed-form expressions for the input impedance (or other
quantities of interest) exist (or can be deduced). The approach
of this work can be viewed as another step towards a general-
ized strategy for assessing composite antennas and arrays in the
contemporary manmade environment.
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APPENDIX A.
This Appendix provides results from the method of induced
electromotive force (IEMF) [32]. The self-impedance of a
straight-wire antenna is given by

Zs = − 1

I20

∫ l
2

− l
2

I (w) E⃗l (w) · dw⃗ (A1)

where l is the length of the antenna, I0 the driving-point current,
I(w) the current distribution along the wire,El(w) the longitu-
dinal component of the produced electric field along the wire,
and w the integration variable.
With regard to the mutual impedance between two identical

elementary electric dipoles, which are parallel and staggered so
as to have horizontal separation distance d and vertical separa-
tion distance s, one can start from a similar expression for the
mutual impedance, which involves the product of the current
along one of the two dipoles with the corresponding electric
field produced by the other dipole, as follows

Zm = − 1

I1I2

∫ l
2

− l
2

I1 (w) E⃗2,1 (w) · dw⃗
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= − 1

I1I2

∫ l
2

− l
2

I2 (w) E⃗1,2 (w) · dw⃗ (A2)

This last expression is an outcome of the reciprocity theorem
and can be readily generalized to arbitrary antennas.
For dipoles carrying constant currents and having length l

shorter than the operating wavelength λ, the mutual impedance
Zm(d, s) can be readily obtained from the longitudinal near-
field component produced from any of the two dipoles at the
center of the other, which yields

Zm (d, s) = −ζ0l
2

4π
e−jk0

√
d2+s2

×

{
2s2

d2 + s2

[
1

d2 + s2
− j

1

k0 (d2 + s2)
3/2

]

− d2

d2 + s2

[
1

d2 + s2
+ j

(
k0

(d2 + s2)
1/2

− 1

k0 (d2 + s2)
3/2

)]}
(A3)

For a wire antenna at an arbitrary angle as in Fig. 1, the
electric-field vector can be expressed in terms of the respective
vertical (Evcosψ) and horizontal (Ehsinψ) components. Then,
for l ≪ λ and uniform current I(w) = I0, the integral in (A1)
immediately yields

Zs = Zv
s (cosψ)2 +Zh

s (sinψ)2 (A4)

Finally, (A4) readily gives (16).

APPENDIX B.
This Appendix provides the mean square values and stan-
dard deviations associated with (15). The mean values are
simply E{∆Rv,h

in /R0}= Re{Dv,hBv,h} and E{∆Xv,h
in /R0}

= Im{Dv,hBv,h}. The mean square values can be found via
some straightforward algebra

E


(
∆Rv,h

in
R0

)2
 = (Re{Dv,hBv,h})2+σ̄2 (Re{Dv,hCv,h})2

h20

×

1−√ 2

π

∆hmaxexp
(
− (∆hmax)

2

2σ̄2

)
σ̄erf

(
∆hmax√

2σ̄

)
 (B1)

E


(
∆Xv,h

in
R0

)2
 = (Im{Dv,hBv,h})2+σ̄2 (Im{Dv,hCv,h})2

h20

×

1−√ 2

π

∆hmaxexp
(
− (∆hmax)

2

2σ̄2

)
σ̄erf

(
∆hmax√

2σ̄

)
 (B2)

The second terms in the summations in (B1) and (B2) provide
the respective variances.

APPENDIX C.
This Appendix contains the expressions for the PDFs of Π and
Φ ensuing from a procedure similar to that followed in Sec-
tion 3 when the second-order term is retained. Due to space
limitations, only important steps are highlighted below, with-
out presenting the algebraic manipulations.
For the case of the vertical dipole above a perfectly elec-

trically conducting (PEC) ground, the second-order approx-
imation of (2) yields an expression of the form Dv[Bv +
Cv∆h/h0 + Ev(∆h/h0)

2], where

Ev = −2 +
6

k20h
2
0

+ j

(
5

k0h0
− 3

k30h
3
0

)
(C1)

Similarly, for the case of the horizontal dipole above a PEC
ground, the second-order approximation of (6) yieldsDh[Bh+
Ch∆h/h0 + Eh(∆h/h0)

2], where

Eh = 3− 3

k20h
2
0

+ j

(
2k0h0 −

7

2k0h0
+

3

2k30h
3
0

)
(C2)

In both cases, for ∆h/h0 varying uniformly as in Section 3,
one can derive the PDFs for both Π and Φ at once. For the
latter case, which is more sensitive and prone to approximation
errors, one obtains

fΦ (x) =
h0

2∆hmax

[
(Im {Dv,hCv,h})2 − 4Im {Dv,hEv,h}

(Im {Dv,hBv,h} − x)
]−1/2

(C3)

Im {Dv,hBv,h}− |Im {Dv,hCv,h}|
∆hmax
h0

+Im {Dv,hEv,h}
(
∆hmax
h0

)2

≤ x ≤ Im {Dv,hBv,h}+ |Im {Dv,hCv,h}|
∆hmax
h0

+Im {Dv,hEv,h}
(
∆hmax
h0

)2
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