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ABSTRACT: Constructing and utilizing toroidal modes in clusters of dielectric particles opens pathways to creating more efficient, com-
pact, and functional devices across various fields, from sensing and telecommunications to energy and defense applications. Toroidal
modes contribute to unusual material properties related to artificial magnetism, which is essential for designing innovative metamaterials.
In this paper, we establish a relationship between eigenoscillations (modes) and scattering characteristics of a toroidal dielectric particle
(torus) and clusters of particles composed of different numbers of dielectric disks arranged in a circular configuration (rings) in terms of
the manifestation of their toroidal response. In particular, we examine the multipole contributions to the scattering cross-sections obtained
in the exact form and long-wavelength approximation. A toroidal mode is introduced as a mode of the system for which the second-order
term related to the exact electric dipole in the multipole decomposition is much greater than the first-order term. We show that the individ-
ual modes of the torus and hybrid modes of the ring consisting of an electromagnetically coupled ensemble of particles can be uniquely
related, including the lowest-frequency toroidal dipole mode. Unlike the torus, the toroidal dipole mode in the ring can be separated in
frequency from other multipole contributions, allowing excitation of the pure toroidal dipole resonance when providing corresponding
irradiation conditions for external electromagnetic waves. This study provides an opportunity to better understand the physics of toroidal
resonances in structures containing ensembles of dielectric particles and the peculiarities of their application in advanced microwave and
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photonic systems.

1. INTRODUCTION

n recent years, a novel approach based on utilizing Mie
Iresonances in dielectric nanostructures (metamaterials) has
gained great attention for efficient control of the amplitude,
phase, and polarization of propagated light [1]. Due to the wide
variety of their optical features and ability to enhance the light-
matter interaction, the implementation of such nanostructures
has led to a new paradigm in photonics, called “Mie-tronics” —
Mie resonant metaphotonics [2, 3]. In particular, many effects
supported by dielectric nanostructures, such as bound states in
the continuum, optical anapole, superscattering, and perfect ab-
sorption, have led to the emergence of such innovative devices
as metalenses, nanoantennas, nanolasers, and advanced chem-
ical and biological sensors, to name a few (see comprehensive
review papers [4—6] and references therein).

Dielectric metamaterials are typically made of high-
refractive index dielectric particles supporting Mie-type
resonances of electric and magnetic nature [7-9]. They
are geometry- and size-dependent resonances occurring in
particles [10] when the wavelength of light inside the dielectric
body (resonator) becomes comparable to its spatial dimensions
(e.g., radius). From the electromagnetic theory viewpoint, the
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interaction of light with such structures is described within
the framework of the multipole decomposition method [11],
where resonances are related to a set of spherical (i.e., dipolar,
quadrupolar, octupolar, etc.) harmonics supported by the
resonator. This method is also applicable to relatively complex
and composite particles, as well as their aggregates and
clusters [12].

Although Mie-tronics is related to the development of high-
performance nano-optical components, the theory of dielectric
resonators was first introduced in microwave technologies re-
lated to dielectric resonator antennas [13, 14]. Engineering of
such antennas requires information on basic quantities such as
the radiated fields, resonant frequency, bandwidth, quality fac-
tor, and field distribution inside the resonator. The design is
based primarily on the analysis of eigenoscillations (modes) of
the resonator and the choice of the corresponding method for
their excitation. These eigenoscillations are typically classified
as the transverse electric (TE), transverse magnetic (TM), and
hybrid (HE, EH) modes [15]. An important feature of isolated
dielectric antennas is that, in general, the different modes of
a resonator radiate like electric and magnetic multipoles. For
example, it is well known that the TEy;, mode of an isolated
cylindrical resonator radiates like a magnetic dipole oriented
along its axis. Similarly, the HE1;, and EH;1, modes radiate
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like a horizontal magnetic and electric dipole, respectively (see
Table 1 in [15]; in the mode abbreviations, the first, second, and
third indices denote the order of the azimuthal, radial, and verti-
cal variations of the fields; here we do not fix the exact number
for ¢).

