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ABSTRACT: In this paper, a ray-tracing based mathematical model is proposed for the analysis and design of Fabry-Perot antennas
with a nonuniform Partially Reflective Surface (PRS). The use of nonuniform PRS in FPA’s has recently gained attention due to its
immense applications such as directivity enhancement and beam-steering. A spatially varying phase profile of the PRS is achieved by
the arrangement of various distinct unit cells throughout the surface. The PRS phase and magnitude variation enables the alteration of
wavefronts to achieve beam steering along a desired polar and azimuth angle (6, ¢). Thus, a simple, robust, and computationally efficient
model to find the optimal FPA parameters and phase profiles for beam-steering has been developed in this paper. FPAs were designed
using a square PRS for 1-D and 2-D beam steering with a directivity of up to 17 dBi. The model has been verified with the simulated
results at 8 GHz and 8.5 GHz, demonstrating consistent field patterns with the full-wave simulations.

1. INTRODUCTION

A high-gain Fabry-Perot Antenna (FPA) consists of a ground
plane with a patch antenna and a partially reflective surface
(PRS) parallel to it. The antenna’s remarkable advantages have
significantly enhanced the research work in this field. In ad-
dition, beam-steering in low-profile FPAs has become increas-
ingly popular due to its wide range of applications in satellite
communication and radar technologies.

Beam steering is generally achieved using the concept of
phased arrays [1]. Fabry-Perot antennas provides a simple and
cost efficient method for beam steering by manipulating the
emitted electromagnetic (EM) fields using the PRS phase prop-
erties. Beam steering in FPAs has been demonstrated by using
nonuniform PRS phase profiles in [2—10]. The use of electron-
ically active metasurfaces to vary the phase profile for beam
steering has been investigated in [3, 6—10]. Beam steering has
also been achieved mechanically for constructive interference
along desired directions [11, 12]. Recent advancements in FPA
design involve directivity enhancement using sidelobe suppres-
sion [13] and multilayer surfaces [14, 15].

There are currently various methods to analyze Fabry-Perot
antennas. A widely used method involves the application of ray
tracing in a one-dimensional (1-D) model of the antenna given
by [16]. Equivalent circuit models have also been developed
[17-19]. In the circuit models, the FPA can be characterised
as a transmission line cascaded with lumped elements to model
the PRS properties. Additionally, leaky-wave analysis has been
used to investigate the magnitude and phase properties of the
emitted E-field [20,21]. Leaky-wave analysis is based on the
fact that the surface properties influence the leaky-wave mag-
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nitude and phase resulting in different far-field patterns. The
ray tracing model given in [16] is applicable only to 1-D FPAs
with a constant uniform phase profile. Recent advancements
in the ray tracing method involve using the approach to ana-
lyze nonuniform PRS along one dimension for antennas with a
Flat Top Radiation Pattern (FTRP) [22] and for the analysis of
reconfigurable FPAs [23].

The ray tracing model can be further extended to analyze 1-D
and 2-D nonuniform PRS structures for FPA design. Therefore,
a complete mathematical model of the FPA and PRS using ray
tracing is developed and analyzed in this paper. It would pro-
vide a simple and efficient method to enhance the design and
analysis of antennas with nonuniform PRS profiles. The ray
tracing method as developed in [16] would be further extended
for a finite nonuniform PRS to obtain a simple mathematical
model to analyze any general FPA.

2. FPA MODEL WITH A NONUNIFORM PRS
In the ray tracing method, a 1-D FP model (Fig. 1) is utilized

to analyze the phase of each transmitted wave. The maximum
radiation at any given angle 6 occurs at the resonance condi-

e

PRS (I(x))

Ground plane Antenna

FIGURE 1. Schematic of the 1-D FPA Model.
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tion, when all the transmitted waves constructively interfere.
The base patch antenna can be modelled with a radiation pat-
tern R(6). The antenna is placed just above a ground plane with
a reflection phase of v. A partially reflective surface (PRS) is
present at a distance h above the ground plane. For a nonuni-
form PRS, the reflection coefficient (I') and transmission co-
efficient (T) are functions of x along the PRS. r(z) and ¢(z)
denote the magnitude components, while ¢(x) and ¢(z) de-
note the phase components of the reflection and transmission
coefficient, respectively.