In systems containing ensembles of particles, due to electro-
magnetic coupling between them, the modes of individual par-
ticles hybridize into cluster modes [16]. The higher-order con-
tributions may be dominant in the scattered field of such com-
posite particles. In particular, for clusters with toroidal topol-
ogy (e.g., rings), such a dominant contribution can be a toroidal
dipole moment [17-24], which is a second-order term of the
exact electric dipole moment [25, 26] (toroidal modes are char-
acterized by circulating magnetic fields that form a closed-loop
torus). Structures supporting a toroidal response are of partic-
ular interest in photonics because such modes can provide en-
hanced light manipulation [27], reduced scattering [28], high
sensitivity in bio- and chemical sensors [29,30], and nonlin-
ear operations in photonic devices [31]. Nevertheless, manipu-
lating toroidal modes in clusters of dielectric particles presents
several challenges due to the intricate nature of these modes and
their dependence on precise configurations. Toroidal modes are
generally weak and challenging to excite compared to electric
or magnetic dipoles, requiring sophisticated incident wave pat-
terns or coupling mechanisms. Moreover, competing electro-
magnetic modes, such as electric or magnetic dipoles, can in-
terfere with the toroidal mode, reducing its prominence [33].

It should be noted that the mode composition and scattering
by toroidal objects have been the subject of fairly close study for
a long time in various fields, from plasma physics, microwave
and optical waveguides [34—44] to atmospheric and space phe-
nomena [45,46]. In particular, modes of a torus with perfectly
conducting walls were classified in Ref. [47], and their three
types were identified. These modes were derived involving the
toroidal coordinates [48]. Regarding microwave devices, using
toroidal modes offers exciting possibilities for advancing tech-
nologies in telecommunications, sensing, and stealth systems.
Their high-quality factors make them ideal for microwave res-
onators used in oscillators, filters, and frequency-selective sur-
faces [32]. Interest in toroidal objects has also emerged in plas-
monics, where the modes of metallic torus have been studied in
Refs. [49-52].

The most relevant attempt to clarify the manifestation of a
toroidal dipole resonance in a toroidal dielectric particle was
undertaken in [53]. The results indicate that a moderate major
radius should be set for a dielectric torus to observe the isolated
toroidal dipole resonance. It is also noted that the toroidal reso-
nance can be maintained in a dielectric torus for a wide choice
of materials. Still, the best results are obtained for a torus with
a higher contrast between the dielectric material and the sur-
rounding medium. Otherwise, a significant contribution from
the electric dipole is present in the scattered field. High permit-
tivity materials are easily accessible in the microwave range but
not so widespread in optics; however, the authors confirmed
their results also for a torus made of LiTaOs operated in the
range of 1.35-1.55 THz. However, when shifted to the higher
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frequencies, fabrication constraints, material losses, and non-
locality should be accounted for [54].

Seminal papers on toroidal metamaterials consider structures
whose unit cells contain clusters of particles arranged in a ring
to provide the necessary head-to-tail distribution of magnetic
dipole moments associated with these particles [55, 56]. In our
recent works [57, 58], we supposed that the toroidal response of
such clusters may be related to modes of a solid torus derived
in Ref. [47]. The goal of the present paper is a sequential detail
study of modes and scattering characteristics of a solid torus and
a commensurate inhomogeneous ring consisting of an ensemble
of particles to reveal these systems’ similar and distinctive fea-
tures in the manifestation of toroidicity. We show that unlike
solid tori, ring structures of particles have additional degrees
of freedom for tuning and controlling the resonant toroidal re-
sponse, which makes them very attractive for metaphotonics.
The study uses the secondary multipole decomposition (SMD)
method developed earlier [59, 60] to reveal multipole contribu-
tions of separate elements in the field scattered by complete
clusters. To maintain continuity with previous studies [21—
23,53,57], here we consider structures made of ceramic par-
ticles operated in the microwave range (7-16 GHz).

2. PROBLEM DESCRIPTION

In what follows, we compare the modal composition and scat-
tering characteristics of two structures: a solid torus and a com-
mensurate ring composed of several resonators. The major and
minor radii of the torus are R and R, respectively. We keep
the ring’s radius corresponding to the torus’s radius. Also, con-
stitutive disks forming the ring have a radius R, and a height
H, (see Fig. 1). All geometrical parameters of the structures
under study are set on the millimeter scale, so the correspond-
ing resonances appear in the microwave range. The number
of the disks in the ring is N. To create a symmetric structure
resembling a toroid, the disks are distributed in the ring at ap-
proximately the same distance from the boundaries of the toroid
planes so that any pair of opposite faces of the disks are parallel
to these boundaries.

We assume that the structures under study are made from a
non-magnetic material with a relative permittivity €. They are
located in an air-like environment with constitutive parameters
€s = 1. To identify comparable features of the structures, their
identical electromagnetic conditions should be ensured. Thus,
we relate the permittivity of the inhomogeneous ring composed
of disks (¢ = egisk) separated by gaps (cgap = €5) to the per-
mittivity of the torus (¢ = eyorys) at fixed R and Ry. In this
case, £gisk must be additionally determined depending on the
height H; of the disks and their number NV in the ring. This
can be done involving the Maxwell-Garnet mixing rule [61],
which gives the effective permittivity of the composite structure
in terms of the relative permittivities and volume fractions of its
individual constituents (see also relevant paper [62], where the
toroidal samples made of cubic inclusions have been described
with the effective medium theory and experimentally studied at
microwaves).
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FIGURE 1. Artistic view of the geometry of (a) a solid dielectric torus and rings composed of (b) N = 16, (c) N = 12, and (d) N = 8 dielectric
particles (disks) and eigenfield patterns of the toroidal mode. The origin of the Cartesian coordinate system coincides with the torus (ring) center.
Grey, blue, and orange arrows show the displacement current Jp flow and orientation of the magnetic m and toroidal T dipole moments, respectively.
Cold (hot) color maps and black (red) arrows are related to the magnitude and flow of the magnetic (electric) eigenfield. The toroidal nature of the
mode is determined by the circular flow of the magnetic field strongly localized inside the torus and the flow of the electric field indistinguishable
from the distribution produced by the conventional electric dipole. The major and minor radii of the torus are R = 4.0mm and R4y = 1.0 mm,
respectively, while ecr = €orus = 60. Parameters of the disks are (b) Hy = 0.8 mm (egisk ~ 116.85), (¢) Hg = 1.0mm (egisk ~ 124.57), and
(d) Hg = 1.2mm (e4isk =~ 155.46).

Following the Maxwell-Garnet mixing rule, the effective After determining the permittivity 45k, one can solve the
permittivity ¢ of the ring can be written as: problems on the modes and scattering characteristics of a homo-
geneous torus and an inhomogeneous ring, where the number

N Viisk€disk + (Viorus — N Viisk )€gap of disks N and their height H, can be subjected as parameters.

Feff = Viorus 1 In our study, all subsequent simulations related to these two
problems are carried out in the COMSOL Multiphysics soft-

where Vigrys = 22 RR2 [63] and Vyisk = mR2%H, are volumes ware [64]. The spherical computational domain of our model
of the torus and disk, respectively, and g, = €. includes the structure placed in a surrounding space truncated
Substitution of expressions for volumes in Eq. (1) and simple by a perfectly matched layer (PML). The PML is added to the
algebraic operations yield model to simulate open (infinite) space and prevent unwanted
re-reflections of waves within the computation domain. The

o = 20 + NH, Edisk — €5 ) origin of the Cartesian coqrdinate system coincides with .the

2R center of the structure. In this study, we use the default physics-

controlled COMSOL settings for fine mesh generation.

Then, the required relative permittivity of the disks qisk is These solutions have been supplemented by the equations

equal to of the multipole decomposition method (see Refs. [22, 65, 66]
B and Appendix A) which are implemented in COMSOL as cor-
Edisk = mgwms — Mgs, 3) responding calculation procedures. We utilize these equations
NHq NHq given in both exact form and long-wavelength approximation
(LWA).

where we set eff = Eiorus-
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3. EIGENOSCILLATIONS CONDITIONS

In the first stage of our study, we conduct a numerical anal-
ysis of the spectrum of the eigenfrequencies of a solid torus
and an inhomogeneous ring. Eigenfrequencies (or natural fre-
quencies) are specific discrete states where a system tends to
resonate when the incident field frequency coincides with the
system’s eigenfrequency. A dielectric resonator has a spectrum
of eigenfrequencies related to the corresponding modes (types
of oscillations). These modes are determined by the resonator’s
geometry and material properties. The eigenfrequencies can be
determined by solving the Helmholtz equation with the appro-
priate boundary conditions (the behavior of fields at the bound-
aries of the dielectric material, such as the continuity of the elec-
tric and magnetic fields determines the allowable modes). In
particular, the solver finds a solution to the eigenproblem as a
complex angular frequency given in the form w = W’ + w”,
where a real part w’ represents the eigenfrequency, and an imag-
inary part w” is responsible for the damping (since the dielectric
resonator is an open electromagnetic system, there is always
energy leakage through the walls of the resonator even in the
absence of material losses). After finding the eigenfrequency,
the solver allows one to plot the patterns of the mode eigenfield.
Thus, based on the eigenfield characteristic, the modes of the
structures under study can be classified, and the corresponding
mode bearing the toroidal dipole response can be revealed by
analyzing the multipole content. The multipole decomposition
is performed by integrating the mode eigenfield over the struc-
ture volume.