D(a) = r(a)e® (1)
T(z) = t(x)e’¥® 2)

For an arbitrary theta, the net electric field viewed from a
considerable distance would be the vector sum of all the trans-
mitted rays Ey, 1, Eo, ..., En.

E(6) =) En 3)

The ray E,, consists of a magnitude and a phase component
(A,,0,). Each £, = A,,e79 would be subjected to:

* Phase variations due to path differences and reflections;

* Magnitude variations due to reflection and transmission.

2.1. Magnitude Analysis

After each reflection or transmission, the amplitude will be re-
duced by a factor of |I'(x)| or |T'(z)|, respectively. T is the
transmission coefficient of the PRS, E, R(0) the electric field
provided by the antenna, and (3 the phase constant of the wave
in free space. Let z, = (2n + 1)htan(h), r(z,) = r, and
t(zy) = t,. Hence forn > 1:

A, = E,.R(0) (tnﬂ 11 rk) 4
k=1

2.2. Phase Analysis

After reflection with the ground plane or PRS, the wave will
incur a phase change of ¢ or ¢(z), respectively. Due to a
path difference within the cavity, there is a phase change of
-5 % between two consecutive transmitted waves. Simi-
larly, t(here also exists a path difference between two consec-
utive waves outside the cavity. When we analyze the radia-
tion at an angle theta, wave Ej_; has to travel an extra dis-
tance of 2htan(f) sin(f) compared to wave Ej to reach the
normal plane corresponding to 6. Let x,, = (2n + 1)htan(9),
d(zyn) = ¢, and (x,) = @,,. Setting O as the reference, for

n>1,A0, =0, — 0 is given by:
A, = n (—Qﬁ(hcos(Q)) + 9+ Zk;;gbk)

+(Pnt1 — ¥1) Q)

2.3. Net Field at an Arbitrary Angle 6

Using (3), (4), (5) and setting B,, = A,e’©°, the expression
for electric field at an arbitrary angle 6 could be written as:

N N
B(0) = <Z AnejA®“> 190 = (Z BnejA®"> (6)
n=0

n=0

Equation (6) can be expressed in matrix form given by:

E) = MXP 7
r o - 0
N 0 eI& ... 0
E, =M |. . . ) P ®)
el : : . :
0o 0 ... einkK

X = Phase change due to propagation

E; represents the electric field of each ray. F,, represents
the normalised electric field. All the calculations are done with
respect to the phase of Ej. Since the relative phase affects the
radiation properties, the phase of FEj is set to be zero.

o Bal0)
B0 = B Ryeren

K is a fixed constant term that depends on the FPA properties
which is given by: K = —28hcos(0) + 9.

M represents the magnitude factor of each ray, and P repre-
sents the phase change due to the PRS properties.

M = [tl t27’1 tn+1(HZ:1 Tk)] (9)

1
ej(¢1+802—801)
P - | (10)

ej(ZZ:l ¢k";'(4pn+1_801))

3. ANALYSIS FOR 2-D BEAM STEERING PRS

The above 1-D analysis can be extended to analyze the antenna
radiation pattern in two-dimensions (2-D), i.e., the polar and az-
imuth angles (0, ¢). To obtain an estimate of the radiation pat-
tern, the plane that passes through the ground antenna and the
desired point on the PRS corresponding to (g, ¢¢) is chosen.
Therefore, the 2-D PRS can be effectively represented by a 1-D
model as described in Section 2 along the analysis plane. Fig. 2
represents the plane of analysis. The functions representing the
reflection and transmission coefficients will be taken along the
intersection line of the analysis plane and the PRS as shown in
Fig. 2, and the 2-D base antenna radiation pattern R(6, ¢) will
be considered in (4) and (5) to calculate the E-field. The axis
along the analysis plane is denoted by wu.