Therefore, to find out the mode of interest, we analyze both
the eigenfield distributions and the magnitudes of the multipole
terms. First of all, among the modes released by the solver,
those are picked out that demonstrate a circular (vortex-like)
flow of the magnetic field inside the structure. This distribution
of the magnetic field is ensured by the poloidal flow of polar-
ization (displacement) currents in the cross-section of the torus,
which is a necessary sign of toroidicity. Then, a particular mode
is selected based on the multipole contribution analysis. The
knowledge of the multipole composition of the mode allows us
to determine the external irradiation conditions required for the
excitation of this mode [67].

In the framework of the multipole decomposition method de-
rived in terms of spherical harmonics, an exact electric dipole
moment (ED'S2]) is expressed with the direct inclusion of the
toroidal counterpart [25]. Among the selected modes having
a suitable eigenfield distribution, we define the toroidal dipole
mode as a state where the second-order term [toroidal dipole
(TD) moment, T] in the expansion of the exact electric dipole
moment dominates over the first-order one [quasistatic elec-
tric dipole (ED) moment, pol, |po| < n|T|, with negligible
contributions from the remaining components in the decompo-
sition derived in the LWA (see, Eq. (A2) in Appendix A and
Refs. [57,58])).

A specific eigenfield of the selected toroidal dipole mode ex-
isting in a dielectric torus is shown in Fig. 1(a). One can also
relate this mode to the mode of the first type with index m = 0
for a toroidal cavity with a perfectly conducting wall derived
by solving the Helmholtz equation in the toroidal coordinate
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frame (see Fig. 5 in Ref. [47]). The distribution of the electric
far field for the given mode does not differ from the field of
an electric dipole, which is also a key signature of the toroidal
resonance [25].

Since we consider commensurate structures, this guarantees
the spectral proximity of the corresponding eigenfrequencies
for the torus and ring modes. The eigenfield patterns for the
corresponding modes in the ring should also be similar to those
in the torus. By these features, the toroidal dipole mode of sev-
eral rings different in the parameters N and H are found and
plotted in Figs. 1(b)—(d) (although this does not affect the over-
all characteristics of the structure, here we consider rings con-
taining an even number of particles (/N = 8, 12, 16) so that the
field patterns appear symmetrical in the figures just for conve-
nience).

The ring of dielectric disks creates a closed-loop structure,
facilitating the excitation of a toroidal dipole moment. Un-
like the mode of the solid torus, the mode of the given in-
homogeneous ring is the result of interactions between spe-
cific modes of the constitutive disks existing due to electro-
magnetic coupling between the particles [57]. In particular,
the obtained eigenfield patterns suggest that the lowest-order
transverse electric (TE) mode is maintained in each disk which
is characterized by a circular flow of the displacement current
around the central axis of the disk (TEy1, mode; see the mode
nomenclature of the disk-shaped resonators in [15]).

The SMD allows revealing the contribution of the multipoles
of the constituent parts of the composite structure to its overall
multipole moments (see Appendix B). From the distribution of
the electric field in the disks shown in Fig. 1, it follows that the
main multipole moment on each disk with a number 7 is the in-
dividual magnetic dipole (MD) moment m,, directed along the
disk axial axis. For the ring structures, an ensemble of the MD
moments acquires a head-to-tail arrangement in the whole ring.
From the SMD [see Eq. (B1)] such an arrangement produces a
collective (hybrid) mode of the ring manifesting in a toroidal
dipole moment T of the overall structure, where

N
T~ Z[rn X my], 4
n=1

is its main multipole moment.