T(u, §)2q = r(u, ¢)els*?) (11)
T(u, ¢)2q = t(u, p)e?(®?) (12)

The general matrix form for 2-D field analysis is given as:
E(0,¢0) = My.s, XoPa.4, (13)
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FIGURE 2. Schematic for 2-D analysis of the FPA.

4. PROPOSED METHODS FOR PRS DESIGN AND
ANALYSIS

4.1. Phasor Method to Analyze the Radiation Pattern

The sum (6) can be represented in phasor form. For finite PRS
structures, the number of E-field rays (V) for computation is a
function of theta and the length of the PRS ().

YO | |

In practical FPA designs, the dimensions of the PRS are com-
parable with h tan(6). By the vector sum for N rays, we can ac-
curately calculate the approximate radiation pattern, beam di-
rectivity, and main lobe direction for any nonuniform partially
reflective surface. This has been verified with the simulated
results given in Section 6. N can be chosen according to the
angle of interest for simplifying the computation.

(14)

4.2. Beamforming along (6, ¢o)

To obtain maximum field intensity at a given angle, the emitted
rays, i.e., B, must be around the same phase, which would lead
to constructive interference of each of the transmitted beams.
Since the magnitude of B,, decreases exponentially as n in-
creases, and the source illuminates the central region majorly,
the initial field waves would have a major amplitude contribu-
tion to the vector sum (6). So to ensure a beam directed at an
angle 6y, the phase difference between two consecutive emitted
waves must go to 2mm.

AO, — AO,,_1 =2mm; m=0,£1,+2,... (15)
—2B(hcos(0)) + ¢ + (¢n) + (Pns1 — ¢n) = 2mm  (16)
On =K+ ((bn) + (Spn-i-l - @n) = 2mm (17)

K refers to the fixed constant term specified by the FPA de-
sign parameters. Thus, a resonance condition is set for the beam
from the first reflection point leading to high transmission at
the given angle and frequency. The condition (16) gives an ac-
curate value for the height of the cavity to obtain an intense
beam at angle 6, for any azimuth plane angle. There might be
a slight deviation of the main lobe by a few degrees due to the
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non-significant terms in the vector sum or due to mutual cou-
pling between unit cell elements, which can be further tuned by
slightly varying either the height of the cavity or phase balanc-
ing a few more terms in (6). Hence by solving the IV simultane-
ous recursive equations in (17), the desired phase profile can be
obtained. In addition, the PRS reflection and transmission pro-
files can be approximately modelled as general functions that
are linear in parameters. By substituting the function in terms
of its parameters in (17), we can obtain a set of linear equations
that can be solved to obtain a functional form of the PRS pro-
file. PRS unit cells could then be designed with approximate
reflection and transmission properties such that the waves con-
structively interfere.

4.3. Nuliforming along (6o, ¢o)

Similar to Section 4.2, a null can be achieved at a specified
direction by ensuring that all of the rays destructively interfere
with each other, for twhich the vector sum (6) must be made to
attain a near zero value using the FPA parameters.

5. PRS DESIGN TO VERIFY THE PROPOSED METH-
oDsS

To verify beam steering using the 1-D and 2-D analysis mod-
els, a suitable square PRS was designed and simulated at § GHz
and 8.5 GHz according to the methods proposed in Section 4.
Fig. 3(b) represents the used unit cell, which consists of a metal-
lic square patch on one side of a substrate having a relative per-
mittivity of 4.3 and a loss tangent of 0.02. The periodicity of the
unit cells in the PRS is 15 mm. The size of the metallic patch
was varied to obtain different values of reflection and transmis-
sion coefficients, given in Table 1. The base plate consists of a
patch antenna at the coordinates (0, 0) along with a completely
reflecting ground plane. The patch antenna radiates uniformly
in all directions. The simulated |s11| parameters of the base
patch antenna is given by Fig. 3(a). The PRS is placed h mm
above the patch antenna, which is centrally located above the
ground plane. The PRS unit cell arrangement is denoted by
the sequence {C;} prs = {ci; };-V:p where ¢;, denotes the jth
unit cell, ¢ the size of the metal patch in mm, and N the num-
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FIGURE 3. (a) Simulated S11 of the base antenna. (b) Unit Cell (W, = 15 mm). (c) PRS used for 1-D beam steering (Unit cell sequence: {U;;} prs).

(d) PRS used for 2-D beam steering (Unit cell sequence: {V;;}prs).
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FIGURE 4. Simulated and modelled field results of the FPA designs and plots for the PRS properties along the beam direction (1D: { ¢;; }}25; 2D:
{ci; 132 10)- Normalised modelled (red) and simulated (blue) Electric-Field results for: (a) PRS1 (0=0°): {Ui;}prs, ={c11, c11, c11, €11, c11, e,
11,11, cit, ci1 . (b) PRS2 (0 =7°): {Ui; } prs, ={cr,cr,¢7,cs,¢9, Cr0, €11, C12, €12, c12}. (¢) PRS3 (6 =13°): {Ui;} prs, = {c10, 14, 10,

C14, Co, C11, C12, C13, €13, 14 }. (d) PRSs (0 =5°): {Vi;}prs, = {co, ¢, co, Co, C10, Co, Ca, Cy, C10, C11, C12, C13, C13, C13, C13, C13, C13, C13, C13 }.
(e) PRSs (0 = 190)1 {‘/ij}PRS5 = {610, c11, C14, C9, C10, C11, C14, C9, C10, C11, C14, C9, C10, C11, C14, C9, C10, C11, 614}. (f) Simulated E-ﬁeld results
for O = 54° and 33°: PRSpuui: {Uijtprs = {c11, c11, c11, €11, €11, €11, €11, €11, €11, ¢11 } and PRSpuu2: { Ui} prs = { c11, c11, c11, 11,

C11,C11, C13, C11, C13, 011}-

ber of unit cells in the PRS. We use the notation {U;;} prs and
{Vi;} prs to denote the unit cell sequence of a 1-D and 2-D
PRS respectively as depicted in Fig. 3(c) and Fig. 3(d).

5.1. Beams

To achieve a beam at a specified angle, the normal of the
equi-phase field plane should be aligned along that direction.
The PRS phase profile can be modelled as a generalised func-
tion of & with M parameters based on the application (linear,
quadratic, sinusoidal, etc.) Hence by solving M simultaneous
equations in (17) the desired phase profile can be obtained. To
design the surfaces, ¢(z) and ¢ (x) are modelled as linear func-
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tions, i.e., ¢(z) = ax + ¢, and P(x) = bx + 1,. Substituting
¢(x) and ¢ (x) in (17), a relation for the coefficients of the lin-
ear functions is obtained.

0n = K + (anp + ¢p) + (bp) = 2mm (18)

The periodicity factor of the beam angle is represented by p,
which is equal to 2h tan(6). Based on the obtained coefficients
and initial intercepts ¢, and v,,, appropriate unit cells were cho-
sen that approximately satisfy the calculated phase profile and
computationally maximise the vector sum (6) at 0peqp,. Us-
ing this, three 1-D beamsteering PRS structures, PRS1, PRSo,
and PRS3, were designed and analyzed. The PRS properties
are given in Figs. 4(a), (b), (c). Similarly following the design
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TABLE 1. Unit cell reflection and transmission properties.