The correspondence between the torus and ring modes is
confirmed by the distribution of both the magnetic and elec-
tric eigenfields. The electric field associated with the toroidal
dipole mode forms closed loops around the circular axis of the
ring, creating a pattern where the magnetic field circulates. This
results in a net zero MD moment while maintaining a non-zero
TD moment. Nevertheless, the mode of the ring exhibits res-
onant behavior at specific frequencies, determined by the size,
spacing, and dielectric properties of the disks. It may result in
complex behavior and potential frequency shifts. To reveal this
peculiarity, the eigenfrequency, quality factor, and ED and TD
contributions of the toroidal dipole mode for the given struc-
tures are calculated as functions of the permittivity eyrys. The
results are collected in Fig. 2 (to estimate the magnitudes of
other contributions such as the magnetic dipole (MD), elec-
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FIGURE 2. Dependence of the (a) eigenfrequency, (b) quality factor, (c) ED and TD contributions calculated in the LWA, and (d) ED®® calculated
in the LWA and exact form on the relative permittivity (€cfr = €torus) for the structures presented in Fig. 1. The quality factor of the mode is derived

from the eigenfrequency w’ and damping w” as Q = w'/2w".

tric quadrupole (EQ), and magnetic quadrupole (MQ) in the
toroidal mode of the ring, see also Fig. 1 in Ref. [57]).

From Fig. 2(a) it follows that, although the eigenfrequencies
in the solid torus and the commensurate inhomogeneous ring
are closely spaced, they are a bit different, where the eigen-
frequency of the torus is higher than that of the ring. The dif-
ference in the eigenfrequencies increases with decreasing the
number of disks forming the ring. However, this difference re-
mains constant with increasing £, (We recall that we fix here
Eeff = Etorus, therefore eyons < Egisk)- As the permittivity in-
creases, the eigenfrequencies decrease, in full accordance with
classical electromagnetism predictions.

The dependence of the mode quality factor on permittivity
has a more complex behavior, as Fig. 2(b) suggests. The quality
factor of the mode of the inhomogeneous ring is higher than that
of the homogeneous torus, which is apparently determined by
the higher permittivity of the constitutive disks providing a bet-
ter electromagnetic field confinement in dielectric resonators.
This also explains the higher quality factor of structures with
fewer disks. It is noteworthy that for the ring there are ranges

107

when the quality factor has a flat characteristic without any gra-
dient with increasing permittivity, whereas for the torus there is
always a monotonic increase in the quality factor of the mode.

To explicitly confirm the toroidal nature of the given mode,
we verified that the TD contribution dominance in its eigen-
field persists with increasing permittivity. In Fig. 2(¢) it can be
seen that the magnitudes of both ED and TD contributions de-
crease as £orys increases where ED tends to zero, while the over-
all electromagnetic response of all structures approaches quasi-
static conditions. The approach to quasi-static conditions is also
confirmed by Fig. 2(d), which shows a comparison of the mag-
nitude of the total electric dipole moment ED*® = ED + TD
obtained in the exact form and LWA. As expected, these two
solutions converge with increasing permittivity for the modes
of both the torus and ring.

4. SCATTERING CHARACTERISTICS

At this stage of our study, we proceed to identify the scat-
tering characteristics of the given structures in the frequency
range of the existence of the toroidal dipole mode. The ex-
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FIGURE 3. Scattering cross-section (SCS) and corresponding multipole decomposition contributions calculated for (a) solid dielectric torus and rings
composed of (b) N = 16, (c) N = 12, and (d) N = 8 dielectric particles (disks). The incidence condition and polarization of the irradiating wave
are given in the insets. The caption of Fig. 1 lists all geometrical and material parameters of the structure.

citation of the toroidal dipole mode in the structure occurs
via its resonant interactions with irradiating waves under their
specific incidence conditions and polarization. In particular,
since the dynamic toroidal dipole moment is a part of the ex-
act electric dipole moment, the linearly polarized wave can ex-
cite the toroidal dipole mode in the structure when the direction
of its electric field vector E coincides with the vector T be-
longing to the mode [56,57]. Further, in the given coordinate
frame, we assume that lateral irradiation of the structures by a
z-polarized plane electromagnetic wave propagated along the
z-axis (B = {0,0,E.}, k = {k;,0,0}, k = 27 f/c, where
f € [9,16] GHz is the frequency of the incident wave, and ¢ is
the speed of light in vacuum).