Unit Cell (IT]. |T)) (dB) (LT (°), LT (°))
8 GHz 8.5GHz 8 GHz 8.5GHz
co (—2.48, —3.8) (—2.2,—42)  (—129.6, —48.7)  (—130.8, —50.9)
c1o (—1.58,—54)  (—1.36,—6.01)  (—137.0, —=56.4)  (—138.2, —58.7)
e (—0.937, =7.5) (=077, —8.4)  (—144.2, —63.8)  (—145.6, —66.1)
c12 (—0.533, —10.3) (=041, —11.5)  (—=150.5,—70.1)  (—152.4, —72.3)
c13 (—0.256, —14.33)  (—0.28, —22.25) (—157.6, —75.77)  (—163.2, —63.12)
c14 (=2.27,-10.30)  (—0.93,-9.02)  (179.6,34.14)  (—147.24, —63.13)

TABLE 2. Simulated vs modelled beam directions.

PRS Used Beam Angle (0, ¢) Frequency Directivity h (mm)
Modelled  Simulated

Fig. 4(a) 0,0) 0, 0) 8 GHz 17 dBi 21.1

Fig. 4(b) (5,0) (7,0) 8.5GHz 15.6 dBi 20.1

Fig. 4(c) (13, 0) (13,0) 8 GHz 14 dBi 21

Fig. 4(d) (4, 45) (5,45) 8.5GHz 11.1dBi 20.1

Fig. 4(e) (20, 45) (19, 45) 8.5GHz 13.9dBi 21.1

procedure along the analysis plane of ¢ = 45°, two 2-D beam-
steering antenna designs with different PRS gradients were ana-
lyzed with their properties depicted in Figs. 4(d) and (e). Over-
all, the simulated and modelled FPA main beam directions are
summarized in Table 2.

5.2. Nulls

For generating nulls, the aim is to obtain a net zero electric field
at the angle 6,,,,;;. This has been achieved using two design
methods. The first method involves using a uniform PRS and
finding the optimal height where the net E-field (6) is min-
imised, i.e., % =0 and % > 0. PRS,ui
was designed using this method for a null at 55°. Taking the
cavity height (b = 20.5 mm) at 8 GHz, a null at 54° is obtained
with a null depth of —19.9 dBi. The second method involves al-
tering the PRS profile at a fixed A so that the rays destructively
interfere, minimising the phasor sum (6). To obtain a null at
30° and h = 21 mm, the first 6 terms of the vector sum is con-
sidered. Based on this approach, PRS,,,;;2 was numerically
designed. Simulated results, as given in Fig. 4(f), show that a
null is obtained at 33° with a null depth of —18 dBi and a net
E-field of —11dB (V/m).

6. RESULTS AND VERIFICATION

The phasor method as given in Section 4.1 has been used to
model the radiation pattern. Fig. 4 demonstrates the simulated
and modelled E-field radiation patterns for both 1-D and 2-D
FPAs along with the PRS profile. Additionally, the approach to
minimise the electric field has also been verified by the simu-
lated data as given in Fig. 4(f). It is observed that the modelled
and simulated patterns have a good agreement.
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7. CONCLUSION

Using ray-tracing method, we have developed a mathematical
model to analyze an FPA with given reflection and transmis-
sion profiles in two dimensions (6, ¢). The proposed analy-
sis and design technique provides an accurate approximation to
predict the beam angle, radiation properties, as well as the FPA
and PRS parameters for beam and null forming. The mathe-
matical formulation does suffer from a few limitations that may
compromise the accuracy such as mutual coupling between the
radiating elements, non-linearities, and variations in direction-
dependent finite PRS properties. The presented model has been
verified with simulations on CST Studio at 8 and 8.5 GHz,
which reveals a close correspondence to the simulated results.
The developed methods exhibit high computational efficiency
and a minimal number of mathematical operations to generate
the E-field radiation pattern. This shows that the model can be
easily used to predict an approximate relation among the FPA
height, PRS phase profile, and the desired steering angle for
any general Fabry-Perot Antenna.
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