The calculation of the scattering cross-section in the solver
is performed in two alternative ways: (i) deriving the scat-
tered energy by integrating the Poynting vector over an imagi-
nary sphere constructed around the particle in the far-field zone
(SCS), and (ii) deriving the scattering cross-section by sum-
ming the dipole and quadrupole contributions (SUM), Eq. (A2).
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In the latter case, the multipole contributions are calculated in
the LWA, while the total electric dipole moment (ED%!) is
calculated in the exact form [26] to verify the correctness of the
long-wave approximation.

Figure 3(a) shows the spectral characteristics of the scatter-
ing cross-section of the dielectric torus as well as corresponding
multipole contributions. First of all, one can see the coinci-
dence between the SCS and SUM except for the cases where
resonances occur at higher orders (e.g., octupoles) that are not
accounted for in the SUM. It is obvious that each resonance
in the SCS results from the interference (overlapping) of sev-
eral multipole contributions, where the contribution of the ED
is negligible in the entire frequency range of interest. In particu-
lar, the dominance of the MD and MQ contributions is observed
for the first resonance on the frequency scale, whereas for the
second resonance, they are the MD and TD. Notably, the sec-
ond resonance’s frequency is close to the eigenfrequency of the
toroidal mode, which manifests itself in the scattered spectra.
The toroidal nature of the resonance is also confirmed by the
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and N = 12 disks, respectively. The caption of Fig. 1 lists all other parameters of the structure.

fact that the magnitudes of the TD and ED'%2 are almost iden-
tical at the resonant frequency. We distinguish this resonant
frequency in the figure by a vertical dashed line and denoted as
frp- In general, it can be concluded that the resonance of the
toroidal mode in a dielectric torus arises against the background
of the MD and MQ contributions, as well as multipoles of the
higher order.

Further, the corresponding spectral characteristics of
the scattering of the inhomogeneous ring are presented in
Figs. 3(b)—(d) for different N and H, respectively. Their
fundamental difference from the characteristic dependencies
for a torus is that the toroidal resonance frp becomes the
lowest-frequency resonance in the spectrum. The contribution
of the ED and TD interference approaches the total scattering
value SUM, which indicates the separation of the toroidal
dipole mode in the ring from other multipole contributions. In
other words, when the scattering intensity of three key terms
(TD, ED + TD, and SUM) are identical, and the scattering
intensity of ED is negligible, the pure TD response is achieved.
As secondary effects arise from the properties of the mode,
a shift of the resonance to the low-frequency region and an
increase in the resonance quality factor appear as IV decreases.

Finally, to ensure the completeness of our study, we also
calculated the scattering characteristics for a torus made of a
material with a relative permittivity corresponding to that of
the disks (€iorus = Edisk) Obtained above for the structures with
N = 16 and N = 12. The corresponding results are summa-
rized in Fig. 4.

One can see that the characteristic dependencies change little
with a moderate increase in permittivity, demonstrating a shift
to the low-frequency region where the quality factor tends to
increase, as the electromagnetic theory suggests. In general, the
observed trends are fully consistent with the parametric studies
of a dielectric torus performed earlier in Ref. [53], so we omit
the remaining details here.
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5. EXPERIMENTAL VALIDATION

The peculiarities of the TD mode excitation in the ring struc-
ture are studied by performing its microwave characteriza-
tion [68,69]. An experimental sample consists of N = 6 res-
onators fixed on a dielectric substrate. The ring has the radius
R = 4N /7 mm. All disks have the diameter Ry = 4 mm and
height H; = 2.5mm. Disks are made from Taizhou Wan-
gling TP commercial ceramics. The relative permittivity of
this dielectric material is egic = 22 £ 1 and the loss fac-
tor is tand = 1 x 1073. The substrate is made from the
ROHACELL®HF rigid foam plate. Its relative permittivity is
€s = 1.1£0.01. Our eigenfrequency calculations for the given
structure (. ~ 7.56) predict that the toroidal mode frequency
is at frp = 8.31 GHz.

To obtain the extinction cross-section of the structure based
on the optical theorem [70], a two-horn method is carried out.
Two antennas (GuanJun GJ-WDRHA-1/18-3/13-S) are placed
at each side of the sample as transmitting and receiving an-
tennas, respectively. The distance between the edge of each
antenna and the center of the sample is 1.6 m. Then the So;
(transmission) coefficient of the electromagnetic waves pass-
ing through the ring is recorded by the vector network analyzer
(VNA) Rohde & Schwarz ZVA-50. Free space measurement
is utilized as a background signal. The forward scattered am-
plitude is obtained from the difference between the S3; coeffi-
cient measured for the sample and the background signal. The
normalized measured and calculated extinction cross-section is
shown in Fig. 5(a). It can be seen that for a given polarization of
the incident field, a resonance is observed in the spectral char-
acteristic at the frequency of existence of the toroidal mode of
the cluster.

To confirm the manifestation of the toroidal mode in the
extinction cross-section of the structure, measurements of the
near-field characteristics are carried out. For near-field charac-
terization, a single antenna is set as a transmitting one, whereas
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FIGURE 5. (a) Normalized extinction cross-section of the ring structure consisting of six disk-shaped resonators laterally irradiated by a E,-polarized
plane wave, and (b) simulated and (c) measured near-field patterns at frp = 8.31 GHz.

an electric dipole connected to another port of the VNA serves
as a receiving probe. The setup aims at acquiring the distri-
bution of a specific component of the electric near-field. The
magnitude of the Sy; coefficient is collected within the fre-
quency band of 7-9 GHz. The scanning area in the pattern is
100 x 100 mm?, where the LINBOU near-field imaging sys-
tem is used to move the probe in the horizontal (z-y) directions
with the step of 2 mm.

Figures 5(b) and 5(c) present the simulated and measured
distribution patterns of the electric near field (real part of the
E.-component), respectively, at the frequency of appearance
of the TD mode in the structure. These color maps are plotted
at the distance of 5 mm above the structure scanned in the hor-
izontal plane (where z = H;/2 + 5mm). One can notice that
the measured results have a good correspondence with the sim-
ulated ones. It confirms the presence of the toroidal mode in
the ring structure and the ability of its excitation with the wave
of proper polarization.

6. CONCLUSIONS

We have compared the mode composition and scattering char-
acteristics of a homogeneous torus and an inhomogeneous ring
from the point of view of the manifestation of a toroidal reso-
nance. Our calculations showed that the toroidal dipole mode in
aring of dielectric disks offers a rich set of properties compared
to the homogeneous torus, in particular allowing the toroidal
dipole resonance to be separated from other multipole contri-
butions. With fewer disks, the interaction between adjacent
disks in the ring is relatively weak, and toroidal modes may
not form effectively as the electromagnetic field cannot form
the closed loop required for toroidal dipole excitation. The res-
onances tend to be less sharp, with lower quality factors due to
weaker field localization. The moderate number of disks pro-
vides optimal coupling. The interaction between disks becomes
stronger, and the symmetry is sufficient to support well-defined
toroidal modes. In ring structures composed of a large num-
ber of disks, properties become similar to the solid torus. In
particular, as the number of disks increases, higher-order con-
tributions appear, leading to their overlap which suppresses the
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quality factor of the toroidal resonance. Regardless of the num-
ber of disks, their symmetrical arrangement improves the sepa-
ration of toroidal modes from other competing resonances. The
interplay among geometry, material properties, and excitation
conditions plays a crucial role in determining the behavior and
utility of this mode.

The inhomogeneous distribution of material properties in the
ring enhances the field localization within certain regions of
the structure. This localization reduces radiative losses by con-
fining more energy within the resonators. The inhomogene-
ity also creates a spectral separation between the toroidal mode
and competing modes, reducing interference and enhancing the
purity of the toroidal resonance. In contrast, in a homoge-
neous torus, the field distribution is uniform and less localized,
leading to increased radiative losses. Competing modes (e.g.,
dipolar or quadrupolar modes) can overlap or interfere with the
toroidal mode, increasing dissipation and lowering the quality
factor.

Toroidal modes can enhance sensitivity for microwave-based
biosensors, enabling the detection of biological and chemical
substances with high precision. Their strong field localiza-
tion can be used in devices that rely on nonlinear materials for
switching and modulation. Their spectral selectivity may im-
prove the resolution and sensitivity of microwave imaging sys-
tems, which are used in medical diagnostics, security screening,
and non-destructive testing.

The studied properties and manifestation of the toroidal
dipole mode in the microwave range can be scaled to higher
frequencies when a sufficiently large permittivity for the con-
stitutive particles is provided. However, if the permittivity is
not large enough, the contribution of the LWA electric dipole
moment will increase, leading to a decrease in the quality fac-
tor of the toroidal resonance.
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APPENDIX A. BASIC MULTIPOLE EXPANSION

In our paper, we use the approach to describe the multipole re-
sponse of material systems proposed recently in [26, 65]. In this
framework, it is considered that multipole moments in radia-
tion and scattering problems can be introduced by two meth-
ods: either by expanding the delta function in a Taylor series
in the integral determining the induced currents in the system
or by expanding the radiated (scattered) fields in the far-field
zone in terms of vector spherical harmonics (which is called
‘exact’ [65]). If spherical (exact) multipoles are expanded by
the parameter of the ratio of the system size to the radiation
wavelength, then the multipoles from the delta-function expan-
sion are obtained in terms of this expansion. This representa-
tion of multipole moments is called ‘long-wave approximation’
(LWA) [26].

Taking into account several first spherical multipoles in the
Cartesian basis (the exact multipoles), the scattering cross-
section can be presented as [26, 66]

ke
- 0 2 0€s 2
Osca = 67‘(‘8%|E|2 Ip|” + 720778(2)|E|2 azﬁ |Qa[3‘

kog ,LLO
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where kg is the wavenumber in vacuum; ¢ is the vacuum di-
electric constant; ¢, is the relative dielectric constant of the
surrounding medium; g is the vacuum permeability; E is the
electric field amplitude of the incident plane wave; p and m
are the vectors of the exact electric and magnetic dipole mo-
ments, respectively; and @ and M are the 3 x 3 tensors of the
exact electric and magnetic quadrupole moments (the integral
expressions determining the exact multipole moments are not
presented here and can be found in Table 2 in [26], and the only
difference is that for Eq. (A1) the magnetic quadrupole moment
must be taken with a coefficient reduced by three times).

For the scatterer smaller than the incident wavelength A (in
our problem, it can be related to the major radius of the torus,
2Rko+/Etors S 1), the expressions for the exact multipoles can
be represented in the long-wavelength multipole approximation
(LWA) [70].
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where 7 = ikge,c™!. In the LWA, we omit the higher-order
terms (the mean-square radii) for all contributions, while the
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electric po and toroidal T dipole moments, respectively, are ex-

pressed as:
i
po= - / Jo dr, (A3)
w Jv
1 2
T = — [ [(r-Jp)r— 2r<Jpdr, (A4)
10 Jy

where V is the total volume of the particles in the system; w
is the angular frequency of the incident wave; and the time de-
pendence exp (—iwt) is assumed.

For the ring system composed of N disks V' = ZnN:I Vs

where n is the index running over the disks. Explicit definitions
of the rest of the multipoles entering the LWA can be found in
Table 1 of Ref. [60].

In our simulation procedure implemented in COMSOL
we first calculate the induced displacement current density
Jp(r) = —iweg(e — e5)E(r) in the disks and then the total
scattering cross-section without application of the multipole
decomposition method, and second, using obtained Jp(r), the
multipole moments and their contributions to the scattering
cross-section are determined in the LWA conditions. Here
E(r) is the total electric field in the considered system.
All multipole moments considered above are located at the
coordinate-system origin coincident with the mass center of
the structure.

APPENDIX B. SECONDARY MULTIPOLE DECOMPOSI-
TION

The main purpose of involving the secondary multipole decom-
position (SMD) method is to obtain a representation of the mul-
tipole moments of the ring system via the multipole moments of
its constitutive disks. Here we follow the procedure introduced
in Refs. [59, 60].

Using the replacement r = r,, + r}, of the radius-vector r
defined concerning the center of mass of the cluster, where r,,
(n = 1...N) is the radius-vectors of disk’s centers, and r/, is
the radius-vector of any point inside corresponding disk to its
center (see Fig. 9 in [59]), the vector of the TD moment of a
whole ring system can be written as:

N

T= Z {To(rn) +T, + g[rn X m,] + I(rn)} . (Bl)

n=1

where

To(r,) = I Pn)tn — 272py] (B2)

w
10 [(
is the TD moment at the cluster mass center associated with the
LWA electric dipole moment

pPn = 1/ Jpdr,,
w n

of the subsystem (disk) with the number n,

T, = i [(r;z
Vi

/ —
10 Jo)r,

2(rl,)*Ip] dr),
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and

1
m, = f/ [r}, x Jpldr),
2 Jy,

are the TD moment and the LWA MD moment of the same disk
with the number n calculated concerning its mass center, re-
spectively, and

I(r,) =

1

- /V N U A CY

is an additional integral term that accounts for the offset of the
n-th particle from the cluster’s mass center.
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